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Part 1 outline

* Hybrid atom-optomechanical systems
* Distant motional coupling scheme

* Adiabatic light field elimination

* Quantum Langevin equations

* Mean-field approximation

* Cumulant expansion approach

* Nonequilibrium quantum phase transition



Hybrid atom-optomechanical systems

UHV WL,
low-finesse cavity which hosts a e /V identical ultracold bosonic atoms
semitransparent nanomembrane held in an external trap
light-mediated effective e pumped by an external laser drive

atom-membrane coupling

motional /internal state coupling scheme



Distant motional coupling scheme

RSACACACACAN S
l UHV l WL




Distant motional coupling scheme

KACAACATN S
lUHV l Wi
Light field: Et(z) = i/dwfwuw(z)i)w, E, = Sl
TA
T, | sin(wz), if0<z</

u,(z) =< [T, A sin(wz + @), ifl+d, <z<L
sin(wz + ¢,,), if L+d<z



Distant motional coupling scheme
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Linearization of the Hamiltonian

]
RATATATATAN S
T

Linearization in the light field operators b, bl.:

b, — b, + ar,d(w — wr)e ™t to include laser drive
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Linearization of the Hamiltonian

CATACATACAN S
l UHV l WL

Linearized membrane-light Hamiltonian:

dw -
th — )\ ( T) b ezth_|_bT —iwpt
—1 \/—( )
ar|r.|lwr . 2F (n? — Dwrd,,
= Vv, M sin2wrl) e Il = 2

See: New J. Phys. 21, 113037 (2019)



Linearization of the Hamiltonian

Linearized atom-light Hamiltonian:

rlin dw 4 zw 1T —iw
Hyty = X [ o= (boe™ + ble™™ )

X /dz U1 (2) sin(wg 2) sin(wz + Ag,, ) U(2)

2
)‘a — v QW&LEC%L %7 A¢w ~ ¢w - ¢wL

Optical lattice potential:

Vi(z) = Vsinz(sz + qbwL), V = EzL 'IZ}“



Linearization of the Hamiltonian

Full linearized motional coupling scheme Hamiltonian:

2
Hin —Q afa+ /dz \IJT(z)[ fm *(wr2) + g\IJT(z)\IJ(z) U(z)
dw A, bl b, + N\ / (b,, + b
o/ Jar e T
+ A, jw_ (15 +bf ) /dz Ul (2) sin(wy,2) sin(wz + Ad,, ) ¥(2)

Detuning from laser drive frequency: A, = w — wr,
Light field modes will be adiabatically eliminated

Hierarchy of time scales A > Aw > 7L k> Q. Q.



Adiabatic light field elimination

Go to interaction picture with respect to free evolution of photon field
Ew(t)l — Z;we_iAwt

Formal solution of the Schrodinger equation

0 = Texp{ —i [ ds (o) foteo)

0

We expand the above for small time steps 6t

to+ot t—|—5t
|w<to+5t>>z{1—z' [ o / / ds (1 Hi;fzsu}w(to»
t

0

Initial state: |1 (ty)) = [¥(tg))aem ® [Vac),



Adiabatic light field elimination

Terms linear in 0t from the single-integral term:

i Bt 4 A+ 30981 1) 4 4, [ dz\ifwz)\if(z)(sé*(to,z>}w<to>>

fm 2(wLz) + g\if(z)@(z)] U (2)

I:ImCS,O — deT& + /dZ\iJT(Z) [
Noise-increment operators:

5B(t) = B(t +6t) — B(t), 06C(t,z) =C(t+6t,z)—C(t, 2)

/ds/
6 /ds/

sin(wr,2) sin(wz + Ag,)b,,(s);



Adiabatic light field elimination

Terms linear in 0t from the double-integral term:

— { — Xa+al) /dz\iﬁ(z) sin(2wr,2) U (2)

— 2i\(a +&T)/dz\1ﬁ( )sm (sz)\iJ( )—z%(a—F&T)Z

+2 [ax [ @i @pe6e )i e ) L atlwte)

Effective atom-membrane coupling strength A = A _\_ /2

G(z,2") = sin(wy,z) sin(wy,2’) [Sin(wL|z — 2'|)

— sin(wy, [z + 2']) — 2isin(wy,2) sin(wLZ,)]



Stochastic Schrédinger equation

In limit 0t — 0, quantum stochastic Schrodinger equation is found:

o (0) = { ~ 158, = 5 A+ a0, [ de ) s )i >] ot

—z’{)\ (a +aT)dBT()+Aa/dzx1ﬁ }

Effective atom-membrane Hamiltonian:

HE =0 a'a+ /dz Ul (2) [ _ 5% in®(wpz) + g\IJ‘L(,z)\if(,z)] U(z)

2m 2

—Xa+a') /dz Ul (2) sin(2wr,2) ¥ (2)
+ %/dz/dz’\ifT(z)\if(z)Re[Q(z,z')]\iﬁ(z’)\if(z’)



Stochastic Schrédinger equation

In limit 0t — 0, quantum stochastic Schrodinger equation is found:

o)) = § = 158, ~ 5 [+ ) 4 0, [ W) sin? ) B0:) } (t))d

—i{Am(amT)déT(t)+Aa/dz\1/( W (2)dCT(t, z)}w(t»

Stochastic differential increments:

dly(t)) = lm [[y(t +6t)) — [¢(2))]

0t—0

dB(t) = lim. [B(t + dt) — B(t)]

dO(t,z) = lim [C(t + dt,2) — C(t,2)]

ot—0



Stochastic Schrédinger equation

In limit 0t — 0, quantum stochastic Schrodinger equation is found:

A (1)) = {— L [Amm Faf)+ A, [ debe)si <sz>@<z>]Q} (t))dt

- z’{)\m(& +a"dBT(t) + ), / dz U (2)W(2)dCT(t, z)} (t))

Differential noise operators follow Ito rules:
dB(t)dBT(t) = dt
dC(t,2)dCT(t, z") = sin®(wr,z) sin®(wr, 2" )dt
dB(t)dCT (¢, 2) = dC(t, 2)dB (t) = sin’(wp,z)dt



Stochastic Schrédinger equation

In limit 0t — 0, quantum stochastic Schrodinger equation is found:

do0) = { ~ i3~ 5 [ Ana )+, [ o) <sz>@<z>]Q}w<t>>dt

— i{)\m(& + &T)déT(t) + )\a/dz\lf( ) (2 )dC’T(t z)}w(t))
There exists unitary stochastic time evolution operator for QSSE:

Ul(t, ty) = T exp { — /tt <H§f§sds + A\ (@ +ah)[dB(s) + dB1(s)]

0, [ a8 @B EC(s ) + dCT s 2)] ) |



Quantum Langevin equations
Stochastic evolution is governed by U (t,t9):

B(t)) = Ut to)le(te)),  O®) = U(t,45)O(to)U ¢, o)

Quantum Langevin equations:

—ila, HE |dt — i\ (dB + dB")

mecs

da
dV(z) = —i[W(2), H |dt — i), sin?(wi,2) ¥ (2)(dB + dBY)

mecs

with

dC(t, z) — sin?(wp,2)dB(t),

which satisfies the same ItO rules



Quantum Langevin equations

We interpret dB + dB' as increments of white noise operators élz

0,0 =[a, HE ] — \_§

mcCs

10,0 (2) = [U(z), HE | — X\ sin?(wr,2)¥(2)§,

ImcCs

Including thermal damping of membrane gives final QLEs:
i0,a = (Q,, — il )a — A / dzUT(2)sin(22)W(2) — \.& — &
i0,V(2) = [ — wrd? + Vsin®(2) + g¥T(2)¥(2) — A(a + a') sin(22)] ¥ (z)
— A, sin?(2)U(2)§
where wr = w? /2m and we rescaled space coordinate z — z/wr,

Autocorrelation functions: (&,(t)&,(s)) = 6(t — s), (£, (£)E] (s)) = 2T, 6(t — )



Mean-field approximation

Atoms are condensed and membrane is in coherent state, so that

U(z) =~ VNi(z) and & ~ vVNa:
10,0 = (Q, — il o — \/N)\/dz sin(22) [y (2)]?

i0,0(2) = [ —wrd2 + Vsin®(2) + Nglv(2)|* — VN o+ a*) sin(22)|9(z)
Steady state is described by ansatz 1(t, z) = e~ 1), (2) and a(t) = oy

NA
co= g [ dzsmeen(a)f

o (2) = [ — wrd? + Vsin®(2) + Nglth ()2 — VN + af) sin(22)] o (2)

Dynamical competition between V sin®(z) and v NA(ay + of) sin(2z) leads to
nonequilibrium phase transitions



Cumulant expansion approach

In deep optical lattice, when V > wgr, condensate is well described by
sum of Gaussians residing in individual lattice wells

L [z — ¢(@)]°
/4y /o (t) Y <_ 20(t)?

U(t, 2) = + ik(t)z + z’n(t)z2)

/dzzp*(t, 2)|z — ((t)] x EOM for 1 (t) produces:

L
Zg = 5 (F 4+ 20C) = wr (K + 20C) (7 + 2n0)
1%

+ |5 sin(20) - VNAa + a*) cos(2¢) |o2e



Cumulant expansion approach

2nd cumulant EOM by multiplying with ¢* (¢, 2){[z — ((¢)]* — o(t)?/2}
and integrating over z to get

L] L] 4
.00 10 1 Ngo
i— — —— = wg |2n°0* — = + 2inc?| —
o 4 R o T ] NG

+ % cos(2¢) + VN (a + a*) Sin(QC)] ote=

Imaginary parts of two cumulant EOMs yield
( =2wr(k +20¢), & = 4wrno

so that n and k can be eliminated



Cumulant expansion approach

After elimination, real parts yield equations of motion:
&= —i0FE —T 0o, (2wr) (= —0:E, (dwr) ‘6= —0,E

Effective potential energy:

N
Ela,S,0] = Qplaf? + — 4 —7
20 STOo

— %\/1 — 82 —V/NXa+a*)S|e°

2

with order parameter S = sin(2()

See: Phys. Rev. Lett. 120, 063605 (2018)



Nonequilibrium guantum phase transition

Using membrane displacement

. \/N)\SO e_o_g
Q- ’

steady state is found from:

on)

N 2
\/1 — S5 [wR + —8%0()] = Voge 90

S, [N)\2\/1 — 82 — N)\%/e“g] =0

V(Q2 + 12
where \/N)\V —\/ ( Iﬂ+ m)




Nonequilibrium gquantum phase transition

2nd equation has 3 possible solutions:

80207 fOI‘)\S)\V

Sy = :I:\/l — (A /N)%e295,  for A 2 Ay,
where o 1s to be found from 1st equation

Consider normalized potential energy:
E(0) — E(0y)

&0) = s [E(5) — E(o,)]

E(0) = Elag(0),Sp(0), 0]

exhibiting minimum &£(o,) = 0



Nonequilibrium guantum phase transition
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(a) Non-interacting atoms with V' = 50wgr. For a fixed A\, £(o) exhibits a global minimum
which defines the steady state value o, as indicated by the dashed curve. NQPT occurs
at A = .. (b) Stationary condensate width o, as a function of the coupling strength for
various potential depths V', as indicated by the color bar.



Nonequilibrium guantum phase transition
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(a) Non-interacting atoms with V' = 50wgr. Below the critical coupling strength the potential
surface exhibits a single minimum at & = 0. At A = \_, this minimum turns into a maximum
and two new minima are formed at S # 0. (b) Stationary value of the order parameter S,
for various potential depths V', as indicated by the color bar.



Part 2 outline

* Internal state coupling scheme

* Changing order of NQPT

* Cumulant expansion approach

* NQPTs of 15t and 2" order

* Back to mean-field equations of motion
 Homogeneous / inhomogeneous ground steady states

e Further NQPTs



Internal state coupling scheme

Ty @
I ﬂ I Ty
0. PBS
e /V identical ultracold bosonic atoms e low-finesse cavity which hosts a
held in an external quasi-1D trap semitransparent nanomembrane
e atomic states {|—),|+), |e)} e light-mediated effective

constitute a A level scheme atom-membrane coupling



Changing order of NQPT

Effective internal state coupling scheme Hamiltonian:

A () 2
HT =0 a'a+ Z /dz\Ifl(z) [V—a _ 9% Y sin(2wr, z)

1CS 2m 2

1 . . .
4+ 5 Z gW,\IJi,(Z)\IJV,(z)] U (z)— (a+ &T) / dz sin(2wry,z)
v/ =+

{)\[qﬁ (2)0_(2) + ' ()T, (2 )} +)\ex\ijz—(z)\ij+(2)}

/dz/dz Re[G(z, )] U] 4 (2 ){)\Z\IJ (z)@i(z’)+)\i\i!_(z)\IfT_(z’)}\ff+(z’)

with \ =

AmAa Py T
Ag
2 Aoy = 5 = and A\ = V2 aL52 JFA A, = V2 aL52 AJF



Changing order of NQPT

Quantum stochastic Schrodinger equation follows similarly as before:

d|ih(t)) = {— T — % [Am(& +al) + / dz sin? (wp2) [ A U1 () (2)
+ 0 ()T (2) + Aiﬁft(z)m(z)]] } (b)) dt

—i{)\m(&—l—dT)dBT(t) —I—)\a/dz\lfi(z)\i&r(z)déi(t,z)

e [ ds (1L + 9 (0, (], o)

where noises dB (1), dé’i (t, z) satisfy appropriate [to rules



Changing order of NQPT

Quantum Langevin equations also follow:
0y = [, Hi] = A (€4 +E0)
i0,V_(2) = [U_(2), HS] — AL sin?(wp2) P (2)€,

) 1CS

0,0, (2) = [, (2), B — A sin®(wp2) ¥ (2)E, — A, sin®(wp.2) ¥, (2)€

1CS

where noises satisfy (€, (¢)¢,,(s)) =46,,,6(t — )

Mean-field approximation ¥ (z) ~ v/ N1, (z) and a@ ~ v Na gives:
i0,a = (Q, — il Ja— VN, / dz cos(22)|¢, (2)|?

-V [ dz cos2) [ ()0 () + 0 (0 (=)



Changing order of NQPT

Mean-field condensate wavefunctions evolve according to:

D0 (2) = | = = wnd? = G eos(2:) + N Y g, 0|0 (2
v=-+
— \/2N)\ (a4 ™) cos(22)Y, (2)
D041 = | —nd? = 5 os(22) + N 3 g ) 6
v=-=
VN

( + a*) cos(22)Y_(2) — VNI, (a4 a*) cos(22)1, (2)

2

where we scaled and shifted position variable z — z/wy, + 7/2wr,



Cumulant expansion approach

In deep optical lattice, when V > wgr, condensates are well described
by sum of Gaussians residing in individual lattice wells
2

7, (F) . : 2
ml/4\ /o (t) DL <_ 20,,(t)? i (8)z )

Normalization condition: |y_(¢)|* + |y, (¢)]* =1

W, (tv Z) —

Simplifying assumptions: g, , =g, 0L =0, L =1
Cumulant expansion leads to ¢ = 4wrno and EOMs

&= —i0+E—Tya, 4,= —i0:F, (dwr) '6=—0,F



Cumulant expansion approach

Effective potential:
0

E[a7’y—77—|—70] — Qm’&|2 T Ta(h/—l—lz - |7—’2)
W V 2 N
pon Vo N
20 2 STOo

— VNA(a+ o) (x| |* + Re{viv_}e ™™

where A, = xA

Membrane amplitude, with v, =~ and v_ = \/ 1 — ~2:

VN o
(7,0) =5 1 [xv2+v\/1—ﬂe




Cumulant expansion approach

Effective potential becomes:

0 wre V _s Ng
Ely,0] = —2(292 —1) + -2 _ Z ¢
A= e T
N \?

2_0_2
"Q,[Mf+7¢l—ﬁ]e2

where Q= Q_ +1'2 /Q_ . with normalized potential energy:

E(v) — E(v)
maxs | E(Y) — E(7y,)]

exhibiting minimum &(vy,) =0

E(y) = E(v) = Elv,00(7)]



NQPTs of 1st and 2" order

A/ Ac
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In panels (a) and (b), a symmetric coupling (y = 0) is considered with 2, = 50wgr and
()., = 5000wr, respectively. In (a), the system exhibits a second-order phase transition,
whereas the system undergoes a first-order phase transition in (b). In panel (c) is considered
the asymmetric coupling regime with y = 0.25 and (), = 50wr. Here, the system always
exhibits an asymmetric first-order phase transition, characterized by a single favored atomic
polarization.



NQPTs of 15t and 2" order

Steady-state values are determined from:

2 4N)\2 2 2 wR Ng
Ve %0, + { * 4+ vor/1 — 2} e 2% g, =
0 Q]/m X0 Yo 70 0 — \/8_7'('0'0

Yo {NAQ(X% +4/1 —78) (QX%\/l — 2+ 1- 2%) — Q.0 e 03} —0

Equation for critical coupling A, for second-order NQPT"

0,0 VN,
wR+\/log Q. Q/ = V log \/_)\ <log 0. )




Symmetric coupling regime y = 0
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The phase diagram of the NQPT is shown as a function of the atomic transition frequency
(). and (a) the lattice depth V or (b) the interaction strength Ng. While the phase transition
is a continuous PT in the blue regions, it is a discontinuous PT in the orange regions. The
dashed curves show the critical transition frequency €2, = Q.. The fixed parameter in (a) is
the interaction strength Ng = wr and in (b) the potential depth V' = 100wg.



Back to mean-field equations of motion

e adiabatic elimination of excited state and light field

e mean-field equations of motion

000 = (R — iTyp)r — / dz sin(2z) [fA (V2P (2) + 9% (201 (2)) + VAl (),
00 (2) = | — 22— 02 V() + N PIPRTNE |2] )= 2 020+ a), (2),
00, (2) = |22 w2 4V, (2) + N Y gulnnle 12] - Y (22 (0 + a*)(2)

_\/N)\exsin(Qz)<Oé—|—Oé )¢+( ),
o ¥u(2) = (L ()/VN, a=(@)/VN



Back to mean-field equations of motion

e membrane almost instantaneously relaxes to its steady state

= g [ snen) [V, ) + IVA (1 (2 2) 07 (), ) .

e coupled equations for the two condensates

Q

0 (2) = | = P = en@ 4 V() 4 N S g i) -
- v=-

Q)
00, (:) = |2~ n®2 + Vo) + N T gl ()P[0 () -
- v=-+

— VN, sin(2z) (@ + a*)y, (2),



Back to mean-field equations of motion

e membrane almost instantaneously relaxes to its steady state

o= gt [z sinGa) [VEALI O+ YR w00 )+ v ()]

e coupled equations for the two condensates

0 ()= |- @tV (4N g_,,|wy<z>|2] b (2) —
- v=-

2

Q)
00, (:) = |2~ n®2 + Vo) + N T gl ()P[0 () -
- v=-+

— VN, sin(2z) (@ + a*)y, (2),

¢ uplet) = ey, [de (U QP+ GP) =1 Vi) =0



Back to mean-field equations of motion

e membrane almost instantaneously relaxes to its steady state

a = N _1 T /dz sin(2z) [\/7 XW+( )| \/_/\ (¢+(Z) Y_(z) + Y~ (Z)¢+(Z)) 3

e coupled equations for the two condensates

0 ()= |- @tV (4N g_,,|wy<z>|2] b (2) —

2

[ ()
0 (2) = | 3 e Vo) 4N T 00, P[4, 0) -

R \/N)‘ex SID(QZ)( )¢—|—( )7

¢ et = ey, [de(u @R+ P) =1, [1Vae) =0



Homogeneous ground steady states
¢ Y.(z)=+/ny/m, n_+n =1 a=0

e three possible solutions:

n—:17 n-|—:O7 N:_7a+_g——7 WQa/N>g — 94
7i
Q. N
n_ =0, n, = 1, p= 7 ?g—{——{—a 7T(za/]\f < g4 9+
944+ — 94 +77Qa/N o e — 7TQ&/‘N
n_ = ;O = :




Inhomogeneous ground steady states

05, ¥ _— [ T~ |

0.4, — Re[@]sin(2z) = ¥_(2) — 9, (2)
0.3+

0.2 /—\
0.1+

—m/4 O /4 7TI/2 3r/4

Rela] sin(2z)
¥_(2)
iy I

—7/4 0 /4 7TI/2 3 /4




Inhomogeneous ground steady states
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e E——
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Nonequilibrium quantum phase transitions

e uniform phase for weak effective membrane-atom coupling

e self-organized density wave-like phase for stronger coupling

150 - 150 - 150 - 150 -

VN Jwg
VN Jwg

50




Nonequilibrium quantum phase transitions

e cnergy features gradient jumps for discontinuous phase transitions

e asymmetric role of couplings A and A,

Energy density

50
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Conclusions and Outlook

this hybrid system is versatile, offering multiple tuning knobs
for changing order of phase transitions

phases can be experimentally distinguished by
measuring membrane displacement

population imbalance further characterizes homogeneous state
contact interaction strengths g, ,, also have an influence
dynamics beyond nonequilibrium steady state?

effect of quantum fluctuations?

do phase transitions change their order?

are there self-bound quantum droplets?



Conclusions and Outlook

e this hybrid system is versatile, offering multiple tuning knobs
for changing order of phase transitions

e phases can be experimentally distinguished by
measuring membrane displacement

e population imbalance further characterizes homogeneous state

e contact interaction strengths g, ,, also have an influence

e dynamics beyond nonequilibrium steady state?
. Thanks for
o cffect of quantum fluctuations?
e do phase transitions change their order? yom'
e are there self-bound quantum droplets? attention!

See: Phys. Rev. Research 6, 033094 (2024)



