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Outline

➢ Is there an upper bound for the Tc of 2D 
superfluids (continuum or lattice)?

➢ Can the Renormalization Group provide a tighter 
upper bound on Tc in 2D superfluids?

➢ ConclusionsConclusions
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Conclusions in Words

➢ Yes, there is an upper bound for the 
critical temperature of one-band two-
dimensional superfluids.

➢ A tighter upper bound is provided by the 
Renormalization Group and the 
renormalized superfluid density.
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Conclusions in Pictures
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BCS Pairing ( << EF)
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BEC Pairing ( >> EF)
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Weakly interacting

gas of tightly bound

“Cooper” molecules
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S-wave Order Parameter (BCS)
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Hamiltonian in 2D

While saddle-point (mean-field) plus Gaussian

fluctuations are sufficient to describe the 

3D physics of the evolution from BCS to Bose 

superfluidity, a direct application of the same idea 

to 2D is problematic and does not capture the BKT

physics that is expected for such systems.
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Use functional integral method 

to obtain effective action
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Effective Action
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Quantum BKT Effective Action
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Self-Consistency Equations

Order Parameter Equation
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Self-Consistency Equations

Number Equation
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Self-Consistency Equations

BKT condition
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Self-Consistency Equations

BKT condition
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BKT condition
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Upper bound

set by kinetic

energy
Galilean invariant system
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Renormalization Group and tighter 

upper bounds for Tc in 2D
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2D Square 
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Effective Action
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Bare Superfluid Density
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2D Continuum

2D Square 

Lattice

Compressibility ~



Longitudinal and Transverse 

Velocities 
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Vortex Action

26



Self-consistent equations 

needed
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Compute Free Energy via  

Phase Twists
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Screened superfluid density 

and  vortex fugacity
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RG relations
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Renormalization Flow
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Critical Point 

(Nelson-Kosterlitz relation)
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Renormalized superfluid density always less or

equal to bare superfluid density!



Tighter bound on critical 

temperature
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The renormalized (screened) superfluid density is always lower than 

the bare one, and thus it always provides a tighter bound for Tc.

Continuum case



Square Lattice (Attractive 

Hubbard Model)
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Modulus fluctuations and 

comparison to QMC
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Word of Caution
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Conclusions in Words

➢ Yes, there is an upper bound for the 
critical temperature of one-band two-
dimensional superfluids.

➢ A tighter upper bound is provided by the 
Renormalization Group and the 
renormalized superfluid density.
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Conclusions in Pictures
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End of Lecture II
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