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Outline

➢ Introduction: from BCS to Bose superfluidity.

➢ Creating ultra-cold fermions in the flatland.

➢ BCS to Bose superfluidity in two-dimensions.

➢ ConclusionsConclusions.
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Conclusions in Words

➢ The evolution from BCS to Bose  
superfluidity in 3D s-wave systems is 
analytic, i.e., a crossover.

➢ The evolution from BCS to Bose 
superfluidity in 2D s-wave systems is non-
analytic, i.e., there is a phase transition, 
where the BKT state at low temperature 
may form a vortex-antivortex lattice. 
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Conclusions in Pictures

BCS-Bose Superfluidity in 3D
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Conclusions in Pictures

BCS-Bose Superfluidity in 2D
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Proliferation of 

 unbound V and AV 

Bound V-AV pairs



6



Outline

➢ Introduction: from BCS to Bose superfluidity.

➢ Creating ultra-cold fermions in the flatland.

➢ BCS to Bose superfluidity in two-dimensions.

➢ Conclusions

Introduction: from BCS to BEC superfluidity.
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What does the evolution from BCS 

to BEC superfluidity means?

Diluteness

Condition

(k0/kF)3 >> 1

(LF/R0)
3 >> 1 
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Simplest Hamiltonian: 

Contact Interactions
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Scattering Length

as

c

BCS

BEC

 = g/V

Dimensions

of energy.
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Two-particle bound state

beyond g > gc where as
 = ∞.
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BCS Pairing ( << EF or kFas→ 0-)

kF

−kF

FERMI SEA

EF

 = EF > 0
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BEC Pairing ( >> EF or kFas → 0+)

FERMI SEA IS 

DEPLETED

EF



Weakly interacting

gas of tightly bound

“Cooper” molecules

 = -Eb/2 < 0
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Schematic  T = 0 Phase Diagram:

Density versus Interaction

n/nmax

1/(kF as)

BCS BEC 

 = 

       
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Feshbach Resonances

)(Baag Ss →→ B-dependent

scattering length

Contact

interaction
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S-wave scattering length (40K)

Regal et. al., PRL 90, 230404 (2003)

BCS

BEC
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BCS-Bose Superfluidity in 3D
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Vortex Lattice 6Li (MIT Group)

18



Outline

➢ Introduction: from BCS to Bose superfluidity.

➢ Creating ultra-cold fermions in the flatland.

➢ BCS to Bose superfluidity in two-dimensions.

➢ Conclusions

Creating ultra-cold fermions in the flatland.
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Idealized 1D Optical Lattice 

Natural scales: 87Rb

• Recoil energy:

ER/h ~ 3.2 kHz (150 nK)

@ L=850 nm 

• Lattice spacing:

alat=L/2 = 425nm



20



Experimental Creation of 2D 

Fermi Gases in 6Li
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Integrated atom density distribution
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2D Gases in a Box

23Use Digital Mirror Devices to create a 2D Box Potential



Preamble: The 2D XY model
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Preamble: The 2D XY model
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Energy to create a vortex
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Grows logarithmically with system size!



Kosterlitz-Thouless Argument
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Kosterlitz-Thouless Argument
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Kosterlitz-Thouless Argument
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Energy to create a vortex-

antivortex pair
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Renormalization tomorrow

➢ Renormalization will basically confirm KT 

argument as a good starting approximation 

and will provide more!

➢ But today let us rely on the KT argument and 

apply it to superfluids!
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Outline

➢ Introduction: from BCS to Bose superfluidity.

➢ Creating ultra-cold fermions in the flatland.

➢ BCS to Bose superfluidity in two-dimensions.

➢ Conclusions

BCS to Bose superfluidity in two-dimensions.

32



BCS Pairing ( << EF)

kF

−kF

FERMI SEA

EF

 = EF > 0
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BEC Pairing ( >> EF)

FERMI SEA IS 

DEPLETED

EF



Weakly interacting

gas of tightly bound

“Cooper” molecules

 = -Eb/2 < 0
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S-wave Order Parameter (BCS)
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Hamiltonian in 2D

While saddle-point (mean-field) plus Gaussian

fluctuations are sufficient to describe the 

3D physics of the evolution from BCS to Bose 

superfluidity, a direct application of the same idea 

to 2D is problematic and does not capture the BKT

physics that is expected for such systems.
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Use functional integral method 

to obtain effective action
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Effective Action
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Quantum BKT Effective Action
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Self-Consistency Equations

Order Parameter Equation
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Self-Consistency Equations

Number Equation
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Self-Consistency Equations

BKT condition
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Critical Temperature

BCS-Bose Superfluidity in 2D
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Vortex-Antivortex Lattice

++

+

+

+

+

++

--

-

-

-

-

-

-

44

H



Conclusions in Pictures

BCS-Bose Superfluidity in 2D
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Proliferation of 

 unbound V and AV 

Bound V-AV pairs



Outline

➢ Introduction: from BCS to Bose superfluidity.

➢ Creating ultra-cold fermions in the flatland.

➢ BCS to Bose superfluidity in two-dimensions.

➢ ConclusionsConclusions.
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Conclusions in Words

➢ The evolution from BCS to Bose  
superfluidity in 3D s-wave systems is 
analytic, i.e., a crossover.

➢ The evolution from BCS to Bose 
superfluidity in 2D s-wave systems is non-
analytic, i.e., there is a phase transition, 
where the BKT state at low temperature 
may form a vortex-antivortex lattice. 
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Conclusions in Pictures

BCS-Bose Superfluidity in 3D
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Conclusions in Pictures

BCS-Bose Superfluidity in 2D
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Proliferation of 

 unbound V and AV 

Bound V-AV pairs



50



End of Lecture I
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