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Why KPZ?
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Wildfire Fronts Bacteria-Colony Growth

[S.Diehl, Nature 608, 669-670 (2022)] 

Fire Spreading 

[Youtube] 

[Yunker, Nature 476, 308-311 (2011)] 

Particle deposition 



The KPZ Equation
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• Heuristic derivation:

Random depostion of blocks

𝜕

𝜕𝑡
ℎ 𝑥, 𝑡 = 𝑣0 + 𝜂 𝑥, 𝑡

Gaussian noise

Random depostion of blocks

with surface relaxation

𝜕

𝜕𝑡
ℎ 𝑥, 𝑡 = 𝑣0 + 𝜈∇2ℎ 𝑥, 𝑡 + 𝜂 𝑥, 𝑡

Edwards-Wilkinson equation

• Linear and easy to solve exactly

• Problem: Unnatural

[K. A. Takeuchi, Physica A 504, 77-105 (2018)] 



The KPZ Equation

4

• Heuristic derivation:

Random depostion of blocks

with surface relaxation

𝜕

𝜕𝑡
ℎ 𝑥, 𝑡 = 𝑣0 + 𝜈∇2ℎ 𝑥, 𝑡 + 𝜂 𝑥, 𝑡

Edwards-Wilkinson equation

• Linear and easy to solve exactly

• Problem: Unnatural

𝜕

𝜕𝑡
ℎ 𝑥, 𝑡 = 𝑣0 + 𝜈∇2ℎ 𝑥, 𝑡 +

𝜆

2
∇ℎ 𝑥, 𝑡

2
+ 𝜂 𝑥, 𝑡

Kardar-Parisi-Zhang equation

Scaling laws and 

Symmetries?

[K. A. Takeuchi, Physica A 504, 77-105 (2018)] 



Solution of KPZ Equation
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𝜕

𝜕𝑡
ℎ 𝑥, 𝑡 = 𝑣0 + 𝜈∇2ℎ 𝑥, 𝑡 +

𝜆

2
∇ℎ 𝑥, 𝑡

2
+ 𝜂 𝑥, 𝑡

Cole-Hopf transformation: 𝑍 𝑥, 𝑡  ≔  𝑒
𝜆

2𝜈ℎ 𝑥,𝑡

𝜕

𝜕𝑡
𝑍 𝑥, 𝑡 = 𝜈∇2𝑍 𝑥, 𝑡 +

𝜆

2𝜈
𝑍 𝑥, 𝑡 × 𝜂 𝑥, 𝑡

• Ito product

• Stratonovich product

Stochastic heat equation

Solution of KPZ-equation given by 

solution of stochastic heat equation  

See also: [I. CORWIN, arXiv: 1106.1596v4]

𝐺 𝑍, 𝑡 𝑑𝐵 𝑡 ≡ lim
Δ𝑡→0

𝐺 𝑍 𝑡𝑖 , 𝑡𝑖 𝐵 𝑡𝑖+1 − 𝐵 𝑡𝑖  

𝐺 𝑍, 𝑡 ∘𝑑𝐵 𝑡 ≡ lim
Δ𝑡→0

𝐺
𝑍 𝑡𝑖+1 + 𝑍 𝑡𝑖

2
, 𝑡𝑖 𝐵 𝑡𝑖+1 − 𝐵 𝑡𝑖  

[K. A. Takeuchi, Physica A 504, 77-105 (2018)] 



Scaling laws and Symmetries of KPZ Equation
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• Time translation

• Space translation

• Space inversion

• Height translation

• KPZ-equation is self-affine

𝑡 → 𝑡 + 𝑡0

𝑥 → 𝑥 + 𝑥0

𝑥 → −𝑥

ℎ → ℎ + ℎ0

𝜕

𝜕𝑡
ℎ 𝑥, 𝑡 = 𝑣0 + 𝜈∇2ℎ 𝑥, 𝑡 +

𝜆

2
∇ℎ 𝑥, 𝑡

2
+ 𝜂 𝑥, 𝑡

𝑤 𝑙, 𝑡 ∼ ൝
𝑙𝛼, 𝑙 ≪ 𝜉

𝑡𝛽, 𝑙 ≫ 𝜉
with 𝜉 ∼ 𝑡

1
𝑧

Family-Vicsek scaling

• In 1D

• In 2D

𝛼 =
1

2
𝛽 =

1

3
𝑧 =

𝛼

𝛽

𝛼 = 0.3869 𝛽 = 0.2398 𝑧 = 1.6131

𝑥 → 𝑏𝑥 𝑡 → 𝑏𝑧𝑡 𝛿ℎ → 𝑏𝛼𝛿ℎ

Strechted exponential for KPZ 

[K. A. Takeuchi, Physica A 504, 77-105 (2018)] 



KPZ-Scaling in Exciton-Polariton Condensate - Theory
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• The condensate phase follows a KPZ equation where the condensate 

phase profile behaves as a classical interface.

•

The condensate and exciton densities relax in a short time scale to 

their stationary values compared to the phase

[Q. Fontaine et alii, Nature 608 (2022)] 



KPZ-Scaling in Exciton-Polariton Condensate - Theory
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In the vicinity of 𝑘 = 0

[Q. Fontaine et alii, Nature 608 (2022)] 



KPZ-Scaling in Exciton-Polariton Condensate - Theory

9 [Q. Fontaine et alii, Nature 608 (2022)] 



KPZ-Scaling in Exciton-Polariton Condensate - Experiment
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[Q. Fontaine et alii, Nature 608 (2022)] 



KPZ-Scaling in Exciton-Polariton Condensate - Experiment
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KPZ-Scaling in Exciton-Polariton Condensate - Experiment

14



KPZ-Scaling in Exciton-Polariton Condensate - Experiment
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