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Chapter 1

Introduction

In the vast majority of cases, information about a physical system can only be obtained by
means of approximation methods. This is due to the fact that the equations which describe
physical phenomena normally cannot be solved analytically. Therefore, over the course of
the history of physics, many different approximation techniques have been developed in order
to treat non-analytically solvable systems. These methods can be roughly classified into two
different categories: numerical methods, which exploit the possibility to rapidly execute cal-
culations on a computer, and analytical approximation methods, where certain assumptions
are made in order to simplify the original problem. Numerical methods have proven to be
an enormously powerful and successful tool to describe even the most complicated physical
scenarios, and computational physics has become an independent branch of physics itself [1].
Nevertheless, the accuracy of numerical methods is not always superior to that of analytical
ones, and usually more insight into physical principles is obtained by means of analytical
approximation approaches.

Perturbation theory is one of the most well-known analytical approximation methods. It
can be applied when a system is exactly solvable for a particular value of a coupling con-
stant (normally, for vanishing coupling). One then seeks to expand the physical quantity
in which one is interested into a power series of the coupling constant. However, the con-
vergence of a perturbation expansion is not at all a trivial issue. Indeed, it turns out that
most perturbation series are divergent, i.e. their convergence radius vanishes. This diver-
gence of perturbation series may, nevertheless, not necessarily be a handicap for practical
calculations. Namely, for asymptotic series, the results which are obtained for small coupling
constants in low orders seem to converge to the exact result so that the divergence of such a
series only becomes noticeable when the expansion is driven to higher orders. However, when
a system can only be described correctly in the strong-coupling limit, i.e. for large coupling
constants, the original weak-coupling series will be completely inadequate to describe the
system. In either case, in order for the description of a system to be closed and complete, it
must be possible that the exact result can be approached to any desired accuracy, at least
in principle. Therefore, it is necessary to find means for treating divergent perturbation se-
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ries. For this purpose, different resummation techniques have been developed. Often, these
methods are based on introducing an artificial parameter, which is later revoked from the
equations by setting it to some special value or by performing some limit.

In recent years, based on a variational approach due to Feynman and Kleinert [2], a sys-
tematic and uniformly convergent wvariational perturbation expansion has been developed,
which has become known as variational perturbation theory (VPT) [3-7]. VPT permits
the turning of divergent weak-coupling into convergent strong-coupling expansions and has
been applied successfully in different fields of physics, such as quantum mechanics, quantum
statistics, field theory, condensed matter physics, theory of critical phenomena, etc. In order
to examine the quality of VPT, in Refs. [8,9] its accuracy has been tested extensively for the
ground-state energy of the system

M
V(z) = 7@02:132 + gz*. (1.1)
In the strong-coupling limit, Eq. (1.1) effectively becomes a purely quartic potential. Apart
from a generalization to D dimensions, one might suppose that a cubic potential would
be the next easiest test system. However, for real A, the potential V(z) = Ax® is not

quantum-mechanically stable. Interestingly, if the parameter A is chosen to be imaginary,
V(z) =iz®, (1.2)

the spectrum of the Hamiltonian associated with (1.2) turns out to be real and positive.
This remarkable property of the hence non-Hermitian Hamilton can be attributed to the
fact that it obeys to a different symmetry: it is invariant under the combined application of
the parity and time-reversal operation [10-14].

It is one purpose of this work to examine how VPT can be applied in the case of the imagin-
ary cubic potential (1.2). In a first approach, the weak-coupling series of the ground-state
energy for the anharmonic oscillator

V(z) = %waZ +igz® (1.3)
is resummed via VPT. In the strong-coupling limit, the potential (1.3) reduces to (1.2). It
turns out that the VPT-result approaches the corresponding numerical value for the ground-
state energy of (1.2), but the convergence is much slower than in the case of the quartic
potential. However, the combination of VPT with another variational technique of field
theory, namely the effective potential, permits the improvement of the rate of convergence
of the result. In a refined approach, we thus treat the effective potential with VPT.

In Chapter 2, the effective action is introduced as the functional Legendre transform of
the free energy with respect to an external current. The effective potential is obtained in the
special case of the current being constant. Subsequently, the standard method for calculating
the effective action or the effective potential, the background method [15,16], is presented. In



the background method, the effective potential is obtained from all one-particle irreducible
vacuum Feynman diagrams. Chapter 2 ends with a diagrammatical calculation of the weak-
coupling perturbation series for the ground-state energy of an anharmonic oscillator with
both, cubic and quartic anharmonicity:

V(z) = %uﬂﬁ + gAr® 4 ¢*Bat . (1.4)
In Chapter 3, it is demonstrated how the weak-coupling perturbation series for (1.4) can
be obtained more efficiently by deriving an algebraic recursion relation for the expansion
coefficients using the method developed by C.M. Bender and T.T. Wu [17,18]. In the dia-
grammatical approach, only Feynman diagrams with a special topology, i.e. the connected
vacuum diagrams, contribute to the ground-state energy. The Bender-Wu method thus
yields a recursion relation for the sum of connected Feynman diagrams. In Section 3.4, we
develop a recursion for the effective potential along similar lines. Since the effective potential
is obtained from a subset of the connected Feynman diagrams, namely the one-particle irre-
ducible diagrams, this amounts to a recursion relation for the sum of one-particle irreducible
Feynman diagrams.

The method of VPT is introduced in Chapter 4. First, its application to the potential
(1.1) is examined by resumming the corresponding perturbation series and proceeding to the
strong-coupling limit. Then, in Section 4.5.1, it is shown that in the case of the oscillator
with cubic anharmonicity (1.3), an analogous approach leads to results whose convergence is
less satisfactory. In Section 4.5.2, it is demonstrated how the convergence can be improved
by applying VPT not to the weak-coupling series of the ground-state energy, but to the
effective potential.

The anharmonic oscillator (1.1) is generalized to D spatial dimensions in Chapter 5. In
particular, the cases D = 2, 3, 10 are examined. The convergence of the result is found to
improve with increasing dimension. In Section 5.2, the calculation of the effective potential
by applying the background method is performed for an arbitrary rotationally symmetric
potential in D dimensions up to two loops.

Finally, in the outlook, further problems to which the methods developed in this work could
be extended are examined.






Chapter 2

Effective Action

In addition to the operator formalism of quantum mechanics and quantum statistics, there
exists another, equivalent formalism in which operators are avoided by using infinite products
of integrals, called path integrals. This formalism may lead to a more transparent under-
standing of quantum phenomena than the operator formalism [4,19,20]. In this chapter,
the effective action will be introduced using the path integral formalism. While in classical
mechanics all information on the dynamics of a system can be extracted from its action, in
quantum statistics, the effective action permits the deriving of the statistical properties of a
system.

2.1 Wick Rotation

For time-independent Hamiltonians H, the time displacement operator is given by
Ulty, to) = e Hlo=ta)/n (2.1)
Its matrix elements in the localized basis states are
(26 ty|a ta) == (p|U(ty, ta)|za) ,  tp > ta. (2.2)

In the path integral formalism, the matrix elements of the time displacement operator can
be obtained by calculating the sum over all paths in configuration space with a phase factor
that contains the form of the action A|x] [4, Sec. 2.1]:

z(ty)=p ;
(xp ty|a ta) = / Dz exp {% A[:p]} : (2.3)

(ta)=2a

For a point particle of mass M moving in a one-dimensional potential V' (z), the action is
given in the form

Ala] = /: dt {%x’Z(t)—V(x(t))} . (2.4)
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Quantum statistical systems in the state of thermal equilibrium and in contact with a reser-
voir of temperature T are described by the density operator

. I

pB) = — P (2.5)
where Z denotes a normalization factor,

Z="Tr (5“7) , (2.6)

and 3 := 1/kgT is proportional to the inverse temperature. Z is called the partition function.
It allows the determination of the bulk thermodynamic quantities for the system in question.
In the local particle basis |x), the partition function reads

Z = /OO dx (z]e " |z) . (2.7)

[e o]

Now, it is an important observation that the matrix elements of the time displacement
operator (xy ty|x, t,) can be linked to those of the density operator (2.5) according to the
substitution

ty —ty — —ihf . (2.8)
Setting
ta=0, t,=—ihp (2.9)
and performing a so-called Wick rotation [21], i.e. substituting
t=—ir, (2.10)

one obtains formally identical descriptions of quantum mechanics and quantum statistics:

oo 2aiB) = (ole ) = — (o 15z, 0)

_ _/(0( _hﬁ " pa exp{—% /Ohﬁ dr [gﬁ(—m +V(x(—m)” |

(2.11)

Here, the dot denotes the derivative with respect to the imaginary time 7, and the identity

d drd d
e S ol 2.12
dt ~ dtdr  'dr (2:12)
has been used. Here and in the following, the imaginary time 7 always denotes a quantity
within the interval [0, #3]. Introducing a new function Z(7) = z(—i7) and renaming Z to x
yields

z(hB)=xp

(2 B3|z 0) :/ D exp {—% A[x]} , (2.13)

z(0)=x
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with the imaginary-time action

hG M
Alx] = / dr [7:132(7) + V(SL’(T))} . (2.14)
0
Note that its integrand coincides with the classical Hamilton function. In the same way as

the matrix elements of the density operator (2.13), the quantum-statistical partition function
(2.6) in the form (2.7) can be expressed as a path integral:

0o z(hB)=z' 1 1
Z :/ dx'/ Dx exp {—— A[:p]} =: %Dx exp {—— A[:p]} : (2.15)
—o0 z(0)=a’ h h

Whereas in (2.13) the integration is performed with respect to all paths with Dirichlet
boundary conditions, one has periodic boundary conditions in (2.15).

2.2 Definition of the Effective Action

In the presence of an external current j(7), define

hB
Alz, j] .= Alx] —/0 dr j(m)z(T) . (2.16)

Consider the generating functional of all Green functions

2l = fm exp {—% A[:p,j]} , (2.17)

where the integration runs over all periodic paths, z(0) = xz(h3). Note that for a vanishing
current, j = 0, the generating functional (2.17) equals the partition function (2.15):

Zlj]

Z . (2.18)

J=0

Thus, the free energy F' := —kgT In Z becomes a functional of the current j(7):

Flj] = —% In Z[j] . (2.19)

The expectation value of the path z(7), i.e. the average

X(r) = XUI) = ol = 5 fPoatn) {3 Awil} . @20

is proportional to the first functional derivative of the free energy

SFI) 1
0 = rat ) (2.21)
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The last identity is obtained by replacing the path z(7) in the integrand of the right-hand side
of (2.20) with the first functional derivative with respect to the external current multiplied
by the reduced Planck constant h:

o
dj(r)
Assume that the identity (2.21) can be inverted to yield the current j(7) as a functional of

z(r) = h

(2.22)

the path average X (7):

j(r) = jIX](7) . (2.23)

Then, Eq. (2.21) serves as a motivation to define the functional Legendre transform of F'[j]
with respect to the current j(7). Due to dimensional considerations, a factor A3 is included
in the definition:

hB
[[X] :=hp F[j[X]] —1—/0 dr j[X](r) X (7). (2.24)

This quantity is called the effective action. Note that it has indeed the dimension of an
action. The first functional derivative of the effective action leads to

LX) _ o [ g OFUIXD 651XI() ™ 830 o
@_MA‘hJWK +Ad7 X(7') +j[X](r) . (2.25)

0X J[X](r") 06X (1) X (1)
Thus, due to (2.21), one reobtains the external current:
X]
= jX](7) . 2.2
N~ (226)

The situation when the external current j(7) vanishes is of particular interest. In this case,
the path average X[j](7) is denoted by

Xo(1) = X[j = 0)(r) . (2.27)

From (2.26), one reads off that the particular path average (2.27) has the property of ex-
tremizing the effective action:

ol [X]
=0. (2.28)
60X (7) X (1)=Xe(T)
Furthermore, from (2.24), it follows that in the case of a vanishing current one has
1
Fl0] = =T X,] . 2.29
0] = 35T1X. (229)

Thus, the free energy F' can be obtained by extremizing the effective action.

The effective potential, which will be introduced in the following section, is closely related to
the effective action. The calculation of the effective potential constitutes an approach that is
less general than the concept of the effective action, since there the current j(7) is assumed
to be 7-independent. Nevertheless, the effective potential also permits the determination of
the free energy.
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2.3 Definition of the Effective Potential

The procedure in this section is similar to that of the previous one. In order to define the
effective potential, it is assumed that the external current from the previous section j(7) is
now a 7-independent current j. It is then merely necessary to replace functionals of j(7) by
corresponding functions of j.

In the presence of an external current that is constant in the imaginary time 7, j(7) = j,
define

hB
Alx](j) = Alz] — j/ dr (1) = Alz, j] . (2.30)
0 )=
Consider the generating function
. 1 . .
20)i= § e e {3 AW} = 21] (231)
i(r)=j
Again, for a vanishing current, 7 = 0, the partition function (2.15) is reobtained:
Z(j) =7. (2.32)
j=0
And the free energy reads
. 1 .
F(j) = == InZ(j) (2.33)

g
The first derivative of F'(j) now yields

OF(j) 1 7{ { 1 ‘ } /hﬁ
— == — ¢ Dz expq —— Alz dr z(t) =1 =X . 2.34
" =7 p{-g Ao} [ drar (2.31)
As with the other definitions of this section, the quantity X (7) defined by (2.20) becomes

simply the quantity X defined by the last identity in the case of a constant current j(7) = j.
This is due to the fact that in the case of a 7-independent Lagrangian the path average

(2.20) is also 7-independent. Furthermore, the 7-integral and the path integral in (2.34) are
interchangeable, and the 7-integral thus merely gives a factor hf.
Assume that (2.34) can be inverted to yield j as a function of X:
j=i(X). (2:35)
Again, (2.34) leads to the Legendre transform of F'(j):
Var(X) = F((X)) + (X)X . (2:30)

This quantity is called the effective potential. Indeed, as comparison with (2.24) shows,
except for the factor 1/h, it corresponds to the effective action evaluated at a constant
average X (1) = X:

Ver(X) = —T[X] : (2.37)
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Due to (2.34), the first derivative of the effective potential gives back the external current j:

Ver(X) _ OF (X)) 0(X) | 9j(X
0X 9j(X)  0X X

As above, the free energy F' is obtained in the case of a vanishing current j. And therefore,

) x (X)) = (X). (2.38)

according to (2.38), it can be determined by evaluating the effective potential at the average
X, that extremizes it.

F =Vg(Xe), (2.39)
where X, is determined by the condition
Ve (X
WNealX)| - _ . (2.40)
0X  |y_x,

Note that, since the free energy F' = E — T'S equals the ground-state energy in the limit
T — 0, the latter can be determined from the effective potential:

Ey = ilpirr%] Ve (Xe) - (2.41)
The effective potential has another remarkable property: it is convex for all values of the

average X. The validity of this statement can be seen as follows. According to (2.38) the
second derivative of the effective potential with respect to the average X reads

-1
0X? 0X 9 iz ' '
Due to (2.34), the last identity can be rewritten in the form
-1
PVea(X) | PF()) (2.43)
ox* 07% ljmix)

Using the result (2.34) for the first derivative of F'(j) with respect to the constant current j
and the definitions (2.30) (2.31), one obtains the second derivative
2

828Fj§j) _ WT (fm/hﬁw( ) exp{—%A[x](j)}) (2.44)
WZ j[m/hﬁdﬁ x(ﬁ)/ohﬁd@x(@) exp{—%A[x](j)} .

Using the definition of the expectation value in (2.20), where the current j is now constant,

the last identity can be rewritten as

?ry) :_h;ﬁ{q [Mara)] Yoy - [{ [ arae) <j>]2}- (249

And one obtains

62817j§j) _ _hiﬁ < [/OhﬁdT x(7) — </Ohﬁd7 x(7)>r> (j) < 0. (2.46)

Together with (2.43), this proves that the effective potential Veg(X) is convex for all values

of the average X.
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2.4 Example: Harmonic Oscillator
Consider, as an illustrative example, the harmonic oscillator with the imaginary-time action

Al] = /0 i {% #2(7) + %W%Q(T)} (2.47)

and its generating functional

Z,l7] = j{Dx exp {—% Aw[a:,j]} : (2.48)

Here, the quantity A, [z, j] is defined as in (2.16). Inserting (2.47) into (2.48) permits the
rewriting of the imaginary-time action in the integrand of the path integral:

Zulj) = %Dx exp {—% /Ohﬁ dm [/Ohﬁ dry % z(1)G, (11, 72)z(72) —j(Tl):L‘(Tl):| } , (2.49)

with the integral kernel

G;)l(Tl, 7'2) =

P A ] d?
a 537(7'1)(537(7'2) =M (

—— + w2) (5(7’1 — T2) . (250>

p)
dry

The validity of the identity (2.49) can be seen by integrating out the 7o-integral and perform-
ing an integration by parts for the first term of the 7-integral. Note that the surface term
vanishes since the path integration only runs over paths that are periodic in the imaginary
time 7. Thus, one has:

z(0) = x(hS) and (0) = z(hO) . (2.51)

In Appendix A, the generating functional (2.49) is calculated, yielding

L h8 13
Z,[jl = Zy exp {ﬁ/o dTl/O dry Gu(11,72)j(11)j(T2) | (2.52)

where the partition function Z, reads

1

Z, = PR (2.53)

Furthermore, the propagator G, (71, 72) is defined as the inverse of the kernel GJ!(7y, 72) by
the identity

hp
/ dr G (71, 7)Go (7, 19) = hd(m — 7o) - (2.54)
0

As shown in Appendix A, G, (71, 72) can be expressed explicitly in the form

R cosh(w|m — o] — hpw/2)
2Mw sinh(hfw/2) ’

Gu(m,m) = (2.55)
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which in the limit 7" — 0 simplifies to

3 h —w|T—T;
7111_1’1)10 Gw<7'1,7'2) = m (& =72 . (256)

Note that the propagator (2.55) is symmetric in its two arguments
Gu(11,m) = Gu(T2,71) - (2.57)

Using the result (2.52), one obtains the free energy in presence of a 7-dependent external
current (2.19) for the harmonic oscillator:

hB hB
12ﬁ /0 d7’1/0v dTQ Gw(Tla TQ)j(Tl)j(TQ) . (258)

, 1
F,lj] = —Bln Z, — o

Using this result together with the property (2.57) of the propagator, the identity (2.21) for
the path average reduces to

h3
X, [)(r) = ﬁ/o dr' G (r,7)j(7") . (2.59)

From the identities (2.54) and (2.59), one obtains the current j(7) as a functional of the
path average X, (7):

L3
JIXu](T) = /0 dr’ GN 1, 7) X, (7)) . (2.60)

The effective action (2.24) for the harmonic oscillator then follows from the results (2.58)
and (2.60) by taking into account the identity (2.54):

| (8 h3
I, X,]=-hlnZ, + 5/0 dﬁ/o dTo Xw(Tl)Gal(Tl,Tg)Xw(Tg) ) (2.61)

Using the definition (2.50), the effective action can be rewritten in the form

d2

5 Xu(T) + %uﬂxﬁ(ﬂ : (2.62)

hp M
r,[X,]=-hInZ, —|—/O dr |:——Xw<7') 5

2

Since according to the definition (2.20) the average X, (7) and its first derivative are periodic
in the imaginary time 7, i.e.

X,(0)=X,(h3) and  X,(0) = X, (hB), (2.63)

integration by parts of the first term of the integrand on the right-hand side of the identity
(2.62) yields

"M M
I,[X,]=-hInZ, —|—/0 dr [?Xf}(T) + 7@)2)(3)(7) . (2.64)
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Note that the extremal condition (2.28) for the path average X, (7) reduces to the classical
equation of motion for the harmonic oscillator in imaginary time:

Ol [ X ]

o) _ /Ohﬁ o [MXW(T')%MT — 1)+ Mw?X (7)) (T — T')}

X (T)=Xw,e(T) X (T)=Xuw,e(T)

- M [—Xw,e(r) + wQXw,e(T)] ~0. (2.65)

The minus sign in front of the second derivative of the extremizing path average X, o(7)
reflects the fact that the equation of motion is considered in imaginary time. According to
the result (2.37), evaluating the identity (2.64) for a 7-independent path-average, X,,(7) = X,
allows us to obtain the effective potential for the harmonic oscillator by taking into account
(2.53):

M

Veg(X,,) = —w? X2 + %m [2sinh(hBw/2)] . (2.66)

2

Note that the effective potential (2.66) is the sum of the classical harmonic potential and
the free energy of the harmonic oscillator. In the limit 7" — 0, i.e. § — oo, the effective
potential becomes

M h
lim Vg(X,) = —w?X2 4 o

lim TR GRS (2.67)

This reflects the fact that the free energy in the zero temperature limit equals the ground-
state energy.

The effective potential can also be obtained directly, without calculating the effective ac-
tion, as demonstrated in Section 2.3. This procedure will be illustrated in the following by
applying it to the harmonic oscillator. Due to (2.31) and the results (2.52), (2.53), (2.55),
the harmonic oscillator’s partition function in presence of a constant external current is given

by

1
Z,(j) = —/————— 2.68
) 2sinh(hfw/2) (2:68)
;2 h3 h3
X eXp | o Snh(7w72) / dﬁ/ dry cosh(w|m — 7| — hfw/2)
Using the result (B.4), one obtains
1 g
7)) = — _P7 2. 2.69
) 2sinh(hpw/2) xp <2Mw2 J ) (2:69)
This leads to the free energy
A S J*
F,(j) = 3 In[2sinh(hfw/2)] — M (2.70)
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Its first derivative with respect to j yields the negative of the average X

X = ]\Jjuﬂ or equivalent j=Muw*X . (2.71)
Thus, the effective potential (2.36) reads
1 - M 5o
Ve (X) = 3 In[2 sinh(hfw/2)] + D X (2.72)

Indeed, one has again found (2.66

~—

2.5 Example: Ordinary Integral

In the following, the structure of the effective action is further investigated by considering
the example of an ordinary integral in the so-called saddle-point approximation, i.e. in the
limit  — 0. The example of an ordinary integral corresponds to an application of the
formalism introduced above in zero dimensions.

Let A(x) be an arbitrary function which is only required to be sufficiently smooth in or-
der that the following definitions are valid. Then define

1
v 2mh

2(j) = /: d exp {—% .A(;z:,j)} | (2.73)

where
Az, j) == A(z) — hp jx . (2.74)

Here, the factor h3 has been included in the definition, so that (2.16) becomes (2.74) when
the former is evaluated for a constant current, j(7) = j, and a constant position variable,
x(7) = x. The argument of the exponential function in (2.73) becomes extremal when z
takes its classical value x., which is defined by the condition

0 Az, j) B
o . =0, (2.75)
or equivalent
0A(x) B ,
o . =hB7. (2.76)

Performing a Taylor expansion of A(z, j) around x. and applying (2.76) yields
1 1 1
A, j) = Alza, 5) + 5 A" (zq)d0x? + G A" (xq)0z° + ﬁA<4> (za)0zt + O(62°) ,  (2.77)

where 0z := x — x4 denotes the deviation from x.
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The aim is now to expand Z(j) until the first order in /4. For this purpose, it is useful
to recall the following result [22, p. 337]:

1™ (n — D! R"/?
do o exp [ ——Ag? ) = - Dm0 A 0], 2.78
Vot (o) = A=) &)

where n is an arbitrary even integer. For n being odd the integral vanishes. Inserting the
expansion (2.77) into (2.73) and expanding the exponential function into a Taylor series

yields
Z(j) = _1 exp {——1 Az )} / ddéx exp {——1 A’ (x )5:E2:| (2.79)
] 7Th cls ] cl .

X { A”/(xd) dx’ — —.,4(4 ()02t + ——

24h

e (A" (za))’ 51’6—1—..} ,

where terms contributing to Z(j) in an order higher than linear in / according to the result
(2.78) have been omitted. Applying (2.78) then yields

N L : 1 h AW (za) h (A" (xa))? 2
Z(j) = exp {—ﬁfl(l’cl,])} A (za) 8\//1//7 A”—SL’I)) +O(h )] :
(2.80)
This expression can be converted, using the Taylor expansion
ln(l—x):—<x+%2+%3+...+%n+...), (2.81)
into the form
N 1 " 5[-’4(61)]2 1-’4( ( ) 2
Z(j) = exp h.A(xd, Jj)— lnA (a) +h{—4 A (z)]F 8 TA (1)) }+O(h )} :
(2.82)
Defining
F(j) = —%an(j), (2.83)
one obtains
. h " (5 [A" (2 Cl)]2 1 A(4)(xcl) 3
)= Al d) g o)~ 15 g Cares ~ s e OO
(2.84)

In the saddle-point approximation, the reduced Planck constant A is considered a small
quantity. Nevertheless, in order to include the zero-temperature limit, i.e. § — oo, in the
calculation, a factor A3 cannot be considered a small, but rather an arbitrary quantity.
Moreover, a factor 1/ has to be rewritten as h/hf3. The average X is now defined by

X = X(j) = ZL\/—_/ d 7 exp [—%A(az,j)} | (2.85)
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Consequently, its negative is given by the first derivative of F'(j) with respect to j

_ 9F(Q)
X ==

From the identity (2.76), it follows that
9j

837 cl

A”(SL’Cl) = hﬁ

or, correspondingly,

a:L‘cl o hﬁ
95 A'zq)

Using the last identity and the results (2.84), (2.86), the average X takes the form

_ A,/,(Id)
S T Y ey
o [2A"(xa) AW (za) 5 [A"(za)? 1 AP(za) 3
*h{B Al 8 A 8M%mm} o).

Inverting (2.89) leads to

E A" (X~|>7LA”/( )/Z[A//(X)]z)
2 (A" (X + 0 A"(X)/2[A"(X)]2))
9 lA(S)(X) B gAm(X)A (X) §[AW(X)]3 5

Tl

Performing a Taylor expansion in powers of A,

A/// (X)
2[A"(X)]?

and using the expansion

AN o)

A" (X +h 72 [A”(X)]

):A/I<X)+hA///<X)

=1-20+32> —42° + ...+ (n+1)(—2)" +...

(14 2)?

leads to
ra =X +hX, + 12X, + OR?),

where the first-order correction reads

1 AI/I (X)

IV TSR

and the second-order correction is given by

v o LAYX) 5 ATX)ANX)  LAM(X)P

1
S0P T 12 AX)E S AXF

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)
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The Legendre transform of F'(j) with respect to j multiplied by a factor i now reads
I(X):=hB[F(j) +jX] . (2.96)

It corresponds to the effective action defined in Section 2.2. Using the result (2.84), one

obtains I'(X) by expanding A(z) around x as given in (2.93):

0A(X)
0X
h

+5 In A"(X + hX,) — B {

[(X) = AX)+hBjiX + (X, +h*Xy) — b3 §(X + hX + 7?2 Xy)
5 [A"(X)]? 1 AY(X)

UA(X)P B[A"(X)P

} + O(R%) . (2.97)

Using the identity (2.76) together with the result (2.94) then yields

1A(4)<X) B i[.A”%X)]Z \
8[A"(X)]2 12 [A//(X)]3}+0(ﬁ ). (298

N(X)=AX)+ g InA"(X) + h* {

Thus, the second-order correction (2.95) to the average X does not contribute to I'(X) in
(2.98). Furthermore, note that in the limit 2 — 0 the result (2.98) takes the form

lim I'(X) = A(X). (2.99)

2.6 Background Method: Ordinary Integral

In this section, an important method to efficiently determine the loop expansion for the
effective action will be introduced. This so-called background method [4, Ch. 3] was originally
introduced by B. De Witt in field theory of gravitation [15]. Later, the background method
was further elaborated and established by R. Jackiw in relativistic quantum field theory [16].
It constitutes an important simplification for evaluating the saddle point approximation of
functional integrals. Here, the background method will be illustrated first for the ordinary
integral from the previous section. To this end, the following steps are performed. Consider
the integral (2.73) without the artificial current j, i.e.

Z = \/;T_h/zda;exp {—% A(x)} , (2.100)

and expand the function A(z) around some background X, which corresponds to the average
introduced in (2.85). By introducing éz := x — X as the deviation of the integration variable
x from the background X, one obtains

1 .
AX 4 6z) = AX) + A(X)dz + 5 A"(X)ox? + AV (5z) (2.101)
with the interaction

A (6r) = < AM(X)5a* 4 50 AD(X)ort 4 (2.102)
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The respective terms in the expansion (2.101) have the following consequences for the effec-
tive action (2.96) [4, Ch. 3|: The zeroth order A(X) appears directly in the effective action
as stated in (2.98). The first-order term A’(X)dz has to be neglected in the background
method as it is implicitly taken into account when performing the Legendre transforma-
tion. The second-order term A”(X)dz?/2 leads to the expression [iln A”(X)]/2 as stated
in (2.98). Furthermore, the remaining interactions (2.102) are characterized in terms of
Feynman diagrams. To this end, the following Feynman rules are introduced:

e A line corresponds to the inverse of A”(X):

h

— = ) 2.1

) (2108)
e An n-vertex with n > 3 stands for the nth derivative A™ (X):
: 1
= —— A"(X). 2.104
s = gAY (2.104)
Thus, the effective action reads
h .

LX) = AX) + 5 In A"(X) + T (x| (2.105)

where T'0") (X)) turns out to consist of all one-particle irreducible vacuum diagrams which
are compatible with the Feynman rules (2.103), (2.104) [4, Ch. 3]. A diagram is referred
to as a ‘vacuum diagram’ if it does not possess any lines that do not end in a vertex. It is
called ‘one-particle irreducible’ if cutting an arbitrary line of the diagram does not lead to
two unconnected diagrams. I'™)(X) can be expanded into the form

rim((x)=-n> TOX), (2.106)
=2

where, in its diagrammatic representation, each order I'(X) consists of all one-particle
irreducible vacuum diagrams with [ loops. For such a diagram with N vertices, let n; with
1=1,2,..., N be the degree of the ith vertex. The number of loops for this diagram then
reads

N
1
lzézni—(N—l), (2.107)

which can be proven by induction over the number of vertices N. On the other hand, as
a consequence of the Feynman rules (2.103), (2.104), an arbitrary one-particle irreducible
vacuum diagram contributes to I (X)) in the order 2™, where

N
1
mzigni—N. (2.108)
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Consequently, comparing (2.107) and (2.108) shows that diagrams with [ loops lead to con-
tributions to T'™(X) which are of the order 2'~*. So, according to (2.106), a diagram with [
loops contributes to ['™) (X)) in the order h!. The diagrams for I = 2, 3 and their respective
weights are given by

rox) = - OO +% S (2.109)

1 1 1
S 300 t5 6 55 000
1 1 1
+§@ +§ 8 t5; &+ O (2.110)

Here, the weights of the diagrams follow from combinatorial considerations. For instance,

0| =

r®x) =

| =

the weights w, of the diagrams with three- and four-vertices are given by [23]

1
215+D 31T AP p 7

Wy = (2.111)

where S, D, T, F' denote the number of self-, double, triple, fourfold connections, and P
stands for the number of vertex permutations that leave the diagram unchanged. Consider,
for example, the diagram @ . This diagram possesses D = 2 double connections, and
among the six possible vertex permutations two leave the topology of the diagram unchanged.
Thus, one has P = 2. Therefore, the weight of this diagram reads

we (@) - 2!21_ 5= % . (2.112)

Applying the Feynman rules (2.103), (2.104) to the results (2.109) and (2.110) leads to the
analytical expression

2

LA 1 (A"(X))? 1LADX) 1 A"(X)AD(X)
SCAX)? 12 (A (X)) SAX)P 12 (AX)
<A<4 (02 | LATXOPAVX) 5 (A7(X))!
2@ T A (AX)F a8 (AX))

+ B

ri(x) = p? [

+O((hY), (2.113)

where the h%-terms correspond to the previous result (2.98). All one-particle irreducible
vacuum diagrams arising for 3- and 4-vertices follow from a recursive graphical construction
method, which also determines their respective weights [23].

2.7 Background Method: Path Integral

In the following, the application of the background method will be examined for the partition

_ j{m exp {—% A[a:]} | (2.114)

function
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Accordingly, a functional Taylor expansion of the action A[z| has to be performed around
an arbitrarily chosen background X (7):

IA[X]
X(m)

hﬁd hﬁd ALY ] ox(11)0
/ n / "2 5X (1)0X (1) (71)0(72)
h3 13 3 5 A[X]
/ d7'1/ dTQ/ drs X (110X ()X (73] dx (7 )0x(12)d2(T3)
1 13 h3 13 13
+—4 / dTl/ dTQ/ dTg/ d7'4
STAIX

* X (71)5X(72)5X(73)5X(T4)

hg
AX +o0zx] = A[X]+ / d7‘1 dx(m) (2.115)

dx(11)0x(1e)dx(73)d2(T4) + .. . .

Again, 6x(7) := z(7) — X(7) denotes the deviation of the path x(7) from the background
X (7). Similar to the procedure above, the first order term,

" 0AIX]
/0 dn X (m) dx(m) , (2.116)

will be neglected, and terms being of higher than second order in dz define the interaction

hB hg hg 3
A (5] / in [ [ ‘;;;‘([)]5 T Belms(mba(m) (217

B hg B hB
+ - d7'1/ dTg/ dTg/ d7'4
SAIX

“ X (71)5)((72)5)((73)5)((74)

0x(71)0x(10)d2(73) 02 (T4) + . . . .

The integral kernel is defined as

2A[X]
! = 2.11
G ™) = N X () (2.118)
and the partition function (2.114) can be written in the form
1
Z = exp {—ﬁ.A[X]} (2.119)

1 [ho ha 1
X 7{2)53: exp {_ﬁ/ dT1/ dry G™H1y, 7)02 (1) 0z (T2) — ﬁA(mt) [5:6]} .
0 0

In order to determine the second-order contribution to the partition function, it is helpful
to remember the result of the one-dimensional Gauflian integral

o 1 2
/ dx exp (—éA:cz) = % [A>0]. (2.120)

(e 9]
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In D dimensions, A can be taken as a matrix, and the Gauflian integral evaluates to

<o _le x| = (2m)P72 — A" de
/ d”z exp< 5 A ) RN [A= A", det(A) > 0] . (2.121)

—00
The path integral in (2.119) constitutes an infinite-dimensional integration. Therefore, one

would expect that the second-order contribution to the partition function is the generaliza-
tion of the result (2.121) to infinite dimension:

i " 1
7{2?533 exp {——/ dT1/ dry G (11, )02 ()2 () | = m. (2.122)

The determinant of the integral kernel is defined as the product of its eigenvalues A, which
are obtained by solving the eigenvalue problem

nB
/ dT2 G~ (7'1,7'2) 5.Tk<72) M)\kél’k(Tl) s (2123)
0
with dzx(7) being periodic in the imaginary time:
0z (0) = oz (hp) . (2.124)
Accordingly, the right-hand side of (2.122) can be rewritten in the form
1 1 1
———==exp| —z TrInG , (2.125)
det(G—1) 2

where the trace-log of the integral kernel G(7;, ) is defined by

TrinG™' := Zln Ak - (2.126)
The preceding argument lacks, of course, mathematical rigor. In Appendix A, the partition
function for the harmonic oscillator is calculated, and an analogous procedure could be

applied to demonstrate that the result (2.122) — (2.126) is indeed valid. Since the application
of the background method implies a vanishing external current j, one obtains from (2.24)

Z[X] = exp {—%F[X]} | (2.127)

Thus, when neglecting the interactions, i.e. when setting A [5z] = 0, from the last identity,
(2.119), and (2.122) — (2.126), one obtains the first order approximation of the effective
action:

FOX]+ TW[X] = A[X] + g TrinG™; (2.128)
and the complete effective action is given by [4, Ch. 3]
h .
TX] = AX]+ 5 Trin G+ rinx] . (2.129)

The zeroth-order term A[X] in (2.129) is referred to as ‘tree-level’. As before, the remaining
interactions '™ [X] can be characterized in terms of Feynman diagrams. The respective
Feynman rules are now:
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e All outgoing lines of all vertices are numbered arbitrarily.

e A connection between the ith and the jth line corresponds to the propagator G(7;, 7;):

i = G(Ti,Tj) s (2130)

where the propagator G(7;,7;) is defined by the identity

g
/ dr; G (1, 7)G (13, 75) = B 6(m, — 7). (2.131)
0

e The resulting product of propagators is multiplied by functional derivatives of A[X] and
then integrated. An n-vertex with n > 3 and the n outgoing lines i, j, k, ... ,m stands
for the nth functional derivative of A[X] with respect to X (7;), X (7;), X(7%), ..., X (i)
and leads to the integration

J 1 ("8 ] hB hB
z+k — ——/ dTi/ de/ di.../ ATy,
m hJo 0 0 0
X

" A[X]
OX (1) 0X (1) 60X (1) ... 0X (7))

(2.132)

Again, I [X] consists of all one-particle irreducible vacuum diagrams which are compatible
with the Feynman rules (2.130) — (2.132). Furthermore, I'™[X] can be obtained by a loop
expansion,

P [X] = —nY TWX], (2.133)
=2

where each loop order [ consists of all one-particle irreducible vacuum diagrams with [ loops
[4, Ch. 3]. Thus, the diagrams contributing to I'™)[X] with two and three loops are the
same as in the case of an ordinary integral. Applying the Feynman rules (2.130) — (2.132) to
the diagrams (2.109), (2.110) and taking into account (2.133) yields the analytical expression
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for the interaction part of the effective action

4
FmX] = _h{ 81h /1234 ol 5X1§Xé£))§15X4
3 3
* i, OO s v,
6
B 8ih G12G34G56 5X15X2§X§£§(15X55X6
5 3
12h2/ Cr2GiaaliseCirs 5X15)§3£g?)(75)<8 5)525;[?)(6
4 4
* @ /12___8 Cr2GiaaliseCirs 5X1§X?<§]55X7 5X2§Xf£§(l5X8
4 4
* 161h2 /12___8 Cr2GaaCGrosGrs 5X1§X?£))§15X5 5X4§X§£§(15X8
3 3 4
8;13 G12G34G56G78G9° 5)?1£([2?X7 5)54;5])(0 5X2§X?£§15X9
3 3 4
8;13 G12G34G56G78G9° 5)?1;5?)(9 5)54;5])(0 5X2§X?£§i5X6
o / C12Giay GG GG 5;&?)@ 5;235“;‘5?)(1
L SAX] AKX
5X10X50 Xy 0Xs0X70X5
+ 161h4 / G12G34G56GrsGorGra 5 )?f;g?)(g 5;23;;([52])(1

L OPAX] FA[X]
5X45X55X§ 5X65X75X()

+} (2.134)

where the following abbreviations have been used:

13 ha h3
/ = / dT1/ dry .. / dr, , (2.135)
12..n 0 0 0

Gij = G(m,1;), Xi == X(7), and a digit with an overscore stands for the corresponding
number plus ten, e.g. 2 = 12.

At this point, it is not yet obvious that the loop expansion of the interaction part of the
effective action corresponds to an expansion in powers of the reduced Planck constant h.
However, this is the case if the propagator G(7;,7;) contains a factor h. Note that this
condition was valid for the harmonic propagator (2.55) and also for the propagator of the
ordinary integral (2.103).
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2.8 Calculation of the Effective Potential

In this section, it is demonstrated how the effective potential can be calculated for any given
potential by applying the background method. To this end, due to (2.37), it is sufficient
to evaluate the effective action (2.129), (2.134) for a constant background field X (7) = X .
For an arbitrary potential V(z), the imaginary-time action A[X] is given by (2.14). Its first
functional derivative reads

SA[X]

=-MX & . 2.136
X (m) () + V() e=X(r1) ( )
The second functional derivative, which according to definition (2.118) equals the integral
kernel, is
d2
G, m) = —Md—712 + V() m:X(TQJ o(m — 7). (2.137)

For n > 3, the nth functional derivative of the imaginary-time action is given by

" A[X] B .
X[ )0X (m) . 0X () 5(r — 1) 8(ma — 73) .. 6(Trey — 7)) V() o) (2.138)

The propagator G(11,72) is determined by the identity (2.131). However, since the aim of
this section is only to calculate the effective potential rather than the effective action, it is
sufficient to solve (2.131) for a constant background X. Together with (2.137), this leads to
an ordinary differential equation of second order for the propagator in presence of a constant
background Gx (7, 7):

6} d2
/ dr {_MF + V"(X)} 3 —71)Gx(1,72) = ho(1y — T2) . (2.139)
0 Ti
This equation can be reduced to the corresponding problem for the harmonic oscillator
(2.50), (2.54) by introducing the frequency
V/I(X)
v

Thus, from the previous result (2.55), one obtains the propagator for an arbitrary potential

Q=

(2.140)

and a constant background

R cosh(Qm — | — hEQ/2)

G = 2.141
o(m:72) = 530 sinh(7,5/2) (2.141)
In the limit 7" — 0, it simplifies to
h Q
; — " Q-
ilpgn)0 Ga(m, 1) S € ) (2.142)

Asin (2.133) for the interaction part of the effective action, the effective potential interactions
will be expanded in the form

Va0 = —nd VRX), (2.143)
=2
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where, according to (2.37), each loop order Vegc? (X) is obtained by evaluating the correspond-
ing loop order of the effective action at a constant background X:

1
=—T
hi
In order to determine the interaction part of the effective potential for arbitrary tempera-
tures until the third loop order, the integrals in (2.134) have to be evaluated for a constant
background X and the propagator G;; as specified in (2.140), (2.141). Taking into account

(2.133), (2.143), and (2.144) and performing the integration over the delta functions stem-
ming from (2.138) yields

. 1 (V@(X V) (X))? Vo) (X
iy - L (Y00 [ g WOCOR [ gy V000 [ gy

Vi (X) DX (2.144)

X(r)=x

& 8h 12K2 8h
VO (X)VO(X) [V (X)]? [VW(X)]?
— GG3—7/G4—7/GGG2
1252 /12 e ASKHZ ), 2 1602 f, TETR
VX PV®(X
[ ( g]hg ( )/ (G13G%2G§3+G12G22G23G%3)
123

(2.145)

(V&) / <G12G13G14G23G24G34 G13G24G%2G§4) }
- 1 + + ..,
h 1234 24 16

where the same abbreviations have been used as in (2.134). This formula can also be derived
by defining Feynman rules that are less general than (2.130) — (2.132), as they are only
applicable in case of a constant background, and taking into account (2.143) and (2.144):

e The vertices of the diagram are numbered arbitrarily.

e A connection between the ith and the jth vertex stands for the propagator:

J
+k = Go(r, 1), (2.146)

where Gq(r;,7;) for arbitrary temperatures is given by (2.140), (2.141) and in the
zero-temperature limit by (2.140), (2.142).

e The resulting products of propagators is integrated. Let the ith vertex be of degree n,
with n > 3; then it leads to the integration

(n) X hB
NUYRN 4 h( )/ dr: (2.147)
0

In order to determine the interaction part of the effective potential for arbitrary temperatures
until the second loop order, the first two integrals in (2.145) have to be evaluated with
the propagator G;; specified in (2.140), (2.141). Taking into account (2.143) yields the
intermediate result

o VX 1 [VE(X))? 1
Ver (X) = _flg(zz\m)2 tanh?(n3Q/2)  126(2MQ)? sinh®(75Q/2)

hs %
X / dTl/ dry cosh®(Q|m — 7| — h3Q/2) . (2.148)
0 0
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The remaining twofold integral is evaluated in Appendix B, yielding the result

@ VIX) 1 B VO] T 1
Vi (X) = h8(2MQ)2 tanhQ(hﬁQ/2)+6Q (2MQ)3 3+sinh2(hﬁ(2/2) - (2149)

In order to specify the total effective potential up to the second order in the reduced Planck
constant h, the tree-level and the trace-log term have to be included. For the harmonic
oscillator (2.47), the interaction part of the effective action '™ [X] vanishes. Therefore, by
comparing (2.14) and (2.64) with (2.129) and taking into account (2.53), one reads off the
trace-log for the harmonic oscillator

TrinG,' = —2InZ, = 2In (2sinh hfw/2) . (2.150)

To obtain the trace-log for an arbitrary potential one merely has to replace the frequency w
by Q. Thus, according to (2.37), (2.129), (2.143), and (2.149), the effective potential for an
arbitrary potential reads

- h . VEO(X) 1
Ver(X) = V(X)+ g5l @sinh h30/2) + B oo o a0

nt [VOX)P 1 1 3
T eMp |37 sinh?(h39/2) TOw). (2.151)

Note that in order to include the limit 7" — 0, i.e. § — 00, in the calculation, terms including
the product hf cannot be considered as merely depending on a term that is proportional
to the reduced Planck constant h, which goes to zero in this approximation. The product
hf has rather to be considered an arbitrary quantity. Furthermore, a factor 1/5 has to
be extended to h/hB. In (2.151), only the tree-level is temperature-independent. In the
zero-temperature limit, the effective potential (2.151) simplifies to

Y V(X K2 VO (X))
%in%Veﬂc(X):V(X)Jr—+h2 (X) VX))

> M SEame e @amp TOUD - (2152)

One can extend the last result to the third order by evaluating the Feynman diagrams (2.110)
in the zero-temperature limit. Thus, the remaining eight multiple integrals in (2.145) have
to be solved, where the propagator G;; is specified by (2.142). Taking into account (2.143)



2.9. EXAMPLE: ANHARMONIC OSCILLATOR 31

yields the intermediate result

. RV O (X hv<3 WVOX) M
hmOVeg)(X) = - 8(2M§2) ) + QMQ 45 / / dry exp(—=3Q|1 — 7))

AVW(X
(2M

hv 4) hG hg hG
8 2MQ 5ﬁ / dTl/ dTQ/ d7'3

X [eXp(—QQIH — 7| = Q|m — 73] — 2Q|7 — 73))

ha 13 1
945 / dT1/ d7-2 —eXp 49\71—7'2|)—|—1—6€Xp(—29\71—72\)]

+ exp(~Qln = 7l = 20 = 73] = Qs = 7))

hV( hB hB h3 h3
([ MQ 65 / d7'1/ dTg/ dTg/ d7'4

X [ﬂ exp(=Qm — | = Qm — 13| = Qm — 7| — QU — 13| — Qe — 7| — Q|13 — 74|)

1
+ 1—6€Xp( Q|T1 — T2| — QQ|T1 — T4‘ — QQ|T2 — 7'3‘ — 9‘7'3 — T4|) . (2153)

The remaining two-, three-, and fourfold integrals are calculated in Appendix B. Applying
(B.15) and (B.27) — (B.30) to (2.153), one obtains

lim V' (X) =

PVOX)  RVOXVOX) T VOx)P

T-0 - 8(2MQ)3 18Q(2MQ)* 96Q(2MQ)
BRAVOX)[VE(X)]2  17TR* VO (X)) 5154
a 7202(2MQ)? 21603 (2M Q)6 (2.154)

Combining the last result with (2.152) and taking into account (2.143), one obtains the
effective potential in the zero-temperature limit up to the third order in A:

lim Vg (X) = V(X)+ @ LR Vv 4)(X) B2 [V(3)<X)]2 h_?’V(G)(X)

70 2 8(2MQ) S 18Q (2MQ)3 T 8 (2MQ)3
R VOX)VO(X) e VWX 13 VWXV (X))?
S 18Q (2MQ)E 960 (2MQ)t T 7202 (2MQ)5

1783 [V<3>(X)]4
21603 (2MQ)6

O(h*). (2.155)

2.9 Example: Anharmonic Oscillator

Consider an anharmonic oscillator with the potential

M
V(z) = 7w2x2 + gAx® + ¢*Ba* (2.156)

where the parameter B is assumed to be positive, and ¢ is the coupling constant. In this
section, the effective potential for this oscillator will be calculated until the second loop order
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for arbitrary temperatures and until the third loop order for T = 0 by applying the results
from the previous section. To this end, one only needs to replace the derivatives of the
arbitrary potential from the last section by their actual values for the anharmonic oscillator.
The propagator G(71,72) of the anharmonic oscillator for arbitrary temperatures is given
by (2.141), and in the zero-temperature limit by (2.142), where the frequency 2 reads

69AX  129°BX?
Q:w\/1+ g | 22d . (2.157)

Mw? Mw?

Note that in order to ensure that €2 in (2.157) is real for all values of X, the condition

AMw?B
3

A] < (2.158)

must hold. Applying the result (2.151) to the anharmonic oscillator, one obtains its temper-
ature dependent effective potential up to the second order in A:

M 5 s 3 2 4 h . 2 39°B 1
Veg(X) = v X"+ gAX® +¢°BX" + ﬁln (2sinh h582/2) + R M) tank(h3%)2)
h? (6gA +24¢°BX)? [1 1 5
- | + O(R®). 2.159
60 (2MQ)3 3 sinh?(hBQ/2) (") ( )

According to (2.39), one obtains the free energy by evaluating (2.159) for that particular
average X that extremizes the effective potential. Since here the calculation is only up to
the second order in the reduced Planck constant h, the background X can be expanded in
the form

X = Xo+hX; + 12Xy + O(R%). (2.160)

Inserting this identity into the first derivative of (2.159), expanding it in powers of A, and
setting the resulting expression to zero leads to a system of three equations, each correspond-
ing to the respective order in h. This system of equations for the extremizing average X,
can be solved consecutively. First, one obtains

1 2 34+ 9v9A2 — 16 BMw? 3

=34+ 9V9A? — 16BMw?
B 8gB '
(2.161)

Since the solution is required to be real for all allowed parameters A, B, only Xél) =0 is
a valid solution. The solutions XO(Q) and X0(3) are complex due to condition (2.158). Using
this result, one further obtains

3gA

X, = — .
! 2M?w3 tanh(hfw/2)

(2.162)

Since Xy vanishes, one reads off from (2.159) that X, does not contribute to the free energy
in the second order of h. This corresponds to the previous example of an ordinary integral in
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Section 2.5, where the second-order correction of the average X did not affect the effective
action in the order . Furthermore, the frequency Q reduces to

Q=w+0O(h). (2.163)

Inserting the solutions (2.161), (2.162) into (2.159) and expanding until the second order in
h yields the free energy in this order:

h

F = h—ﬁln(sinhhﬁw/Z) (2.164)
3Bg? 9A24? 1 3A%¢% [1 1 } }

& - - —r—— Liomy.

* {[4]\4%2 St | tand? (hGw/2) 40wt |3 sk g2y § O

In the zero-temperature limit, the effective potential (2.159) simplifies to

M hQ) 39°B
1i X) = —WX?2 4 gAXP 4+ ¢’BXY 4+ — + 12
Tli%%ﬁ( ) Fw Xty +g + 5+ h M)
1?2 (6gA + 24¢2BX)?
(69 1219 BX) + O(R%). (2.165)

180 (2MQ)3

To obtain the ground-state energy, according to (2.41), one has to evaluate this expression
for the particular average that extremizes the effective potential (2.165). To this end, the
background X is expanded in the form (2.160). Inserting (2.160) into the first derivative of
(2.165) with respect to average X, expanding this expression until the second order in £,
and determining the zeros for each order of & yields the result

X, = 0, (2.166)
3gA
X, = — > 2.1
! 2M2w3 (2.167)
3 2 2
¢3A(33A% — 31BMw?)
X, = — . 2.1
2 2 M58 (2.168)

Other possible solutions for X are ruled out, since they lead to a complex average X when
the condition (2.158) is fulfilled. Note that (2.167) represents the 7" — 0 limit of (2.162).
Inserting (2.166) — (2.168) into (2.165) and expanding the resulting expression until the
second order in A gives, according to (2.41), the ground-state energy of the anharmonic
oscillator in this order:

o thQ (—11A% + 6 BMw?)
y = h—

5 e +OR?). (2.169)

Note that, as above, due to (2.165) and (2.166), the second-order correction X5 does not
contribute to the ground-state energy in this order. One can extend the previous calculation
to the third order by using the result (2.155). Due to the fact that all of the anharmonic
potential’s derivatives of higher than fourth order vanish, the terms in (2.155) containing
VO(X) or VO (X) do not contribute to this calculation. Thus, the effective potential for
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the anharmonic oscillator in the zero-temperature limit up to the third order in A reads:

2
lim Veg(X) = %uﬂx? + gAX® + ¢°BX* + ? + B (2352 5)2 (2.170)
h? (6gA +24¢°BX)?  Th* (24¢°B)?
180 (2MQ)3 960 (2MQ)*
130° 24g° B(6gA + 24¢°BX)*  17Th° (6gA + 249°BX)* Lo
7202 (2MQ)5 21603 (2MQ)° '

The ground-state energy of the anharmonic oscillator in the third order of & is then obtained
in the same way as before. All calculations merely have to be extended by one order. From
(2.170) it follows, when the zeroth order of the background vanishes, that it is sufficient to
know the corrections to the background X up to the second order (2.166) — (2.168) to obtain
the third-order correction for the oscillator’s ground-state energy, as has been discussed
above. Inserting (2.166) — (2.168) into (2.170) and expanding until the third order in %
yields the result

—11A% + 6BMw?)

2
By = 4 n2d

2 8M3w?
4 (465A* — 684A2BMw? + 84B> M2
ottt 32M6w°: <) Lot (2.171)

In the next section, this three-loop result for the ground-state energy is verified by applying
perturbation theory.

2.10 Perturbation Theory

In this section, the partition function for the anharmonic oscillator (2.156),

Z = fpx exp {—% /OW dr |:%i‘2(7') + %WQZEQ(T) + gAz* (1) + 9231‘4(7‘)} } , (2.172)

will be calculated perturbatively by an expansion in the coupling constant g. In a first step,
separating harmonic and anharmonic contributions to Z and expanding the exponential
function yields

7 = %Dx exp{—%/ohﬁ dr {%:&2(7) + %w%?(r)” (2.173)
X {1 — % /O v dry [gAz*(11) + ¢°Ba*(my)]

1 8 B
+ ﬁ/ dTl/ dry [gAx?’(Tl) + g2Bx4(7'1)} [gA;L’3(7-2) + g23x4(7-2)} 4. } .
0 0

Since all contributions to the path integral that are odd in the path x(7) vanish, one obtains
by using the result for the harmonic partition function (2.53) and introducing the notation

(o), = Ziwjfm ® exp {—% /Ohﬁ dr [%58(7) + %w%ﬁ(r)” (2.174)
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the following expression for the partition function:

Z-2, [ _—/hﬁdﬁ () /hﬁdﬁ/hﬁda (1) (7))o + O(g")
(2.175)

Expectation values of products of an even number of paths can be transformed by applying

Wick’s rule [4, Sec. 3.9]:

e The expectation value of a product of two paths defines the corresponding propagator

Go(m,12) = (z(m)z(1))w - (2.176)

e An expectation value of a product of n paths can be rewritten as a sum of n — 1
products of propagators and expectation values of n — 2 paths:

(@(r)z(r)2(7s) . 2(Ta))o = Gul(m, 1) (x(73)2(Ta) - .. 2(T0))w (2.177)
+ Go(m, ) (x()x(ra) ... 2(T))e + - + Go(m1, ) (x(2)x(73) . .. 2(Th-1))w

By applying Wick’s rule (2.176), (2.177) one obtains
(z*(1)) =3 G2 (11, 71) , (2.178)
and
(23 (1)23 (1)) = 9 G (71, 71) G (11, T2) Gy (T2, 7o) + 6 G2 (11, 72) (2.179)

Note that the propagator G, (1, 72) defined by (2.174) and (2.176) is indeed identical with
the propagator (2.55):

plnete)e = T for e (<E A+ /Ohﬁdmmj(f)})‘

=0
(2.48), (2.52) o 52 hg /hﬁ
= n—— d d
i O g [, an [ 4 i) B
(2.180)

Carrying out the functional derivatives and using (2.57) then yields the proposition.

Applying (2.178) and (2.179) to (2.175) yields
3¢°B

F = —kBTh’lZ = —kBThlZw -+ ]{ZBT{ / dTlG (7'1,7'1) (2181)
0
RAZ [P 13
2—712/ dTl/ drs [9 Gu(1,71)Gu(1,72)Go(T2, 2) + 6 Go (11, 2)] + @(g4)} ,
0 0

where the Taylor expansion (2.81) has been used. The free energy can be expressed in terms
of Feynman diagrams. To this end, the following Feynman-rules are introduced:
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e The vertices of the diagram are numbered arbitrarily.
e A connection between the ith and the jth vertex stands for the propagator G (7;, 7;)
2
1%3 = Gu(n,75), (2.182)

where G, (7;, 7;) for arbitrary temperatures is given by (2.55) and in the zero temper-
ature limit by (2.56).

e The resulting product of propagators is integrated.
A three-vertex leads to an integration

6gA [P
hJo

dr; . (2.183)

And a four-vertex leads to an integration

24¢g2B [P
P — / dr; . (2.184)
7 h 0

Applying these Feynman rules to (2.181), one obtains the diagrammatic representation of

the free energy in this order

F = —k:BTanw—kBT{% + +% O +WO(94)}' (2.185)

In Ref. [23], it is shown that the free energy can be obtained by a diagrammatic loop
expansion, where each loop order [ consists of all connected vacuum diagrams with [ loops.
This is in contrast to the interaction part of the effective action I'™)[X], which only consists
of all one-particle irreducible vacuum diagrams (compare with Section 2.6). The diagrams
contributing to the next loop order are given in Ref. [23] and lead to the following expression
for the free energy

1 1 1 1 1
F = —kyTnZ, —kgT?d - S0 — —
B e 3{8@+8 TrOtg © t5

1 1 1 1 1 1
tg W +5 OO *@W+%E§§@ ts &
+% O +% OO +£@Q@11—6 - +(’)(g6)}. (2.186)

The right-hand side of equation (2.181) with the propagator G, (71, 72) being specified in
(2.55) can be evaluated by using the results (B.4) and (B.7). In doing so, one obtains the
free energy up to the second order in the coupling constant g

F = —kgThZ, (2.187)
. [[ 3BR’ 9A%R? 1 6A%n> [1 1 .
g 2 - 3 2 - 3 Y + 12/ o + O(g ) :
(2Mw)?  w(2Mw)?] tanh®(hfw/2) w(@Mw)? [3  sinh®(hfw/2)
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To obtain the free energy in the zero-temperature limit, i.e. the ground-state energy, up to
the fourth order in the coupling constant g, one can evaluate the Feynman diagrams (2.186)
specified by the Feynman rules (2.182) — (2.184). In this limit, the trace-log term —kgT'In Z,
becomes the ground-state energy of the harmonic oscillator ~w/2. Using the results (B.27)
— (B.36), one obtains

hw  Lh2(6BMw? — 11A%)  ,h*(465A* — 684A2BMw? + 84 B2 M2w*)

Eo = 2 t9 SM3w —9 32M6,9

+ 0(g%) .
(2.188)

Note that the ground-state energy is even in the coupling constant g. This is due to the fact
that changing the sign of the coupling constant would only result in an oscillator potential
that is mirrored by the ordinate-axis, and this would only affect the resulting wave functions
but not the energy levels.






Chapter 3

Recursion Relations

3.1 Motivation

In this chapter, methods will be introduced which allow the obtaining of the sum of Feynman
diagrams without explicitly evaluating the single diagrams. In Section 3.2, an expansion for
the ground-state energy of the anharmonic oscillator (3.4) in terms of the coupling constant g
will be obtained by applying the Bender-Wu recursion method. This method was developed
by C.M. Bender and T.T. Wu to approximatively solve the time-independent Schrodinger
equation in 1969/1973 [17,18]. Later on, its application was extended to the time-dependent
Schrodinger equation [24] and to the Fokker-Planck equation [25]. While in principle two
approaches, a perturbational expansion or a cumulant expansion, are possible, in this work
the latter will be pursued. In the perturbational expansion, which is e.g. found in [4, App.
3E], the oscillator’s ground-state wave function is expanded in the form

Mw\"* Mw ,
o) = (22) e (B2 ) o) (5.0
whereas in the cumulant expansion one chooses an ansatz of the form
Mw\ Y Mw ,
=== E—— ) 2
P(x) < — ) exp [ o7 + ¢(x)} (3.2)

The correction to the wave function ¢(x) is not to be understood as being identical for the
two approaches. The correction ¢(x) will be expanded in powers of the coupling constant g:

d(x) = g* d(z). (3.3)
k=1

Each expansion can be derived from the other. However, the cumulant expansion offers
the advantage that fewer coefficients arise in the Taylor expansion of the ¢x(z), which is
performed in a second step. In the following sections, the Bender-Wu recursion will be
applied to an anharmonic oscillator with or without external current. In Section 3.4, we will
extend it to a recursion for the effective potential Vog(X).

39
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3.2 Ground-State Energy without External Current

For the potential

M
V(z) = 7w2x2 + gAz® + ¢*Bat (3.4)

the time-independent Schrodinger equation reads

h? M
~517 '(x) + <7w2x2 + gAz® + gQBx4) U(z) = EY(z). (3.5)
Inserting the ansatz (3.2) into the Schrédinger equation (3.5) yields an ordinary differential

equation for the correction ¢(z):

2

577 [0(@)]” + g A’ + g Bat =, (3.6)

h2
—m¢”($) +hw x ¢'(x) -
where € denotes the correction to the ground-state energy

h
E:7°J+e. (3.7)

Expanding the ground-state energy of the oscillator in powers of the coupling constant g,

e}

h
E="45"¢e, (3.8)

2
k=1
inserting the expansion (3.3) into (3.6), and performing a coefficients comparison, one obtains
a differential equation for the ¢ (z):

hQ k-1

h2
o Gl) + B G(2) — S S (@) Gi(a) + Gy A +BpBrt = (39)
=1
Assuming that ¢y (x) is a polynomial, one can show by induction that its degree cannot be
greater than k + 2. Thus, the ¢ (x) can be written in the form

k42

or(x) = Z k) gm (3.10)
m=1

Here, the constant terms c((]k) have been omitted as they can only be determined later by

normalization of the wave function ¢ (z). By inserting (3.10) into (3.9) for k = 1, one finds

A A
D = i V=0 m = —g—. and a=0. (3.11)

For k = 2, the solution reads

2 2
) @ _ TA 3B ) @) A B
“ 2 TRt AMe?2’ 5 DG T s ahe B2
1142h%2  3BhK?
and € = Ve + R (3.13)
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For the general case k > 3, it is helpful to rewrite (3.10) in the form
x):Zcﬁﬁ) ™, with <™ =0 for m > k+2, (3.14)

as this allows the application of the Cauchy product rule to the product of the derivatives
() and ¢)(x) in (3.9). The recursively determinable solution for the ¢ (x) and the
energy corrections ¢, is then obtained as

k—1 m+1

w _ (m+2)(m+1)h Q) — ) D D
m’ = 2mMw Cmt2 QmeZZ n(m+2=n) e’ ez
=1 n=1
with <M =0 for m>k+2,  (3.15)
& -
€ = —— j)__MZ (3.16)

Applying this result leads to the expansion coefficients and the energy correction in the third
order of the coupling constant:

@3 5A3%  6ABhK @) (@) 1343 3AB
VT Ty T @ =Y 5T TIo0Bws | onwt
A3 AB
(3) (3)
0 = — 3.17
G =0 G To0ehs s O
and e3 =0. (3.18)
And for the fourth order one obtains
4 @ 305A% 123A%2Bh  21B%h @
a =0, 6 =g Es T st e @
99 A% ATA’B 11B?
0514) _ . + ’ Cézl) =0,
64M4w8  16MwS  16M2w4
4 2 2
@ 5A A*B B
_ 3.19
= RMPhwT  AMZhws | 12Mhet (3.19)

and € — _ 465A%h° N 171ABR*  21B°R° . (3.20)

32M6w? 8M>w? 8 M4wd
Comparing (3.13), (3.18), and (3.20) with (2.188), one sees that the result obtained by
Bender-Wu recursion is indeed identical to the one obtained by explicitly evaluating Feynman

diagrams. Since one wants to drive the expansion to higher orders, it is important to optimize
the recursion formula with regard to its evaluation by a computer. To this end, it is helpful to
introduce natural units, in which one has h = 1, M = 1. Furthermore, since calculations on a
computer can be performed more effectively when dealing with mere rational numbers, which

are not afflicted with parameters like A, B, or w, it is desirable to expand the coefficients

(k)

¢m’ and the energy corrections ¢ in products of powers of these parameters. Dimensional

considerations lead to the following approaches for the coefficients P

K20 gk-2apr .

m = ~Skj2—mj2—2x © fn& ; with c,(ﬂ)A =0 form>k+2, (3.21)
w m ’

A=0
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and for the energy corrections e:

5/2) g
Ak 2)\B)\
(3.22)

€ = —— €
k wok/2—1—2x kA
A=0

Similar to the procedure in (3.14), it is helpful to rewrite (3.21) in the form

Ak 2)\B)\ (k)

k) — - -
m w5k/2 m/2—2\ CmA

k
with cﬁfj?)\ =0 form>k+2or A> ng . (3.23)

as this allows the application of the Cauchy product rule to the product of the coefficients

) and cnlf +Q , when inserting (3.23) into (3.15). Doing so and performing a coefficients

. . k
comparison yields a recursion relation for the expansion coefficients c,(n))\:

k—1m+1 A

k (m+2)(m+1) 1 ) k—1)

gn))\: om £n+2)\ sz an+2—n gm )\/C£n+2 nN
I=1 n=1 N'=0

k
with 0557)/\ =0 for m>k+2or A> {EJ . (3.24)

The starting values follow from comparing (3.11) and (3.12) with (3.21):

1
1
di=-1, dh=o0, C§,3=—§, (3.25)
2 2 2 7 3
B0, dl-o, -l @--2
2 2 2 1 1
Cé()] :O, Cé,i :0, CEL,()) = g, El% — Z . (326)

The expansion coefficients ¢ \ for the energy corrections ¢ are obtained by inserting (3.22)
and (3.21) into (3.16) using natural units:

k—1

A
1 ) k1)
Ek)\__CQ)\_ _EECE)\ )\’Cg)\’ : (3.27)

=1 =0

\)

Table 3.1 shows the energy corrections €, up to the tenth order.

3.3 Ground-State Energy with External Current

In the presence of a constant external current 7, the time-independent Schrodinger equation
for the anharmonic oscillator (2.156) reads
hQ

~on7 V' (x) + (%uﬂf + gAx® + ¢*Ba* — jx) U(x) =EY(z). (3.28)

This problem can, for instance, be physically realized by taking the anharmonic oscillator
into a constant electric field. The solution for the case of a vanishing coupling constant,
g = 0, can be obtained analytically by introducing the new variables ’ and E’:

2

j
d E-=E .
Moz M oM

’ J
r =T —

(3.29)
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k €k
0
—11A% + 6 Bw?
2
Sw?
3 0
A 465A* — 684A%Buw? + 84B%w!
32w?
5 0
o —39709A5 + 91014A* Bw? — 47308 A2B%w* + 2664 B3w°
128w14
7 0
8 —3(6416935A4°% — 19945048 A° Bw? + 18373480A"* B*w*
14962400 A2 B3w°164720 B*w®) /(2048w™)
9 0
10 (—2944491879A' + 11565716526 A® Bw? — 15341262168 A° B*w*

17905514480 A B3w® — 1320414512 A% B*w® + 29335392 B8°w'°) /(8192w?!)

Table 3.1: Expansion coefficients for the ground-state energy of the anharmonic oscillator
(3.4) up to the 10th order.

Performing these substitutions, the differential equation to be solved reduces to the case of
the harmonic oscillator. Thus, in this section, for the wave function, the approach

Y(z) = N @ | with () = hj—wx — ﬁ:f + ng or(x (3.30)

where N denotes a normalization constant, is chosen. Furthermore, the energy is expanded
in the form

hw 52

B(j)=— - L L 31
0) =5 g + o (331)

Inserting (3.30) and (3.31) into (3.28) and performing a coefficients comparison, one obtains
an ordinary differential equation for the ¢ (z):

9 k-
_—(b h Z(bkl (hu)]}——)(lﬁk( )—}—(SklAZC +5k2 ZL’ =€ .

(3.32)
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Under the assumption that ¢x(z) is a polynomial, it is, as before, possible to show by
induction that the degree of ¢x(z) cannot be greater than k 4+ 2. Thus, the ¢x(z) can
be written in the form (3.10). Again, the constant terms cék) can only be determined by
exploiting the normalization condition for the wave function. Inserting (3.10) into (3.32)

allows the ¢x(z) to be determined recursively. First, one finds for £ = 1

A i2A A A
(1) J (1) J (1)
_ _ _ - 3.33
“ Mw?  M2hwd’ g IMhws3’ “ 3hw’ ( )
3hjA  PA
and € = Vi + A6 (3.34)
And for £k = 2 one obtains
) _ 175 A2 N 434> 5B B
1 AMB30S  MAhw®  2M2w0* M3hoT’
@) 7A? N 3j2A? 3B j*B @ JA? jB
Cy ' = - — c3’ = -
2 SM2w*  2M3hw?  AMw?  2M2hwd 3 IM2hw®  3Mhw3’
oo A B (3.35)
4 SMhw3  4hw’ '
11R%A%  27Thj %A% 95%A2 3W’B  3hj*’B B
and € = — o T e ot T e T apes T aes - (330)

Note that, for j = 0, Egs. (3.33) — (3.36) are identical with (3.11) — (3.13). Using the
convention (3.14), one finds the solution for the general case k > 3:

k—1 m+1
G (m+2)(m+1)h n(m 42— n) ¢ -

m 2mMw mt2 T 2me " Cm+2-n

=1 n=1
n Jjm+1) @
Mmw? ™

with ¢® =0 for m >k+2, (3.37)

jh -
_ (k) RO Z
® T M0 T M® T (3:38)

Table 3.2 shows the energy corrections ¢, in the presence of an external current up to the
sixth order using natural units, h = 1, M = 1. Note that Tab. 3.2 reduces to Tab. 3.1 for a
vanishing current.

According to Section 2.3, the knowledge of the ground-state energy F(j) permits the calcula-
tion of the effective potential Vog(X) in the zero-temperature limit by performing a Legendre
transformation with respect to the constant external current j. Since the free energy becomes
the ground-state energy in the limit 7" — 0, one has due to (2.36):

E(j(X)) = Ver(X) —j(X)X . (3.39)
Furthermore, due to (2.38), one has

J(X) = V(X)) (3.40)
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k €k
. Aj(27% + 3w?)
2wo
2Bw?(45* + 1252w 4 3w8) — A%(365* + 545%w° + 11wF)
2 8w10
AG[3A2(365* 4 635%w? + 22w8) — 2Bw?(245* + 665%w® + 31w0)]
3 414
4 [36 A% Bw?(112;5° + 3245%w® + 2125%w° + 190°)
—4B%0*(645°% 4 2647%w® + 2485%wW0 4 21w?)
—3A%(20165° 4 41585*w® 4 21125%w° + 155w")] /(32w™)
5 Aj[27A* (172855 + 41585*w? + 281652w8 + 465w°)
+4B%0*(15365° + 64085*w® + 70725%w" + 1683w?)
—12A%Bw?(34563° + 10908;*w® + 91765%w° + 1817w?)]/(32w*)

6 [8B3w5(15365° + 85445%w3 + 1414454W5 + 67325%w° + 333w!?)
—4A%B%,*(1036807® 4 4540325%w3 + 584928;5%w’ + 2217065%w” + 11827w'?)
+6A* Bw?(2851205° + 991224;5%0w° + 10242245*w° + 32354452w" + 15169w'?)

—A%(1539648;5° + 426610855 + 36495365*w® + 9792905%w? + 39709w'?)]/(128w2°)

Table 3.2: Energy corrections for the ground-state energy of the oscillator with cubic and
quartic anharmonicity in the presence of an external current up to the 6th order.

Thus, the effective potential is obtained by solving the differential equation
Ver(X) = E (Vg (X)) + Veg(X) X . (3.41)

To this end, the effective potential is expanded in the coupling constant,
Vee(X) = 3 g*i(X) (3.4)
k=0

and each order Vj(X) is assumed to be a polynomial in the background X:

k+2
Vi(X) =) cWxm. (3.43)

m=0

Using the result for the energy (3.31), where the first orders of ¢ are given by Tab. 3.2, and
inserting the ansatz (3.42), (3.43) into the differential equation (3.41) permits us to obtain
the effective potential by performing a coefficients comparison, first in the relevant order of
the coupling constant g, and then for each order of X. It turns out that for £ being even or
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k Vi(X)
2
w w
0 Z 4+ X2
2 + 2
A
1 AX3+3—X
2w

—A%(1 4+ 9wX?) + Bw?(3 + 12wX? + 4w?X?)
4wt

AX[3A%(4 + 9wX?) — 2Bw?(13 + 18wX?)]
48

4 | —[4B%w*(21 + 104w X? + 720> X*) — 1242 Bw?(13 4 152w X? 4 108w* X ?)
+A*(51 + 864w X? + 810w X™)]/(32w?)

5| BAX[9A*(51 + 256w X? + 126w X*) + 4B%w*(209 + 544w X? + 216w> X *)
—4A%Bw?(341 + 1296w X? + 540w’ X*)]/ (32w™)

6 [24 B30 (111 + 836w X? + 1088w? X * + 288w3 X )
—36A2B%w*(365 + 5654w X? + 8448,° X* + 2160w X °)
+6A% Bw? (2129 + 46008w X > + 85248w* X * + 22680w* X °)
—A%(3331 4+ 90882w X ? + 207360w> X * + 61236w>X°)]/(128w')

Table 3.3: Effective potential of the anharmonic oscillator (3.4) up to the 6th order, expanded
in the coupling constant g.

odd, also Vi (X) is even or odd respectively, i.e. o = O(—1ym+k 1 C,(,f), where 0, ; denotes the
Kronecker symbol. Table 3.3 shows the first six orders of the effective potential, which have
been obtained in this way.

Note that (3.42) and Tab. 3.3 represent an expansion in powers of the coupling constant
g, whereas the previous result (2.170) together with (2.157) constitutes an expansion in h.
Re-expanding (2.157), (2.170) into a g-expansion, however, yields a result which is identical
with (3.42), Tab. 3.3 up to the order g*.

On the other hand, it is possible to convert the expansion (3.42) into an h-expansion. In
Section 2.8, an h-expansion for the effective potential is obtained by applying the background
method. Evaluating the generating functional (2.114) and the expansion (2.115) for the po-
tential (3.4) at a constant background X (7) = X yields, by taking into account (2.137) and
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(2.138),
1 1 M M
z - f Doz exp 4 — “AX) -~ / dr| M 5i2(r) (3.44)
h hJs 2
M 6gAX 12¢°BX?
+ 7w2 (1 + A2 + Vo2 dx% + (gA + 4gQBX) 6x° + g*Box*| b,

where, according to the background method, the first order term has been omitted, and

the integration runs over all fluctuations dx that are periodic in the imaginary time, i.e.
0x(0) = éx(hB). Due to (2.37) and (2.127), one has the following relation between the
partition function Z and the effective potential:

7 = exp [~V (X)) (3.45)
And by comparing (3.44) and (3.45), one obtains

exp =BV (X) + BV (X)] = f Do exp{ _ % /0 i (3.46)

M M 6gAX  12¢°BX?
X 753':2(T)+—w2 <1+ g | 22

2 2 3., 2 4
5 Mo Vo? )53: +(gA+4gBX)5:1: +gB§a:]}.
In Section 2.7 and 2.8, we have evaluated the expression on the right-hand side of the
last identity in the saddle-point approximation, i.e. we have performed an expansion in h.
However, in (3.46), the powers of the fluctuations dx are not related to the powers of the
coupling constant ¢g. Taking into account that the potential (3.4) vanishes at the origin, one

obtains from (3.46)

exp[—BVur(X = 0)] = (3.47)
M

1" M
%Déx exp { -3 / dr {753}2(7) + 7w25:172 + gASZ® + g2B<53:4} } .
0

Thus, the effective potential can be transformed according to
, (3.48)
w2=02, A=A+4gBX

where (2 is defined by (2.157). It is important to note that in contrast to (3.46), there
is a fixed relation between the powers of the fluctuations and the coupling constant in

Vet (X) = V(X) + Vg (X =0)

(3.47). Therefore, except for the tree-level, an expansion for the effective potential in the
coupling constant g can be transformed into the corresponding h-expansion by performing
the substitutions

X—0, w—Q, A—A+49BX (3.49)

in (3.42) and reintroducing A (and M) into Tab. 3.3. Evaluating (3.42), Tab. 3.3 in the
second order of the coupling constant according to (3.49) reproduces (2.165). In the fourth
order, one reobtains (2.170). In general, when the h-expansion is given in the form

Var(X) =) n'VO(X) + 0N, (3.50)
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l VO(X)
1

0 §w2X2 + gAX?3 + ¢*BX*

Q
1 —

2
5 3¢°B  ¢*(A +4gBX)?

402 404
. 21¢* B2 N 399*B(A +4gBX)?* 51g*(A+49BX)*
805 807 32000

A 3285¢°B%(A +49gBX)?> 6387¢°B(A +49gBX)* 3331¢%(A +49gBX)°

32010 64012 128014

Table 3.4: Effective potential of the anharmonic oscillator (3.4) up to the 4th order, expanded
in the reduced Planck constant .

it is related to the g-expansion by

N |N/2]+1
YRVIX) =V(X)+ Y ¢TV(X) (3.51)
=0 k=0 X=0, w=Q, A=A+49BX

Up to the fourth order, Tab. 3.4 shows the expansion coefficients V¥ (X), which have been
obtained accordingly, for M = 1.

3.4 Effective Potential

The effective potential of the anharmonic oscillator can also be obtained directly by means
of a recursion relation, which will be developed in this section. Using (3.39), (3.40) the
Schrodinger equation (3.28) becomes

72

o Q/J/I(SL’) _'_

M
Wi —wia? + gAz’ + g* Bx' — Vig(X)z| 9(2)

2
= [Ver(X) = Vig(X) X] (x) . (3.52)

Since this equation has emerged from (3.28) by replacing the current j and the energy
E according to (3.39), (3.40), the ansatz (3.30), (3.31) will have to be modified accord-
ingly. To this end, consider the effective potential for a vanishing coupling constant, i.e. the
harmonic oscillator’s effective potential, which has been calculated in Section 2.4. In the
zero-temperature limit, it is given by (2.67). Therefore, for ¢ = 0 one has

j=Muw?X . (3.53)
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Thus, the ansatz (3.30), (3.31) becomes

MwX Mw =
- ¢(z) i - _ 2 k
P(x) = N e | with o(z) = T + g_ g or(x) , (3.54)
and
_hw Mo o g
Ver(X) = 5 + Sw’X +k§:19 Vi(X) . (3.55)

Inserting (3.54) and (3.55) into (3.52), one finds by coefficients comparison

h2 h2 —
Z o (x )+ hw (x — X) ¢ (z) — 2V(X) + 0p1 Az® + 80 Bx*

= Vi(X) - V(X)X . (3.56)
As before, we use the approach (3.10), or rather (3.14), to solve this differential equation.
First, for £k = 1, one finds
o _ A 2AX7 o __AX 0 A

T M + hw “ 2hw RV (3.57)
d V(X)—?’Ai+AX3 (3.58)
al 1 = M . .

And for k = 2 one obtains
@ 134%2X  2A42%2X3 7TBX 3BX?

a = CAM20* Mhw? + M w2 * hw
@) A? 3B BX? @) A2X BX
Cy = — - Cy = —
2 M2 AMw? 2hw ’ 3 OIMhwd  3hw’
A? B
2 _ B
‘= SMhwd  4hw’ (3.59)
K2 A2 OhA2X?  3h’B  3hBX?
and V3(X) = — - + + + BX*. (3.60)

AM3wr 4M32w3  4M32w? Mw
For k > 3 one finds
k—1 m+1

w _ (mE2)(m+Dh 9 _ my D (kD
Cin InMw Cm+2 QmMu) ; ; m + Cn m+2 n
X 1
+M cffbll for m >2 and with ¢® =0 for m > k+2, (3.61)
(k) 3h ) LR YA D
a’ = 776 +2X ¢y’ + Vo Z (02 o +aq ) + h—Vk(X) (3.62)
R gy 3R G -
Vi(X) = 2 cg)—ﬁXcg —2hwX? P — Z( ol )cg)>
hQ k—1
k-1
~517 Z D (3.63)

Using these results, the effectlve potential can be determined recursively. Indeed, one reob-
tains the results from Table 3.3.






Chapter 4

Variational Perturbation Theory

4.1 Basic Principles

The vast majority of physical systems cannot be treated exactly since the underlying equa-
tions cannot be solved analytically. A commonly applied method to obtain information on
such a system approximatively is perturbation theory. This method is based upon the fact
that in many cases a physical quantity f, e.g. the ground-state energy of a particle in some
potential, is known exactly for a certain value gq of a coupling constant g, which is typically
go = 0. An approximation for the physical quantity f as a function of the coupling constant
g is then obtained by expanding f in powers of g up to some order N:

N
In(g) =) ang". (4.1)
n=0
A prominent example for this procedure is the calculation of the anomalous magnetic mo-
ment of the electron g, in powers of the fine-structure constant a ~ 1/137. This calculation
has been done up to the order o, see Ref. [26], and yields a result, which coincides with the
experimental value, g. = 2.0023193043(74) [27], up to 9 digits. This impressive agreement
has established quantum electrodynamics as the prototype of a relativistic quantum field
theory.

However, as has been observed already by Freeman Dyson in 1952 [28], the quality of this
agreement depends crucially on the smallness of the fine-structure constant. Dyson dis-
covered that physical quantities in quantum electrodynamics have a vanishing convergence
radius with respect to a. His argumentation was based on the observation that changing
the sign of the fine-structure constant would be equivalent to repulsion between equal elec-
tric charges; resulting in a vacuum which disintegrates by spontaneous polarization. Thus,
power series in the fine-structure constant o are not examples for convergent expansions,
but, on the contrary, for expansions with a vanishing radius of convergence (see Fig. 4.1).
Such divergent series might lead to reasonable results as long as the truncation number N
is kept limited, as in the case of the calculation of the anomalous magnetic moment of the

51
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AIm g AIm g

Figure 4.1: Schematic comparison of analytic properties of a) convergent and b) divergent
series.

electron. However, once the expansion is driven past a certain order /N, the result will cease
to improve and will start to worsen. Eventually, for N — oo, the result of the expansion
will diverge, no matter how small the coupling constant is.

To extract satisfying results for all values of the coupling constant, including the strong-
coupling limit g — oo, from a divergent expansion of the form (4.1), it is thus necessary to
resum (4.1). Padé approximants, which are derived by expanding a function as a ratio of
two power series, constitute a crude method for such a resummation [29-31]. For quantum
mechanical systems, physical results can be obtained by variational methods. For instance,
the so-called d-expansion allows the resummation of divergent perturbation series [32]. This
method is based on introducing artificially a harmonic oscillator term in the potential and a
subsequent optimization with respect to the trial-frequency of the artificial oscillator. This
technique is called variational perturbation theory (VPT) [3-7]. It permits the evaluation
of a divergent series of the form (4.1) for all values of the coupling constant g, including the
strong-coupling limit, and yields a strong-coupling expansion of the generic form

M
f(9)=g""> bmg 0. (4.2)

m=0

Here, p and ¢ are real growth parameters and characterize the strong-coupling behavior. It
turns out that due to dimensional reasons, for all quantum mechanical systems, p and ¢ are
integers, whereas, e.g., in the theory of critical phenomena p and ¢ are irrational, as they
are related to the critical exponents.

4.2 Arbitrary Coupling Strength

In this section, it is demonstrated how the resummation of a weak-coupling series is per-
formed by applying VPT. To this end, we consider the perturbation series (4.1) of an arbi-
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trary physical quantity f. Introducing a scaling parameter , which is afterwards set to one,
Eq. (4.1) can be rewritten as

el = 3 an (L)'

n=0

(4.3)

k=1

The parameters p and ¢ will indeed determine the strong-coupling behavior of f as stated
in (4.2). By performing Kleinert’s square-root substitution [4, Ch. 5], i.e. by setting

k= Ky\/1+gr, (4.4)
with
/<L2 _ K2
r = W s (45)

in (4.3), the variational parameter K is introduced into the perturbation series:

N

fn(g) = Z an,g" KPP (1 + gr)(p—nq)/Q
n=0

k=1

_I_

The Taylor series of the factor (1 4 gr)* with a = (p — ng)/2 reads

LS () ow i

=0

=z

(1+gr)®

e

where the generalized binomial coefficient is defined by

ay Ma+1)
(’f) T+ D) (a—k+1)° (4.8)

The series (4.7) is truncated after k = N —n since the original function fy(g) is only known
until the order ¢V, and a later truncation would lead to terms of higher than this original

perturbation order. As a result of this truncation, the function fx(g) becomes dependent
on the variational parameter K:

(g, K) = éangnmnqg (<p _ZWQ) (% - 1)k . (4.9)

k=0

Since the dependence on the variational parameter K is merely due to the truncation of the
Taylor expansion (4.7), one expects that the best approximation for the actual value of the
physical quantity f(g) can be obtained by minimizing the influence of K. In order to obtain
an approximative result for f(g), one will therefore evaluate the function fy(g, K) for that
value of K for which its dependence on K becomes minimal. This concept is referred to as
principle of minimal sensitivity [33]. In accordance with this principle, one seeks to minimize
the influence of K by searching for local extrema, i.e. one determines K by solving

9fnly, K)

=0. (4.10)
oK K=KN)(g)
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From the set of solutions to this conditional equation one will accept only the physical ones,
e.g. the variational parameter might be required to be real and positive, in order to obtain a
positive ground-state energy. In cases where (4.10) has no physical solutions, one looks for
turning points instead, i.e. one will look for the solutions of

0*fn(g, K)

=0. (4.11)
K K=K®N)(g)

In cases, where either (4.10) or (4.11) yields a multitude of physically acceptable solutions,
one can apply different criteria for choosing a particular value of the variational parameter.
It is possible, for instance, to choose the solution which is nearest to the solution of the
previous order. Alternatively, one can look for solutions with as many vanishing derivatives
as possible [34].

4.3 Strong-Coupling Limit

Even though VPT can be used to increase the precision of approximations obtained by
evaluating weak-coupling series, its main purpose is the resummation of such series in cases of
a large coupling constant or in the strong-coupling limit. In the theory of critical phenomena,
for instance, reasonable results can only be obtained by resummation techniques, since the
coupling constant typically diverges when approaching a critical point [5]. Thus, it is of
particular interest to investigate the quality of the procedure introduced in the previous
section for the strong-coupling limit. A careful analysis [5] of the conditions (4.10) and
(4.11) for the function (4.9) shows that the variational parameter has the strong-coupling
behavior

K®(g) = g1 (K + KV g2 4 k(Mg ) (4.12)

The power behavior of K is thus independent of the order N being considered and solely
the coefficients Ky(nN), m =0, 1, 2, ..., depend on N. Inserting (4.12) into (4.9) yields the
strong-coupling behavior of the approximation fy(g, K) for the physical quantity f:

v (9. K™ (g)) = (4.13)
g (b6 (K§) + o (59, KN g2l o (K, K, K ) g
Therefore, also the power behavior of f is independent of the order N. The fraction p/q

yields the leading power behavior in g, and 2/q indicates the approach to scaling. The
leading-order strong-coupling coefficient turns out to be given by

(1) =3 5 (Y70 et (4.14)

n=0 k=0

where the inner sum can be further simplified by using [22, p. 3]

i(—nk@‘) — (—1)m (O‘; 1). (4.15)

k=0
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Thus, the leading strong-coupling coefficient reduces to

BV (K V) = i<_1)N_n ((P —]iflqz/s - 1) o (KSN)>pfnq | (4.16)

n=0

and if one is only interested in the leading-order term of fx (g, K), it is sufficient to look for
local extrema,

b (K)
—_— =0, (4.17)
oK K
or turning points,
by (K)
=0 4.18
K=K}

of (4.16). Inserting the optimized KéN) into (4.16) then leads to the approximation b(()N) (KéN))
of the leading strong-coupling coefficient by. A detailed analysis of the convergence behavior
of b(()N) shows that the VPT result approaches the exact value exponentially [5,35]:

b5 — by

2 X exp (—C’Nl_Q/q) . (4.19)
0

4.4 Potential with Quartic Anharmonicity

In this section, the application of VPT to the anharmonic oscillator

M
V(z) = ?waQ + gz* (4.20)

will be demonstrated. The weak-coupling expansion for the ground-state energy of this
system follows from the results of Section 3.2 for A =0, B =1, and g — ,/g. Up to the
third order it reads

hw 352 2113 333h1
E=_" g2 300 4.21
> Y9 e 9 saris T Teaees T (4.21)
which can also be written in the form
B 352 2113 333h*
E=wlo4g—_ _ 3 200 ). 4.92
“ <2 T 9 R Y Teares T ) (4.22)

Comparing the last identity with (4.3) and identifying w with the scaling parameter x already
indicates that for the anharmonic oscillator (4.20), one has p = 1 and ¢ = 3. Now, the basic
idea of VPT amounts to introducing an effective harmonic oscillator with trial frequency €2
according to

M M
V(z) = - Q*0® + gt + - (w?* — ) 2 (4.23)
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and treating the deviation of the potential V' (z) from the harmonic oscillator with the trial
frequency 2 as a perturbation. To this end, one rewrites the potential (4.23) as

2

M 2 _ ()2
‘/(:v):7<§2\/14—gwg92 ) z® 4 gat. (4.24)

Thus, if the weak-coupling expansion is available until some order N in the coupling constant

g, one replaces the frequency w according to

2_92
w— Q/1+gr, with  r= WT , (4.25)
9

and then expands the resulting expression up to the order N in g. Equation (4.25) corre-
sponds to the substitution (4.4), (4.5), and €2 plays the role of the variational parameter.

As an example, consider the first order of the weak-coupling expansion as given by (3.8)

and (3.13):

(4.26)

Performing Kleinert’s square-root substitution (4.25) and expanding until the first order in
g then yields the ground-state energy as a function of the trial frequency €
A hw? 3h?

1 _
EW(Q) = 7 T TV neg

(4.27)

The principle of minimal sensitivity can be visualized by considering the function E®)(€2).
Figure 4.2 shows how E™)(Q) depends on the variational parameter for N = 1, 2, 3 and for
a certain value of the coupling constant. One sees indeed that a good approximation for the
ground-state energy can be obtained by evaluating it at its minimum or turning point. For
the first three orders, one thus has the conditional equations

1)
2 17(2)
aE@Qz(—Q) = 0, (4.29)
OE®(Q)

50 = 0, (4.30)

the solutions of which, QM Q@ QO then yield the corresponding approximations for the
ground-state energy. In the first order, it follows from (4.27) and (4.28) that one has to solve
ho hw? 3n*

1~ a7 ¢ Iy =0 (4.31)

which can be done analytically using Cardano’s formula. The equations arising in higher
orders must be solved numerically. From the multiple solutions to these equations, one ac-
cepts only those with a real and positive value of the variational parameter. It is particularly
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Figure 4.2: Trial function EM)(Q) for N = 1, 2, 3 in natural units, h = M = w = 1, and
g = 0.1. The solid line represents the exact value for the ground-state energy, obtained by
a numerical calculation using the shooting method, which is introduced in Appendix C.

interesting to examine the conditional equation (4.28), or rather (4.31), for the case of a large
coupling constant g. Multiplying (4.31) with (2M)3 and inserting the approach

QW = Vg + oWef Mgy 4. (4.32)
with
1>a>0>8>vy>..., (4.33)

allows the determination of the strong-coupling behavior of the variational parameter. Here,
condition (4.33) turns out to be self-consistent. One finds:

1 1
a=z, B==3, 7 : , (4.34)
and
6 w? 4 M2 BV
QW — g/ 2% QW = 2 g/ Qb — o 4.35
0 M2’ ! 3V 6n’ 2 324k (4.35)

Thus, the variational parameter can be written in the form
Qm = g1/ (le> + Qg2 Vg8 ) . (4.36)

Inserting the last result into (4.27), one obtains the strong-coupling behavior of the ground-
state energy:

EW — g3 (b(()l) Vg2 plV g 4 ) : (4.37)
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Figure 4.3: Numerical calculation of the ground-state energy for different values of the
coupling constant obtained by applying the shooting method, introduced in Appendix C. In
a) the solid line represents a fit assuming £ = by ¢'/?. In b) the solid line represents the

high-precision value (4.40) for by given by F. Vinette and J. Cizek [36].

where
3h 5/ 6h hw? 5] M2 wM?
b(l):_?’ e b(l):_S_ b(l):_ 4.
O 8V M2 ! 4V o6n’ 2 144 (4.38)
Thus, one has indeed an expansion of the form (4.2) with
p=1 and qg=3, (4.39)

as has already been stated in the remark after (4.22). Figure 4.3 shows a numerical calcu-
lation of the ground-state energy for different values of the coupling constant g. In natural
units, b(()l) has the numeric value b(()l) ~ 0.68142. The leading-order strong-coupling coefficient
has been determined with extreme precision by F. Vinette and J. Cizek [36]:

by = 0.667986259155777108270962016 198601994 30404936. . . . (4.40)
Thus, the relative deviation is

16" — by

~ 2% . (4.41)
bo

Following Refs. [8,9], Fig. 4.4 shows the logarithmic relative deviation of the leading strong-
coupling coefficient calculated via VPT from the value given in Ref. [36] plotted, due to
(4.19) and (4.39), versus the cubic root of the perturbation order. The values for b(()N) have
been obtained by optimizing (4.16) according to (4.17) and (4.18). The convergence of the
calculation is found to be exponential. Fitting the logarithm of the relative error of the VPT
result to a straight line yields

N
In |b(() ) - b0|

; = —9.23(11)NY? 4+ 5.50(34) . (4.42)
0
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Figure 4.4: Logarithm of the relative deviation of the result for by obtained via VPT from
the value given in Ref. [36] versus the cubic root of the perturbation order up to the 100th
order [8,9].

4.5 Potential with Cubic Anharmonicity

In this section, an oscillator with the potential

M
V(z) = ?waZ + igz® (4.43)
is considered. The Hamiltonian
H = p* — (iz)" (4.44)

has been examined thoroughly, see Refs. [10-14]. For n = 2, Eq. (4.44) reduces to the
Hamiltonian of the harmonic oscillator. For n > 1, it turns out that with properly defined
boundary conditions the spectrum of (4.44) is real and positive. Ordinarily, the boundary
conditions that give quantized energy levels when considering the Schrodinger eigenvalue
equation of a Hamiltonian are

|(x)| — 0 as |z| — oo . (4.45)

In case of the Hamiltonian (4.44), this condition suffices when 1 < n < 4. However, for
arbitrary real n, the corresponding eigenvalue problem has to be continued into the complex
z-plane, and the real xz-axis is thus replaced by a contour in the complex plane. The spec-
trum of (4.44), obtained by imposing these boundary conditions, is shown in Fig. 4.5. The
remarkable attribute of this generally non-Hermitian Hamiltonian (4.44) to possess a real
and positive spectrum is attributed to its P7 -symmetry. Here, P and 7 are the operators
of parity and time reversal, respectively:

P p—-—p, r— —x, (4.46)

T : p——p, r—T, i — —i.
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Figure 4.5: Spectrum of the Hamiltonian (4.44) [10].

Consider the time-independent Schrédinger equation for the potential (4.43) in natural units,
h=M=1,

1 0? I 55, . 3
—5 7.7 V(@) + <§w 2? +igx ) U(x) = E(x) . (4.48)
Substituting
r—ar =g YV, (4.49)
Eq. (4.48) becomes
L0y (Rt it ) wia) = gE () (4.50)
2 0x? 2 . .

Expanding the wave function and the energy in terms powers of the coupling constant yields
Y(x) = vo(a) + g~ PP () + g Pa(2) + .. (4.51)

and
E = ¢*Pby+ g by 4+ g7 by + ... . (4.52)

Thus, by considering (4.50) in the strong-coupling limit one obtains the following relation
between the leading strong-coupling coefficient by and the energy eigenvalues of the Hamil-
tonian (4.44) for n = 3:

E(n=3)=2%,. (4.53)
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Here, the factor 2%° is due to the fact that in (4.44) the kinetic term is p? instead of p?/2.
A numerical value for the ground-state energy associated with the Hamiltonian (4.44) was
given by C.M. Bender [10,37]:

E(n = 3) = 1.15626707 . . . . (4.54)

4.5.1 Resummation of Ground-State Energy

Due to (4.53), the ground-state energy associated with the Hamiltonian (4.44) can be ob-
tained by determining the leading strong-coupling coefficient of the ground-state energy for
the oscillator (4.43). To this end, one can resum the weak-coupling series obtained in Section
3.2 for A=1iand B =0 via VPT. Up to the third order, the weak-coupling series reads

hw 117 465h° 397097
E=—+3 P et e 4.55
5 9 sMEwt Y 3205w t9 128 M9 14 T (4.55)

where we have replaced ¢ — § in order to facilitate the correct counting of each respective
order in the coupling constant. Equation (4.55) can also be written in the form

(4.56)

2 T 9nss 9 3o I Togameet

E:w<h 11R*  _, 465h°  _, 39709A* )
2

As before, we compare the last identity with (4.3) and identify w with the scaling parameter
k. Therefore, in the case of the anharmonic oscillator (4.43), we expect to obtain p = 1 and
g = 5, and due to (4.13), the strong-coupling behavior of the ground-state energy of (4.43)
will be of the form

EW) — 1/5 (b((]N) Mgl (Mg=afs ) _ (4.57)

Thus, when reintroducing the original coupling constant, § — g2, we obtain the same strong-
coupling behavior as in (4.52).

The first order of the weak-coupling expansion as given by (3.8), (3.13) reads

h 1102
S +3 . (4.58)

L — 0t
SM3wh

Performing Kleinert’s square-root substitution (4.25) and re-expanding (4.58) in g yields

A hw? 1R

1
ENQ) = =+ 45 +I5ama

(4.59)

Setting the first derivative with respect to the variational parameter €2 to zero and multi-
plying with 4Q° /A, one obtains

_22h

(QW)’ - (QW)? — 9 e

~0. (4.60)
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Again, we consider this equation in the strong-coupling limit and solve it with an approach
of the form (4.32), (4.33):

0 =g+ Vg% + Vg + ..., (4.61)
with
I1>a>0>8>y>.... (4.62)
One obtains
a:é, ﬁ:—é, vz—g, ce (4.63)
and
o= ?\3_2 %" = %2 \ % %" = w;éw \ 10(]3\i;h3 ’ (4.64)

Inserting this result into (4.59) yields the strong-coupling behavior of the ground-state en-
ergy:

B =g () + 6052 4 oG4 (4.65)

where the coefficients read

5h . [22h M3 hw 5| M3
p() _ 2N s/ 2o b — gpo2of 2 ) = D s/ 4.6
TR S VER 1 “\ 221 2 100 V 221 (4.66)

Thus, we have indeed an expansion of the form (4.2), with
p=1 and ¢=05, (4.67)

and by reintroducing the original coupling constant g = /g in (4.65) we reobtain (4.57) for
N =1.

However, it turns out that in the case of the potential with the cubic anharmonicity igz3
the convergence of the VPT-result is not as satisfactory as in the case of the gz*-oscillator.
Whereas, according to (4.41), for the oscillator with the quartic anharmonicity the relative
deviation of the first order result (4.38) from the exact value (4.40) is only in the order of
a few percent, the first-order result (4.66) for the ground-state energy associated with the
Hamiltonian (4.44) is much less precise:

123/5p) — E(n = 3)]
E(n=3)

~ 24% | (4.68)

Figure 4.6 shows the logarithm of the relative deviation of the ground-state energy calculated
by VPT from the value given by C.M. Bender up to the order N = 20. Due to (4.19) and
(4.67) the plot is versus N3/°. Fitting the logarithm of the relative deviation to a straight
line yields

— —0.96(11)N®/°> — 1.83(44) . (4.69)
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Figure 4.6: Logarithm of the relative deviation of the result for by, obtained via resummation
of the corresponding weak-coupling series, from the value (4.54) given in Refs. [10,37] versus
N3/5. The dashed line represents a fit of the data to a straight line.

4.5.2 Resummation of Effective Potential

The convergence of the calculation in the previous section can be increased crucially by in-
troducing a second variational parameter. This can be achieved naturally by combining two
variational approaches: VPT and effective potential. The standard way of calculating the ef-
fective potential is the background method from field theory, which requires the evaluation of
one-particle irreducible Feynman diagrams. Since the involved multiple imaginary-time inte-
grals are not trivial to evaluate, only relatively low perturbation orders are accessible within
the background method. Nevertheless, in Section 3.4 the effective potential for the potential
(3.4) is obtained recursively by performing a Legendre transformation of the ground-state
energy in presence of a constant external current. This expansion in g is then converted into
an h-expansion by (3.51), corresponding to the formalism of the background method. Table
4.1 shows the first five orders of the A-expansion of the effective potential,

Vi) = S VOLY) (@.70

for (4.43) obtained by setting

619X
A—i, B —0, and Q — y/w?+ Z]\g/[ (4.71)

in Tab. 3.4. Now, h plays the role that was held before by the coupling constant g. Therefore,

when performing Kleinert’s square-root substitution (4.25), one needs to replace w according
to

w? — Q2
w— Q1+ hr, with r=— o (4.72)
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I VO X)
M
0 ??w%x2+¢gx3
1 61g X
]_ _ 2
SV T Tar
2 g’
AM (Mw? + 6igX)?
51g%
| g(%g)( 9/2
32MO (w2 4+ 22
<w + M )
333145
4 .
128 M?(Mw? + 6ig X )"
137147748
1T GigX \ '
2048 M12 [ W% 4+ ——
(w + i )

Table 4.1: Coeflicients for the effective potential (4.70) of the potential (4.43).

In the first order, one has

M h 6ig X
VX, Q) = T wX? +igX? + oy 02 + 2I2 (4.73)
€ 2 2 M
In order to obtain an approximation for the ground-state energy, one has to combine the

principle of minimal sensitivity (4.28) with condition (2.40). We thus seek to solve the

coupled equations

0

— v (x,Q) =0 (4.74)
oQ ! X=X, =0
and
-fz-v§§>()(,(z) =0. (4.75)
X X=X, 0eQ()
In this order, (4.74) merely leads to
oW =o. (4.76)
Thus, we obtain from (4.75):
Muw? h
X0 4 =2 ~0. (4.77)

3ig 2/6ig M (X (1))3/2
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1-loop VPT | 1.12580003
2-loop VPT | 1.15887214
3-loop VPT | 1.15010079
4-loop VPT | 1.15625481
5-loop VPT | 1.15626432

‘ Numerical ‘ 1.15626707 ‘

Table 4.2: Variational results for the ground-state energy of (4.44) for n = 3 compared to
the numerical result (4.54) of Refs. [10,37].

This equation allows us to determine the strong-coupling behavior of X:
XU = g1/ (Xél) + XM f x W85 4 ) ’ (4.78)

where the coefficients read

K2 2w2M wiM? ,[24M
XM xW = _ x\M = ’ (479
o =V 2an ! 15 2 75 n (479)

As before, the power behavior of X does not depend on the order of the calculation, and
only the coefficients XéN), Xl(N), XQ(N), ... are dependent on N. Since one has extremized
the effective potential, inserting the results (4.76) and (4.77) into (4.73) yields the strong-

coupling behavior of the ground-state energy:

ED — 25 (bg” + oW g5 4y g8 ) : (4.80)

with

b(l) _ @ 5 h b(l) _ _MwQ 5| R b(l) _ WAM? .| B2 (4 81)
0 2V 432037 ! 4 18M2 2 15 24M TN

The first-order result for the leading strong-coupling coefficient is already in good agreement

with the numerical value (4.54) for the ground-state energy associated with the Hamiltonian
(4.44) for n = 3:

1235 — E(n = 3)]
E(n =3)

~ 3% . (4.82)

Thus, as comparison to (4.68) shows, the introduction of a second variational parameter
has led to a significant improvement of the first-order result. In the second order, after
performing Kleinert’s square root substitution (4.72), the effective potential becomes

M(w? + Q?) + 12igX L2 g*
AMA\/Q? + 6igX /M AM(MOQ? + 6igX )?

M
V(X Q) = S W X +igXP + 1 . (4.83)



66 CHAPTER 4. VARIATIONAL PERTURBATION THEORY

—9 -
[ )
—6t .
166" = bl
1
n bo
—10
N3/5 L]
_14 L 1 1 1 1 1 1 1
1 1.4 1.8 2.2 2.6

Figure 4.7: Logarithm of the relative deviation of the result for by, obtained via resummation
of the effective potential, from the value (4.54) given in Refs. [10,37] versus N3/°. The dashed
line represents a fit of the data to a straight line.

Extremizing (4.83) in X and 2 allows the determining of the strong-coupling behavior of
the variational parameter €Q:

O = g¥/° (Qéz) + QP g QP g ) . (4.84)

Table 4.2 summarizes the results for 23/° ™) until the fifth order. Figure 4.7 shows the
logarithm of the relative deviation of the results obtained via VPT from the value (4.54)
given by C.M. Bender up to the fifth order. In order to compare the quality of the convergence
with that of the results from Section 4.5.1, the plot is again versus N%/°. Fitting the logarithm
of the relative deviation to a straight line yields
22205 — B(n =3) %

1 = —5.8(1.6)N*/° 4 3.0(3.0) . 4.85

0 (LE)NY® +3.0(3.0) (1.85)
Comparing Fig. 4.6 and Fig. 4.7 or (4.69) and (4.85) shows that the convergence of the
results obtained by resummation of the effective potential is significantly faster than that

of the results obtained by resumming the weak-coupling series of the ground-state energy.
Whereas the relative error of the 20th order result from Section 4.5.1 is still in the order of
per mill,
1285677 — B(n = 3)]
E(n=3)

already the fifth-order result obtained in this section is more than two orders of magnitude

~ 0.6%0 , (4.86)

more precise:

12355\ — E(n = 3)|
E(n =3)

~ 2 ppm . (4.87)



Chapter 5

Extension to D Dimensions

5.1 Oscillator with Quartic Anharmonicity

In this section, we generalize the oscillator with quartic anharmonicity to D spatial dimen-
sions. In Section 5.1.1, we obtain the weak-coupling series for its ground-state energy. In
Section 5.1.2, we proceed to the strong-coupling limit and determine the leading strong-
coupling expansion coefficients for D = 2, 3, 10. In Section 5.1.3, we introduce the method
of large-D expansion.

5.1.1 Bender-Wu Recursion

In this section, a perturbation series for the ground-state energy of the D-dimensional an-
harmonic oscillator

V(x) = %wZXQ + g(x?)? (5.1)

will be calculated recursively. In the following, = denotes the modulus of x. Since the
potential is rotationally symmetric, the ground-state wave function will depend on x only,
and we identify V' (x) = V(x) and 1(x) = ¢(x). The time-independent Schrédinger equation
reads

72

o)+ (Gt et ) v(e) = B o), 52)

2

In D dimensions, we choose an ansatz of the form

¥(z) = (%)M exp |~ e + o) (53)
with

o) =Y g k() (5.4)

67
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and

h o
E= D§+ g e . (5.5)

k=1

Inserting (5.3) — (5.5) into (5.2) and comparing the coefficients yields a differential equation
for the ¢y (x):

h2 h2 h2 -
—M¢g(x)+hwx¢;(x)—(D—1) M Z¢k (2) gi(x) + Oz’ = ¢ .
(5.6)

One can show by induction that if ¢ (z) is assumed to be a polynomial its degree cannot be
greater than 2k + 2. The potential (5.1) is even in z, and this symmetry is passed on to the
¢r(z). Thus, the ¢r(x) can be written in the form

k+1

x) = Z cgf% " (5.7)
m=1

The constant terms c((]k) can only be determined by normalizing the wave function. By

inserting (5.7) into (5.6), one finds for k =1

2+ D 1 D(2+ D)R?
m_ _2+ (1) _ and ¢ = P2+ D)

@ = CAMw?’ “ =  4hw’ AM?2w? (5-8)

In the general case, k > 2, one finds

k=1 m
= 2mMw he m+2 + 2mMw IZ ; A2 6 e
with ¢ =0 for m > 2k +2, (5.9)
h2
€ = —D i c;k) : (5.10)

As in Section 3.2, it is desirable to render the recursion relations (5.9), (5.10) dimensionless
in order to achieve a more efficient numerical evaluation. To this end, one can use units in
which i = M =1 and consider the approach (3.21), (3.22) for A = 0 and B = 1. One thus
obtains the approach

(k)
(M= (5.11)

and

(5.12)
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k €k
D2+ D)
1 e
4w?

D(10+ 9D + 2D?)

2 —

Suwb
; D(120 + 146D + 59D? + 8D?)
16w8
4 D(8840 + 12960D + 7144D? + 1773D3 + 168D4)
128wl
5 D(216960 +360736D + 241464 D? 4 82222D3 + 14325D* + 1024D5)

256w14

Table 5.1: Expansion coefficients for the ground-state energy of the anharmonic oscillator
(5.1) up to the 5th order.

Inserting (5.7) together with (5.11) and (5.12) into (3.9) and setting i = M = 1 yields for
k=1

24D 1 D(2+D
&l = —+T ;o al= —7.  and &= % . (5.13)
In the general case, k£ > 2, one finds
" & 1 e ) (k)
G = [(m +2)(m+1) + (D = 1)(m+2)| == + %;;n(m+2 Y i o I
with é¥) =0 for m > 2k+2, (5.14)
& = —D&b. (5.15)

Using natural units, i.e. h = M = 1, Tab. 5.1 shows the energy corrections ¢, up to the fifth
order. For D =1, it is identical with Table (3.1) when setting A — 0, B — 1, g — /3.

5.1.2 Strong-Coupling Limit

In this section, we consider the strong-coupling limit for the anharmonic oscillator (5.1).
Since the weak-coupling series of its ground-state energy is of the same form as in one
dimension and the dimension D merely contributes to the weak-coupling coefficients ¢, we
can use the same formalism as in Section 4.4. As to our knowledge the strong-coupling
coeflicient b(()N)(D) has not yet been calculated for D # 1, we will first examine how a
numerical value for b(()N)(D) can be obtained for D = 2, 3, 10. In Appendix C, the shooting
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bo(D =2) | 1.4771497535779972(31)
bo(D = 3) | 2.3936440164822970(37)
bo(D = 10) | 10.758265165443755(69)

Table 5.2: Numerical results for the leading strong-coupling coefficient b, for the ground-state
energy of (5.1).

method is introduced. We have applied this method to determine numerically the ground-
state energy of the anharmonic oscillator (5.1) for different values of the coupling-constant
g. The strong-coupling behavior (4.37) can be rewritten in the form

il(/%’) =by+bg P bg P (5.16)
and when substituting
one obtains
y=by+bz+ba*+.... (5.18)

In order to obtain a numerical value for the leading strong-coupling coefficient by, we will
thus fit our data to a function of the form (5.18). In doing so, a hierarchy of approximations
is obtained by choosing polynomials of increasing degree as functions for fitting the data.
Once the results for by cease to converge, the value for by from the preceding order is taken
as the result of the fitting procedure, and its error is estimated by considering the difference
to the result of the previous order. Table 5.2 summarizes our numerical results, which have
been obtained accordingly.

In the following, we show how the leading strong-coupling coefficient can be calculated
by applying a formalism analogous to the one used in Section 4.4. As an example, we again
consider the resummation of the first order of the weak-coupling series. In D dimensions,
the first-order result (5.5), (5.8) reads

ho — D(D+2)h?
2 4 M2w2

Performing Kleinert’s square-root substitution (4.25) and expanding again in the coupling

EY =D (5.19)

constant ¢, the last identity becomes

hQ ho?  D(D + 2)R?
m(Q) = pt-
ED(Q) = D=+ Do +9— 250

According to the principal of minimal sensitivity, we thus seek to solve the conditional

(5.20)

equation

h huw? D(D + 2)n?
Py~ Piamy ~9apqop = (5:21)
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bo(D = 2) | 1.477149753577994356(33)
bo(D = 3) | 2.3936440164823030895(77)
bo(D = 10) | 10.758265165443797408091(18)

Table 5.3: VPT results for the leading-order strong-coupling coefficient by for the ground-
state energy of (5.1).

In order to solve (5.21), we use, as before, an ansatz of the form (4.32), (4.33) and obtain

O = g% (off) + Vg 2 oy g ) (5.22)
with
2(D + 2)h 1 (,L)Q ]\42 1 W4M2
QW _ @ QW = s T oY= —— (523
0 M2 ! 3\ 2(D+2)n° > 108(D +2)h’ (5:23)

Inserting (5.22), (5.23) into (5.19) yields the strong-coupling behavior of the ground-state
energy:

o g1/3 (b(()l) n bgl)gfz/s i bgl)g—4/3 T ) ’ (5.24)

with

(1) 3Dh 3 2(D + 2)h (1) thQ 3 M? (1) Dw4M2
b = ;b = oW =———— . .(5.25)
8 M? 4 \[2(D+2)n 48(D + 2)

Note that for D = 1 Eqgs. (5.23), (5.25) pass into the earlier results (4.35), (4.37). Due
to the exponential convergence of VPT, it turns out that the accuracy of our numerical

results for the leading strong-coupling coefficients by is not sufficient for useful examination
of the convergence behavior of VPT in high orders. Therefore, we use our results from the
80th VPT order as a more precise approximation for by. Table 5.3 summarizes our results,
where in each case the uncertainty of by has been estimated by examining the deviation from
the result of the previous order. For D = 2 and D = 10, the VPT results lie within the
error margins of the numerical results. However, this is not the case for D = 3, where the
VPT result lies just outside of the corresponding numerical error margins. We attribute this
discrepancy to an overly optimistic error estimation for the numerical result. The precision
of the results shown in Tab. 5.3 improves with increasing dimension, which already indicates
that the calculation converges faster in higher dimensions. Figure 5.1 shows the convergence
of the VPT results for the three different cases. Fitting the data to straight lines yields

b5 (D = 2) — by(D = 2)|

= —9.89(23)N'/? 4 5.98(72) (5.26)

= —10.67(15)N'/3 4 7.43(48) , (5.27)
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Figure 5.1: Logarithm of the relative deviation of the result for the leading strong-coupling
coefficient by(D) for D = 2 (circles), D = 3 (diamonds), and D = 10 (triangles) versus the
cubic root of the perturbation order up to the 70th order. The dashed lines represent fits of
the data to straight lines.

168" (D = 10) — bo(D = 10)]

1
" bo(D = 10)

= —13.33(20)N'/3 + 11.89(63) . (5.28)

Thus, we find that the convergence of the VPT result improves with increasing dimension.
But this tendency does not come as a surprise since for D — oo the oscillator with quartic
anharmonicity is exactly solvable [38, Ch. 14].

5.1.3 Large-D Expansion

In quantum mechanics, the large-D expansion is equivalent to the large- N expansion of field
theory, where NV denotes the number of field components, see e.g. Ref. [39]. For the ground-
state energy of the anharmonic oscillator (5.1), the large-D expansion can be derived by
applying the Hubbard-Stratonovich transformation, which is given by the functional identity

%Daexp{—% /Ohﬁ dr BOQ(T) +2¢x2(7)a(7)]} - exp{—% /Ohﬁ dr [XQ(T)]Q} , (5.29)

and which can be considered the continuum limit of the discretized expression

Hﬁ/: do; exp [—% Gaf +2ix?ai)] =[x [—% (xﬁﬂ . (5.30)

7

In this section, for the leading strong-coupling coefficient by of the ground-state energy of
the anharmonic oscillator (5.1), we demonstrate how the large-D expansion can be obtained
approximately by resumming the corresponding weak-coupling series via VPT and consid-
ering the large-D limit.
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The partition function of the D-dimensional anharmonic oscillator (5.1) reads

Zp(g) = %Dx exp {—% /OW dr {%x%) + %uﬂx?m g [x%)ﬂ} C 531)

Using (5.29) in order to rewrite (5.31), one obtains

Zplg) = j{Daexp |:—h—lg/0hﬁd7‘0'2(7')] (5.32)

X %Dxexp{—%/ohﬁdT [%x%ﬂ% (w%ha—]\y)) x%)“ .

The x(7)-path integral factorizes into D one-dimensional path integrals for a harmonic os-

Q1) =wy/1+ ]\;iZU(T) (5.33)

and can be evaluated using the results from Appendix A. One obtains

cillator with the frequency

Znlg) = § Doexp (~DAl) | (5.34)
where the action
1 [ 1 2 4i
Alo] := h—Dg/O dro®(7) + §Tr In {—% + w? + MZO'(T) (5.35)

has been introduced. Thus, in analogy to (2.114) and (3.45) we define the effective potential
according to

Zp(g) = exp [~BVes(00)] (5.36)

and evaluate the path integral (5.34) by applying the background method. Since now D plays
the role that was held before by 1/k, we thus consider the limit D — oco. The ground-state
energy can then be obtained by extremizing the effective potential V g (0g) with respect to the
background . According to the background method, the zeroth loop-order approximation
of the effective potential is given by the tree-level:

_ 2 B 49
‘/6(1470)(0‘0) =D (% —+ 5 u}2 —+ MZUO> R (537)

with g := ¢gD. Introducing &, according to
gg = —’la'(] y (538)

the extremization condition reads

(1=0)  ~ .
W (&0) _ ) (_% N h_ ) _0. (5.39)

Jday
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In the strong-coupling limit, § — oo, one obtains the solution

Rty Rl (5.40)

which leads to the following strong-coupling behavior of the ground-state energy:

N 3h s/ 21
EU=0 ~ pg'/3=— TR (5.41)

Reintroducing the original coupling constant, the last identity becomes

F=0) _ 1/3D4/3 3 2 M2 (5.42)

However, this result can also be obtained directly by considering the large-D limit for the
leading strong-coupling coefficient obtained in Section 5.1.2. Our VPT-result in the first

order (5.25) reads
Dh 2(D +2)h
b = ’ \/ + (5.43)

and in the leading order of D we obtain immediately

3h ./ 2R
b(l) ~ D3 3/ =" 44
0 8V M2 (5.44)

which is in accordance with (5.42). Up to the second order of the coupling constant, the
weak-coupling series reads

hw — D(D+2)h*  ,D(10+9D +2D*)R’
g 9 4M2w2 g SMA4w?

The leading strong-coupling coefficient as a function of the variational parameter €2 can be

E® =D

(5.45)

obtained from the weak-coupling series by applying (4.16):

310 N D(D +2)h*  D(10 +9D + 2D*)h’
16 2M20)2 SM4Q5

Here, we have identified the parameter x from (4.3) with w and have thus again found p =1

B (Q) =D

(5.46)

and g = 3. Consequently, the extremization condition (4.17) reads
3MAR(QP)S —16(D + 2)R*M*(Q®)? +10(10 + 9D 4 2D*)K* =0 . (5.47)

In order to solve this equation, we use the approach
1
0@ = pl/3 (CO + 015 +.. ) (5.48)

and obtain

2h 13 5/ 2h

C, = o == e Bt
0 M27 1 12 M27

(5.49)
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121

t, D
T 3 5 1 9

Figure 5.2: Leading strong-coupling coefficient by(D) versus the dimension D. The solid line
represents the first-order result (5.44). The dotted line is the second-order result (5.50). The
circles represent the quasi-exact values, obtained from the 80th VPT order, as given in Tab.

5.3.

Inserting this result into (5.46), we find

@ _ pus (/20 2
b < i1 320‘/ (5.50)

This procedure can easily be driven to higher orders. Figure 5.2 shows the leading strong-
coupling coefficients b(()l) and b((f) as given by (5.44) and (5.50) versus the dimension D. The
relative deviation of these results from the 80th VPT order results is shown in Fig. 5.3.

5.2 Background Method for Effective Potential

In this section, the calculation of the effective potential from Sections 2.7 and 2.8 is gen-
eralized to the case of a rotationally symmetric potential in D spatial dimensions. Unless
otherwise stated, throughout this section, we use sum convention, i.e. when an index occurs
twice on one side of an equation the respective summation sign is omitted. Thus, we write

e.g.

D
> XY= XY (5.51)

i=1

Consider the partition function

_ f Dx exp {—A[x]/h} (5.52)
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0.35
02l
66" (D) — bo(D)] .
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Figure 5.3: Relative deviation of the leading strong-coupling coefficients b(()m)(D) from the
quasi-exact values, obtained from the 80th VPT order, as given in Tab. 5.3. The circles
represent the relative deviation of the result (5.44). The relative error of the result (5.50) is
represented by diamonds.

where A[x] is the D-dimensional generalization of the imaginary-time action (2.14):

h3
Alx] = /0 dr {%ﬁ(rwwx(f)) | (5.53)

Within the background method, the position variable x is expanded around some background
X(7), according to x(7) = X(7) + dx(7). Since in this chapter we are only interested in the
effective potential and not in the effective action, all calculations are done for a 7-independent
background: X(7) = X. A functional Taylor expansion of the imaginary-time action (5.53)

yields
e SAX]
AX +0x] = A[X]‘X T)X+/0 dm X () X(T)EX&Q(H) (5.54)
hp hB 52f1[ ]
/ o / T XX, () |y 1)

dx;(m1)0x;(72) 02K (T3)
X(m)=X

hp3 hp3 hg3 53¢4[ ]
6 / dn / dry / drs X (11)0X;(72)0 X (73)
hB hB hB %6,
"— = dT1/ dTQ/ dTg/ d7'4
SLAX

5X (11)0X; (72)5Xk(7'3)5Xl(T4)

0 (11)0xj (1) 02 (T3) 02 (T4) + . .. .
X(r)=X
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As in Section 2.7, the first-order term will be neglected, and terms that are of higher than
second order define the interaction part

B3 Y] hg3 3
Aint) / dﬁ/ dTg/ d7'3 CAX] 55&’@'(71)5%(72)53%(7'3)
7’1

)0 X (12)0 X (73) X(r)=X
hg B hg B
‘|—— dTl/ dTg/ dTg/ d7'4
FM*AX

o Z<Tl)5xj<72)5Xk<73)5xl<r4)

rrx dx;(m1)0x;(12)0) (T3) 02 (T4) + ... . (5.55)

Thus, by changing the functional integration variable in (5.52) from x to dx, one obtains

7 = exp {—%A[X] ‘X( )X} 7{ Diox exp { — AV [6x]/h — A™[6x]/n} (5.56)
with
hp hB 52A[ ]
) — . A
AW [6%] / d71/ dry SX, ()0, (7) X(T)Exéxl(Tl)éxj(TQ). (5.57)

The second functional derivative of the imaginary-time action (5.53), the integral kernel,
reads

52 A[X]
5XZ‘(7'1)5XJ‘(7'2)

5(7’2 — 7'1) .

X(m)=X

= Gl (r, ) = [—M < OV/(X) }

d—7'22 gl + 8XZ~(7'1)8XJ»(7'2)

X(m)=X
(5.58)

Here and in the following, it is assumed that the potential is rotationally symmetric, and
the modulus of the background variable, |X|, is denoted by X. Consequently, we identify
V(X) = V(X). Evaluating the second derivative of the potential yields

V(X(7)) Ly r V'(X)

= PLV"(X) 4 P! ; (5.59)
RN xymx " X
where the longitudinal and transversal projection operators P;; LIT are defined by
X X;

Pj=55"  ad  Pj=06;-Pj. (5.60)

Note that these projection operators have the following properties:
PP} =Py, PPy =P, (5.61)

L pL T pT L pT T pL
PZ]‘PZ]_]'7 Pz]PU =D-1, PUij Pz]P]k 0, (562)
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Introducing the operator

d? 1 1 V(X
8+ —PLV"(X)+ —PJ ey (5.64)

Oij(7) = M [_ﬁ M M X

inserting (5.58) and (5.59) into (5.57), and performing the m-integration, one obtains the
intermediate result

13 R
AW [5x] = %/0 dr 6x;(7)O45(1)dz;(7) (5.65)

Consider the eigenvalue problem of Oy;(7):

~

Oyi(m)o{™™" (1) = MA™o™™ (7} and v (0) = v"™(Rg) (5.66)
forn=1,2,..., D. (5.67)

The approach

o™ (1) = X e (5.68)

with w,, being the Matsubara frequencies

2
wm:h—”m, m=0, +1, 42, ... | (5.69)
leads to the eigenvalue
V/I(X)
A =2 5.70
L Win + M ( )

On the other hand, the approach

WM () =y ™ gmeont it XY™ =0 and Y™ = (Y®™) . (571
J J J

leads to the (D — 1)-fold degenerate eigenvalue

VI(X)
A =2 o 5.73
T Win + MX ( )
Thus, defining the longitudinal and transversal frequencies
V'(X) VI(X)
wi = i and Wi = X (5.74)

the eigenvalues of the operator Oy;(7) read

A =2 1w and MY =W 4wk (5.75)

And without loss of generality

(VD7) [m =0, £1, £2, ... ;n=1,2,..., D} (5.76)
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can assumed to be an orthonormal basis of the solution space to (5.66), where

Oy (T)oi™V (1) = MAT o™V (7)) (5.77)
and
Oy(m)oi™™ (1) = MAS (™™ (1) for  n=23,...,D. (5.78)

Then, the fluctuations éx(7) can be expressed in the form

5x(7) = Z )y mn) (7 (5.79)

m=—0oQ

and the orthonormality condition reads

) 7

h/B ! !
/ dr p™M M Om,m! On BB . (5.80)
0

Since X and Y™ are real, definitions (5.68) and (5.71) allow the rewriting of the last identity
in the form

hﬁ ! !
/ dr o™ = G (5.81)
0

) 7

In addition, the fluctuations dx(7) must be real. Therefore, the expansion coefficients (™™
in (5.79) must obey the condition

cmm) — pl=mn)x (5.82)

and their real and imaginary parts are even and odd, respectively:
Re ™™ = Re (=™ | Im ™™ = —Im =™ | (5.83)
Inserting the decomposition (5.79) into (5.65) and using the properties (5.77) and (5.78) of

the operator Oy;(7) yields

1 hp 0 D
A(l)[dx] = 5/‘ dTZ C(m,n)vgm,n)
0

m,m’'=—oo n=1
D
x M ()\(Lm )c(ml’l)vl-(m Dy )\(Tm) Z c(m/’"l)vl-(m " )> , (5.84)
n/=2

where for reasons of clarity the use of sum convention has been set aside. Exploiting the
orthonormality relation (5.81) and the symmetry (5.82) of the coefficients ¢™™ | one obtains
the result

2

n=2

00 D
+2}° (A(Lm) ,C(m,n’? + Al 3 ’C(m,n)f) ] : (5.85)
m=1 n=2

D
A(l)[éx] — M_hﬁ [)\(LO) }6(0,1)}2 I )\gg)) Z ’0(0771)’2
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This result can be applied to evaluate the partition function

ZW(X) = 7{ Déx exp {—AW[5x]/h} . (5.86)
As in Appendix A, the path integral measure Ddx is replaced by an infinite product of
integrals
D oo 0 00 oo
j{DcSX — H [NO/ dc®m) H <Nm/ d Re c(m’")/ dIm c(m’")>] ,  (5.87)
n=1 - m=1 - -

where the normalization constants Ny and N, are obtained by comparison with the known

result [4, Ch. 5] for the D-dimensional harmonic oscillator, i.e. w? = w2 = w? One thus

obtains as in Appendix A

_ | M _ Mwi
No=lgmmgs M= (5.88)
and
Q) 1 1 D—-1
27X = 2 sinh(hBwy /2) (2 sinh(hﬁwT/Q)) ' (5.89)

In Appendix A, it is shown that Z1)(X) can also be written in the form

1
ZW(X) = exp (—5 Trln G—l) : (5.90)
with
TGt = Y (mA(Lm’ +(D - 1)111)\(Tm)> . (5.91)

In the one-dimensional case the effective action is given by (2.129), which remains valid in
D dimensions. Therefore, by evaluating (2.129) for a constant background and dividing by
h[3, one obtains

1 .
Vg (X) = V(X) + T G+ VM (X) . (5.92)

As before, the interaction part of the effective potential Y/e(f?ﬂ (X) is expanded in the form
Vi ==Y Vi (X)), (5.93)
1=2

where each loop order Ve(f? (X) consists of all one-particle irreducible Feynman diagrams with
[ loops. In the case of a D-dimensional rotationally symmetric potential the Feynman rules
for a constant background read:
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e The vertices of the diagram are numbered arbitrarily.
e All outgoing lines of all vertices are denoted by an arbitrary index.

e A line between the ath and bth vertex connecting the lines ¢ and j stands for the

a H b = Gij<7-a7 Tb) , (594)

where the propagator G;;(7,, ) is defined by the identity

propagator G;; (7., T):

hB
/ 7y G35 (Te Ta) Gk (Tay ) = 1 ity 0(7e — ) - (5.95)
0

e The resulting product of propagators is integrated. Let the ath vertex be of degree
n with n > 3 and have the n outgoing lines ¢, j, k, ... ,m; then it leads to the
integration:

+k — O"V(X) /hﬁdT (5.96)
haxaxaxk...axmo o '

The diagrams contributing to the second loop order and their respective weights are given
by (2.109). The diagram ¢ thus stands for

1 PVX) PV(X)

hB hB
© T 1 GX.0X,0%, 0X,0%,,0% dﬁ/o dry Gir(11,72) G (71, 72) G (11, 72) -
¢ J m n
(5.97)
And the diagram (X ) 1is given by
00 1 I*V(X hi3
T h 6X-8X»éX18Xl/o dr Gy(r, 7)Gua(T, 7). (5.98)
04

From (5.58) — (5.60) and (5.74), it follows that the integral kernel G;;'(71,72) is given by

d? d?
Gi—jl(7'177'2) =M {Pz? ( ) +WL) +P§ < dr 2 Jru)T)} 0(r2 — 7). (5.99)

Its Matsubara decomposition reads

N1, 7) Z Gl emtem(n=r) (5.100)

m=—00

Z
—1(m) . . . . .
and G; is given by Fourier inversion

v]

Gy = hﬁ/ dr Gj!(7,0) o7 = ;]i\é [P5(wn +wi) + Pi(w;, +w)] . (5.101)
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Expressing the integral kernel G;jl(ﬁ, T2), the propagator G, (72, 73), and the delta function
by their Matsubara decompositions, Eq. (5.95) becomes

d G—l(m) —iwm (T1—T: Gm) —iw,,/ (T2 —T: _hal —Zwm(T T)'
/0 T Z 1—T2) Z 2—T3) & Z hﬁ 1—73

T - T (5.102)
After performing the integration and comparing the coefficients one obtains
Gz‘_jl(m)G%) = h—ﬁQ i - (5.103)
This equation can be solved by the approach
G = PEA™ 4 pLB™ (5.104)
Inserting (5.101), (5.104) into (5.103) and using the properties (5.61), (5.62) yields
M [PLA™ (W2, + w?) + PEB™ (W2, +wi)] = 1 (Py+ Py) - (5.105)
Ba Lk L ik T nge Nk ik
From the last identity and (5.104), it follows that
Gl = Mlﬁ (Pﬁ“w;n Jlr Zt Pﬁw?n Jlr w%) . (5.106)
Thus, the Matsubara decomposition of the propagator becomes
Gir(Ti,72) = Mﬁ Z < o o +P]€w?n41rw%) e~ wm(n=r2) (5.107)

The series is evaluated in Appendix A, and the propagator G;;(71,72) can be decomposed
into a longitudinal and a transversal part, yielding

ij(Tla ) = PﬁﬁGL(Tl, T2) + PkGT(Th ), (5.108)
with
h cosh(wp|m — 7| — hfwr/2)
p— 11
Gi(m,m) = 5 Voo sinh(Fiwp/2) , (5.109)
and
h — — 2
GT(7‘1,7'2) = h o <WT‘T1 T2| hﬁwT/ ) (5.110)

2Mwr sinh(hfBwr/2)

In order to evaluate the twofold integral (5.97) and the integral (5.98) we calculate the third
and fourth derivative of the potential. First, using (5.59), we find

OCVX)  _ V'(X) VI(X)
0X;0X,;0X, ~V* X Xz |7

V/// ( X) PT

L (5.111)
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where the operators Pl and Pl are given by

X X X X X X;
Pz?k = Tjiik s and ng = 523% + 5,kyj + 5]ky — 3P£k . (5.112)
Furthermore, the fourth derivative reads
0'V(X) L V"(X) Vi(Xx) V'(X)
_ (4) T E _
IX,0X,0X,0X; PV (X) + P e + Pk X2 X5 | (5.113)
where the following abbreviations have been introduced:
X X, Xk X
Pinw = == (5.114)
X X) X, X X, Xy X X X Xk X Xy
Pinw = Oy—g + 0= +0a—g g +0u—5 + g — 6P ,(5.115)

Note that the operators P, / T, PZ%T, PZ%IT/ F are all totally symmetric tensors. The definitions

(5.60), (5.112), and (5.114) — (5.116) directly lead to the following relations:

NPh=Pk,  SPhL=Ph (5.117)

PLPl =Pl PIPL="EPIwSPL. PLPL=URL. IR =0: (5118
PyiiPi = P PuigPu = PP + PPy + PiPj+ PPy + PjiPi . (5.119)
PhLz‘ng;cI = Pi?ij; ) Piz;‘jPthl = PZ‘?PkLz ) (5-120)

Pz‘?Pi?kl - Pkli ’ ngz‘?kz =D - ]')Pchl J (5.121)

PPy = Py , PP =0, (5.122)

PLPL, =—=2PL .  PIPL,=(D+1)Pj—2(D-1)P]. (5.123)

Using the results (5.108), (5.111), the relations (5.61), (5.62), and (5.117) — (5.120), one
obtains the intermediate result for the twofold integral (5.97)

1 hg3 hp 5 )
@ == ? ; dTl/O‘ dTQ {GL(Tl,TQ)[VW(X)]

+3(D — 1)Gp (11, 79)Gr(1,72) [V”)((X) — V;(();)] } . (5.124)
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The remaining integrals are solved in Appendix B, and one obtains

_ W8T e[ 1
o = wr, (QMwL)3[V (X)] [g =+ sinhQ(hﬁwL/2)} (5.125)
6h25(D—1) 1 1 V//(X) V/(X) 2
* 2wr +wp 2Mwy, (2Mwr)? l X X2 ]
2 wr 1 wr sinh(hB(wr — wr/2))
g {COth (hfr/2) + w_LsinhQ(hﬁwT/Z) " 2wr — wp sinh(hfwy, /2) sinhQ(hﬁwTﬂ)} '

The integral (5.98) can be evaluated by using the results (5.108), (5.113) and the relations
(5.62) and (5.121) — (5.123). In this case, the integration is trivial as it only leads to a factor
h(B. One obtains

o0 = —s{apmnvo + 0t -y i [Lel - Y]
£ 2D — 1) Co(r, P)Cr(r7) {vu;((x) B 2V)”((2X) N 2V)’((3X)] } (5.126)

And when explicitly inserting the result for the propagator (5.109), (5.110), one has

_ h*p ico 205 B (4)

0O = = fxgy { oy < AV ) o
+ Dw; 1 coth?(hBwr/2) lv)g() - V)((f)}
+ % coth(hfwr /2) coth(hBwr/2) [V/I;EX) N 2V)”(<2X) + QV)/;;’X)} } '

Thus, using the results (5.89), (5.90), (5.92), (5.125), and (5.127) and taking into account
(2.109), (2.144), and (5.93), one obtains the temperature-dependent effective potential for a
rotationally symmetric potential in D spatial dimensions up to the second loop order:

Vet (X) = V(X)+ %{ In [2sinh (7w /2)] 4+ (D — 1) In [2sinh(hBwr/2)] } (5.128)
* s(th>2 {w_lL coth® (hBwp /2)V O (X) + Dw; " coth?(fiwr /2) [V;g{) - V;(gf)]
+ %cdﬁh(hﬁu@ﬂ) coth(hfwr/2) [V”;EX) — 2V)”((2X) + QV),;;}X)} }
K2 1o [1 1 3(D-1) 1 [V'(X) V/(X)]?
-~ 6(2M)3 {w_g[v (0] [ﬁ * sinhQ(hﬁwL/Q)] T S T WLw2. [ X  Xx? }
9 wr 1 wr sinh(hﬁ(wT — (,L)L/Q))
8 {COth (hBwrf2) + wr, sinh?(hBwr/2) * 2wr — wr, sinh(hfwy,/2) sinhQ(hﬁwT/Q)} }

+ O(h?) .
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In the zero-temperature limit this simplifies to

. hwy, hwr h’ 1
lim Veg(X) = V(X)+—=+(D-1 — VWX
Jim Vea(X) (X)+ ==+ )5 +8(2M)2{w§ (X)

D?—1 {WX) - v’<X>] L 2AD=1) {V”%X) _ VX)) 2V’<X>} }

X? X3 X X? X3

1’ {]_[WXW+3QL4) 1[V§H—V§?r}+0mﬂ-ﬁmw

w3, WLWr

6(20M)3

3wi 2wy 4wy, wrwa

Note that for D = 1 (5.128) and (5.129) pass into the earlier results (2.151) and (2.152),
respectively.






Chapter 6

Outlook

In this chapter, we examine how the methods presented in this work can be applied to
further problems. In Section 6.1, we show how the recursion relations for the ground-state
energy developed in Chapter 3 could be generalized to the free energy for finite temperatures.
Furthermore, the effective mass is introduced in Section 6.2.

6.1 Finite Temperature

In Chapter 3, we have obtained recursion relations for the ground-state energy of an anhar-
monic oscillator. At finite temperatures, thermal fluctuations become relevant in addition
to the quantum fluctuations. These temperature dependent fluctuations can be taken into
account by considering the free energy of a system. In imaginary-time, 7 = it, the time-
dependent Schrodinger equation for the imaginary-time evolution amplitude (x, 7|z, 0) reads

10 ey 70 0) = — 2 %y 71, 0) 4 V() 7l 0) (6.1)
67' Ty T|Tq = 2M(‘)x§ Tp T|Tq Tp)\Tp T|T¢q s .
with the initial condition
(2 0|z, 0) = d(zp — 24) - (6.2)

According to (2.13) and (2.15), the partition function for a quantum-mechanical system
can be obtained by integrating over the diagonal elements of the imaginary-time evolution
amplitude evaluated at 7 = hS:

7 = /OO dx (x hB|x 0) . (6.3)

[e o]

The partition function, and therefore the free-energy of a system, can thus be obtained by
solving (6.1). In Ref. [24] the following ansatz for the imaginary-time evolution amplitude
for the potential (1.1) is made:

(2 7|74 0) = (73 7|74 0)0 A(Tp, Ta, 7) (6.4)

87
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where the imaginary-time evolution amplitude of the harmonic oscillator, (x, 7|z, 0),, is
modified by the function A(zy,x,,7). The approach (6.4) leads to a partial differential
equation for the amplitude A(xy,x,,7), which is then solved by expanding A(xy,z,, T) in
the coupling constant ¢, in x;, and in z, with 7-dependent expansion coefficients

EOO §2k §2m k C2m‘ ) 2m—n n
xbaxaa sinh” wr z, Ty - (65)
k=0 m=0 n=0

This procedure constitutes a generalization of the Bender-Wu recursion method introduced
in Chapter 3. There, it was used to solve the time-independent Schrodinger equation, and
the expansion coefficients were determined by solving algebraic recursion relations. In Ref.

[24], however, a recursive set of first-order ordinary differential equations is solved in order
(k)

2m|n
resummed via VPT, and the free energy of the anharmonic oscillator (1.1) is calculated up

to determine the expansion coefficients ¢, (7). The resulting weak-coupling series is then

to the fifth order for arbitrary temperatures.

The recursion relation for the ground-state energy of the anharmonic oscillator with cu-
bic anharmonicity (1.3), which has been obtained in Section 3.2, could now be generalized
in a similar way. By combining the methods from Chapter 3 and Ref. [24] it should thus

be possible to perturbatively calculate the free energy for the anharmonic oscillator (1.3) to
high orders.

6.2 Effective Mass

In the zeroth order, the effective action I'[X] reduces to the tree-level, i.e. the imaginary-time
action evaluated at the background X (1),

ha ‘
TO[X] = A[X] = /0 dr {% X2(7)+V(X(T))] | (6.6)

The self energy is defined as the second functional derivative of the effective action, evaluated
at a constant background:

5°T[X]
¥(m, T — . 6.7
(r1,72) = X (11)0X (72) |y (ry=x (6.7)
In the zeroth order, it thus reduces to
521‘\(0[ ] d?
2O — = |-M— +V"(X)|0(r1 — 7). 6.8
R (] M L =SS LUBS T
The Matsubara decomposition of the self energy in the zeroth order is given by
(0) (O —zwm(T 7')
YV, 1) = hﬁ Z Y% (wm)e 1T (6.9)

m=—0oQ
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with the Matsubara frequencies w,, as specified in (A.3). Taking into account the Matsubara
decomposition of the delta function (A.20), one obtains from (6.8) and (6.9):

YO (w,) = Mw? + V"(X). (6.10)

The identity

X0 (w,,)
M= —" 6.11
ow?, om0 ( )
then motivates the definition of the effective mass:
0% (wm)
Mg = 6.12
! 8(,(.)%@ wm=0 ( )

In Ref. [40] the effective mass is calculated for an arbitrary potential in the first-loop order,
yielding the result

M1/2 [V///(X)]2

Mg=M+hn
eff + 32[V”(X)]5/2

+O(Rh?) . (6.13)

In order to extend this calculation to higher orders, it would be desirable to develop a
recursion relation for the effective mass, as for the effective potential in Section 3.4.






Appendix A

Harmonic Generating Functional

In this section, the generating functional (2.48) for the harmonic oscillator (2.47) is evaluated.
The path integration in (2.48) is performed over all paths z(7) which are periodic in the
imaginary time 7, i.e.

x(0) = z(hp) . (A1)

Thus, these paths z(7) can be continued periodically and possess a Fourier decomposition.
In the context of the imaginary-time formalism, the decomposition of paths is referred to as
their Matsubara decomposition. It reads

:E(T) = Z xme_imea (AQ)

with the Matsubara frequencies

P
wm:hlm, m=0, +1, 42, ... . (A.3)

Note that the periodicity of the paths z(7) is passed on to their derivatives @(7):
(0) = 2(hp) . (A.4)

Furthermore, the Matsubara amplitudes z,, in (A.2) are restricted by the condition that the
path z(7) be real. From z*(7) = z(7) one concludes
Ty, = &7 (A.5)

—m

so the real and imaginary parts of the Matsubara amplitude x,, are even and odd, respec-
tively:

Re z,, = Rex_,, , Imzx, =-Imxz_,, . (A.6)

The Matsubara decomposition of the paths x(7) permits us to rewrite the generating func-
tional of the harmonic oscillator (2.48). The path integral measure in (2.48) will have to be
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replaced by an infinite product of integrals. Due to (A.6), real and imaginary part of the
Matsubara amplitude z,, with negative m are fixed by those with positive m. Thus, the
path z(7) can be determined by specifying all x,, with positive m and the zero mode z.
Furthermore, as a consequence of (A.6), xg is real. Consequently, the following approach for
the path integral measure can be implemented:

7{2):5 — NO/ dzg H< / dRexm/_ZdIm:cm> , (A7)

where Ny and NV, denote normalization constants. They will be determined by comparing
the harmonic oscillator’s partition function within the path integral formalism (2.15) with the
quantum statistical partition function (2.6). The latter can be determined by considering the
occupation number representation of the eigenstates of the harmonic oscillator’s Hamiltonian
and is given by

1

2sinh hfw/2 (4.8)

Z, ="Tr (e_ﬁﬁ) =

Applying (A.2) and using (A.7), the generating functional for the harmonic oscillator (2.48)
— (2.50) takes the form

0 1 hg
Z,j] = N(]/ dxg H ( / dRexm/ dImzL’m) exp{ _ﬁ/ dr
_ - ;

X [% i Z T (W2 + w?)) e {@m+wm) Z Tme “"’”T]}. (A.9)

m=—o00 m'=—o0 m=—o00

The first part of the 7-integral can be evaluated by using the result
6] _
/ dr e "Cmten)T — B35, (A.10)
0

Taking into account (A.5), one obtains

20 - NO/deO I (Nm/deexm/demxm) (A1)

- m=1 o0 o
M & ) "

X exp —?m;m|xm| (w? + w2, ﬁ+—m_zooxm/ dr j(r mT |

By separating the zero mode and using (A.3), (A.6), one obtains
o M hg

Zulil = NO/ dxy exp [—7x0w26+ ﬁ/ de(T):| (A.12)

o 0

o 0o 92 hg
X {Nm/ d Re z,, exp [—Mﬁ (Re pn)? (W + w?) + R; tm / dr j(7) cos (me)]
m=1 —o0 0

[e.9]

o0 2, 9 9 2Imz,, [ _ .
X dIm x,, exp |[-MS (Im x,,)" (w* +w;,) + > dr j(7)sin (wnT)| ¢ -
- 0



93

Evaluating the xy-, Re z,,-, and Im x,,-integrals by using the result

[e’s) 2
/ dx exp(—p*r? + qr) = vr exp ( a ) p> 0], (A.13)
oo p 4p?
one obtains
1 hg %]
Zw[j] = Z, exp {2—712/ dTl/ dry Gw(TlaTQ)j(Tl)j(TZ)} ) (A-14)
0 0

where the partition function Z, reads

2 - Ny,

and the harmonic propagator G (71, 72) is given by

fzwm (r1—72)

Gu(11,72) = Mﬁ ZOO w? + w2, (A.16)
On the other hand, the partition function (A.8) can be expressed in the form [22, p. 37]
I o 4m?Ar?
Z, = . A7
hBw nl_[l h2B2w? + 4m2n? ( )

Comparing (A.15) and (A.17) yields the normalization constants

M Mu?
No =/ =—5= and Ny, = Mo, . (A.18)
2mh” 3 T

Furthermore, by considering the identity

> efiwm (t—m72)

hB d2 1
_ - - —iwm (T1—T2)
/0 dTM( d2+w)5<ﬁ T)Mﬁm;m gt ﬁ S (A.19)

m=—0Q

and comparing it with the Matsubara decomposition of the delta function,

5 7'1,7'2 hﬁ Z efzwm(n 72) s <A20)

m=—00

and with the definition of the integral kernel (2.50), one reads off that the propagator defined
by (A.16) satisfies the relation (2.54). In the following it will be demonstrated that the
harmonic propagator (A.16) can indeed be expressed in the form (2.55). Poisson’s summation
formula implies the identity [4, Sec. 2.16]

e}

S pm) = [ Y e, (A21)

m=—o00 - n=—00
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Using (A.21), one proves that

—iwm (T1—72) 7Zwm T1—T2+nhg)

dw,, ) A.22
Mﬁ ZOO w? + w2, 27TM Z/ n w? + w2, ( )

The w,,-integral on the right-hand side of the last equation can be evaluated by applying
Cauchy’s residue theorem. The result is found in Ref. [22, p. 312]. Together with (A.16) one
thus obtains from the last identity

Go(ti,m) = _h > el (A.23)

n=—oo

Since both, 71 and 73, lie within the interval [0, 2], one has |1 — 75| < hf3, and the sum on
the right-hand side of (A.23) can be decomposed:

h 00
Gw(7—177—2) _ SV {ewT17'2| + Z [efw(nfTQJrnh,@) + eW(TQTlJrnhﬁ)]} . (A24)

n=1

Evaluating the geometric series that stem from (A.24), the harmonic propagator takes the
form (2.55):

h cosh(w|m — 1| — hfw/2)

w > = : A2
Golm, 72) 2Mw sinh(hfw/2) (A.25)
Finally, we show that the function f(w), defined by
1 -1
f(w) =exp —§Tr InG," ), (A.26)
with
TrinG,' = Z In ( w +w?) (A.27)

m=—0oQ

is identical to the partition function (A.8). Note that the eigenvalue problem of the integral
kernel (2.50),

L3
/0 dry G711, 72) T (T2) = M A (1) | (A.28)
with
T (0) = 2 (RB) , (A.29)

can be solved using the approach

T (T) = Tpe” 7 (A.30)
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and that the eigenvalues of G™1(7;, 1) are given by
Am = w? + W2 . (A.31)

Forming the logarithmic derivative of f(w) with respect to w and taking into account (A.16),
(A.25), and (A.27) yields

8% In f(w) = —h—f coth(hfw/2) = —8% Insinh(hfw/2) . (A.32)

Integrating the last identity with respect to w, one obtains
c

J(w) = sinh(hpw/2)’
where ¢ does not depend on w. It remains to demonstrate that ¢ = 1/2. To this end, we
show that for w < 1 one has

(A.33)

1
~N—. A.34
f6) ~ 55 (A34)
For w < 1 one can approximate
Z In(w? 4+ w?) = Inw? 42 Z In(w? 4+ w?) S w2 Z Inw? . (A.35)
m=—o00 m=1 m=1

Note that in the limit w — 0 both terms on the right hand side of the last identity are
divergent. This divergence will be treated by means of zeta-function regularization [4, Ch.
2]. Using definition (A.3), one obtains

[e8) w 2 2 o0 o0
m:z:oo In(w? + w?2) S nw?+ 2 (%) mz:; 1+ 2; Inm? . (A.36)

For n # 1, the Riemann zeta function can be given by
= 1
n) = —. A.37
(=Y (4.37)

In Ref. [22, p. 1074] the values

1 1
¢(0) = —3 and  ('(0) = ~3 In27 (A.38)
of the zeta function are given. Thus, considering the identity
d
Inm=—-——m™" (A.39)
X =0

and identifying
> 1=¢0) and ) Inm=-¢(0), (A.40)
m=1 m=1

one obtains from (A.26), (A.27), and (A.36)

w1

flw) = exp[—(lnw+1Inkp)| , (A.41)
which is identical to (A.34).






Appendix B

Standard Integrals

Calculating the effective potential up to [ = 2, 3 loops necessitates the evaluation of the one-
particle irreducible vacuum diagrams (2.109), (2.110), which are specified by the Feynman
rules (2.146), (2.147), and where the propagator Gq(71, 72) is given by (2.140), (2.141). The
ground-state energy of the anharmonic oscillator (2.156) can be determined by evaluating
the Feynman diagrams (2.186) in the zero-temperature limit. The temperature-dependent
free energy in the second loop order is given by (2.181), where the propagator G, (7, 72)
is specified in (2.55). In D spatial dimensions, the effective potential up to I = 2 loops
is obtained by evaluating the diagrams (2.109), where the Feynman rules (5.94), (5.96)
apply, and where the propagator is given by (5.108) — (5.110). When performing these
calculations, certain multiple-integrals arise. The evaluation of these standard integrals will
be demonstrated in this appendix.

B.1 Integrals for Arbitrary Temperatures

The harmonic propagator G, (1, 72) is given by (2.55):

h cosh(w|m — 7| — hpw/2)

G,(m, 1) = - B.1
(11:72) 2Mw sinh(hfw/2) (B-1)
Evaluating the second-order free energy (2.181) leads to the twofold integral
B hB
I = / dﬁ/ dry cosh(w|m — o] — hfw/2) . (B.2)
0 0
In order to evaluate this integral, it can be decomposed into two twofold integrals:
hg T
[1 = / dT1/ dT2 COSh(u)(Tl — T2) — hﬁw/Z)
0 0
hB T2
+ / dTQ/ dr cosh(w(me — ) — hfw/2) . (B.3)
0 0
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Renaming 7 to 7 and 75 to 71 in the second twofold integral yields

hg T1
L = 2/ dTl/ dry cosh(w(m — 1) — hfw/2) = ? sinh(hfw/2) . (B.4)
0 0

The propagator the in case of an arbitrary potential (2.141) is obtained by introducing the
new frequency (2.140). It has the same form as the propagator for the harmonic oscillator
(2.55). Therefore, the following results can be applied to calculate the effective potential
(2.148) and the free energy (2.181). In both cases, a twofold integral of the form

hB hB
[2 = / dTl/ dT2 COShs(Q|T1 - 7'2‘ - hﬁQ/Q) (B5>
0 0

has to be evaluated. In order to do so, it can, as above, be decomposed into two twofold
integrals:

hg T1
I, = 2/ dTl/ dry cosh®(Q(my — ) — hBQ/2) . (B.6)
0 0

The remaining integrals can be solved subsequently. Their solution is, for example, given in
Ref. [22, p. 94f]. One obtains

L= % {sinh(hﬁQ/Q) + %sinh?’(hﬁQ/Q) : (B.7)

This result permits the evaluation of the diagrams (2.109) for arbitrary temperatures and
the calculation of the free energy (2.181).

Calculating the effective potential for a rotationally symmetric potential in D spatial di-
mension leads to a twofold integral over a product of propagators with different frequencies:

h3 hs
I3 := / d71/ dry cosh(wp | — To| — hBwr/2) cosh?(wr|m — 7| — hBwr/2) . (B.8)
0 0

Again, it can be decomposed into two twofold integrals,

1 hg3 wrT1—hpwr /2 wr
Iy =2 — dm / d¢ cosh? ¢ cosh (—g) , (B.9)
wr Jo —hfBwr /2 wr
where the substitution
() =7 — £ hi3/2 (B.10)
wr

has been performed. The &-integral can be solved by using results from Ref. [22, p. 102, p.
105]. One obtains

L = — 2 {hﬁ[coshQ(hﬁwT/Z) sinh(hfwr/2) + <L sinh(hfwr /2) (B.11)
2wt 4+ wr, wr
wr .
+ m smh(hﬁ(wT — (,UL/Q))]

h,@wT/2
+/ d¢ [coshQ ¢ sinh (ﬂg) + 2T Ginh (ﬂg) +— YT sinh <2g . ﬂg)] ,
—hBwr/2 wr wr, wr 2wy — wr, wr
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where the substitution

m1(¢) = w% +hB/2 (B.12)

has been performed. Since all components of the (-integral are odd, and since the integration
limits are symmetric with respect to the origin, the (-integral vanishes, and one obtains the

result
— 2h0 2 : wr .
[3 = m cosh (hﬁu)T/Q) Slnh(ﬁﬁWL/Q) —+ u)—L Slnh(hﬁu)L/Q) (Bl?))
wr .
-+ m Slnh(hﬁ(wT — wL/Q))

Note that due to cosh® z — sinh? z = 1, the result (B.13) becomes (B.7) for wj, = wr = Q.

B.2 Integrals in the Zero-Temperature Limit

In the zero-temperature limit, the propagator Gg(m, 72) is given by (2.142):

h
lim Gq(m, 1) =

—Qn-m| B.14
T—0 2MQ) € ( )

Determining the effective potential in this limit up to [ = 3 loops by evaluating the Feynman
diagrams (2.110), which are specified by (2.146), (2.147), leads to standard multiple-integrals.
These integrals arise also when calculating the anharmonic oscillator’s ground-state energy
(2.186). Here, the diagrams are specified by the Feynman rules (2.182) — (2.184). For both
calculations the multiplicity of an integration is determined by the number of vertices in the
corresponding diagram. When evaluating a diagram with two vertices, the twofold integral

¥ 1B
I(ni2) 3:/ dTl/ dry exp (—n12Q|7 — T2|) (B.15)
0 0

arises. A diagram with three vertices leads to the threefold integral
hB hg hB
[(nlz, nis, n23 = / dT1 / dTQ / dTg
X eXp n12§2|7'1 — T2‘ — n13§2|7'1 — 7'3‘ — n23Q|7'2 — 7'3‘) . (B16)
And in order to calculate a diagram with four vertices the fourfold integral
hB hB hB hB
I(n12,m13, N14, 23, Nog, N3g) 1= / dTl/ dT2/ de/ dry exp(—n12Q|7 — 7|
0 0 0 0
—77,139‘7'1 — 7'3‘ — 77,149‘7'1 — 7'4‘ — 77,239‘7'2 — 7'3| — 77,249‘7'2 — 7'4| — 77,349‘7'3 — T4|) (Bl?)

has to be evaluated. The number n;; turns out to denote the number of lines connecting the
vertices ¢ and j. In the following, (B.15) — (B.17) will be calculated in the leading order for
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B — oo. Decomposing the integral (B.15) into 2! = 2 contributions,

LB T1
[(nlz) = / dT1 / dTQ exXp [—nng(ﬁ — Tg)]
0 0

hB T2
+ / dTQ/ dr exp [—n1Q(m —1)] (B.18)
0 0
and renaming the integration variables of the second twofold integral yields the result
2 1 _ B—oo 2h0
I _ B ni2hfQ2 _ 1 B.1
(n12) n12§2 l b+ n12) (e )] n12§) ( 9)

Correspondingly, the threefold integral (B.16) can be decomposed into 3! = 6 contributions

I(n12,m13,n923) = J(n1a, na3, nag) + J(na2, nas, nig) + J(nag, niz, na3)

+ J(n13, nog, ni2) + J(naes, nig, nag) + J(nos, nig, ni2) ,  (B.20)

where the evaluation of

L3
J(nlz, nis, n23 = / dTl / dTQ / dTg

X eXp nng 7'1 — 7'2) — 7’1,13Q<7'1 — 7'3) — 77,23Q(T2 — ’7'3)] (B21)

leads to
B—o0 hp
J(ni12,n13, M . B.22
(12, 113, n2g) — (s 1) (s - 7123 ( )
Thus, inserting (B.22) into (B.20) leads to the result
I(n12, N1z, na3) ot g e s F 1 (B.23)

02 (n1a + ni3)(nia + noz)(nis + na3)

The fourfold integral (B.17) is solved in a similar way, but it has to be decomposed into
4! = 24 contributions, which correspond to the possibilities to order the imaginary times
T1,T2, T3, T4:

hG
[(n12,n13,n14,n23,n24,n34 = / d7'1/ d7'2/ de/ dry eXp n129(7'1—7'2)

- 71139(7'1 - 7’3) - 71149(7'1 - 7’4) - 7123Q 7’2 - 7’3) - n24Q 7’2 - 7’4) - n34Q( T3 — 7’4)]
+ 23 fourfold integrals. (B.24)

The first contribution, which corresponds to the case 7 > m > 13 > 74, yields:

L3 T1 T2 T3
/ dTl / dTg/ dTg/ dT4 eXp[—n12Q(7'1 — T2) — nng(ﬁ — T3) — n14Q(7'1 — T4)
0 0 0 0

—77,239(7'2 — Tg) — n24Q(7'2 — T4) — n34Q(7'3 — T4)]

ganted np . (B.25)

Q3(n12 + nus + n1a) (g + nag + n3a) (n1g + n1g + Moz + Nay)




B.2. INTEGRALS IN THE ZERO-TEMPERATURE LIMIT

101

Evaluating the remaining 23 fourfold integrals by suitably renaming the integration variables

T1, T2, T3, T4 and the indices n;; yields the final result

B—o0
](7112, ni13, N4, N23, No4, ”34) —
2h0 { 1 { N
O3 | ny2 + nas + nog + nga | N1z + n13 + nig \ N1z + n23 +nos N1z + n23 + N34

+ ]
Ny + n24 + ngq4 \ 12 + n23 +nog Mz + n23 + N34

1

N2 + N1g + Naz + N34 {nu + n23 + Nog \ N1z + n13 + N1g

N3 + n23 + N34

(B.26)

1

ni3 + TL23 + N3y

N3 + N1g + Moz + Nog L’Lm + n23 + ngq \ N12 + 7113 + Ny

ni2 + TL23 + Moy

+ +
N4 + Nog + Ngg \ N2 +N13 +N1g N + Naz + Ny ] }

In Section 2.8, the following integrals are needed:

oo Bl
1(2,1,2) =3 ghvf,
1(1,2,1) =% ghvf,

1(1,1,1,1,1,1) =% ﬁ
1(1,2,2,1,0,0) =% 2795'
In Section 2.10, one needs additionally:

oo 4R
1(1,3,0) =3 3_96
1(1,2,0) == 2 gf
1(1,1,0) =% 4%,

1(1,1,1,2,0,0) =% 196%
pooo  NJ

1(1,2,1,0,0,0) =5 4y,

—00 h
1(1,1,1,0,0,0) =3 Qg

+ < +
N1 + TL24 + ngq \ 12 + TL13 + N4

)
)
)
)|
)
)

(B.27)
(B.28)
(B.29)

(B.30)

(B.31)
(B.32)
(B.33)
(B.34)
(B.35)

(B.36)






Appendix C

Shooting Method

In this section, it will be demonstrated how the time-independent Schrédinger equation (3.5)
can be solved by using the so-called shooting method. In natural units, h = 1, M = 1, Eq.
(3.5) reads

_% " (x) + <%w2:€2 + gAx® + gQB:c4) U(x) =EY(z). (C.1)

In order to illustrate the application of the shooting method, we consider this equation with-
out the cubic nonlinearity, i.e. A = 0, and for arbitrary positive but fixed values of w? and
g*>B. For any preassigned value of E, the wave function 1 (z) can be obtained numerically,
e.g. with the aid of the Runge-Kutta method. Since the differential equation (C.1) is of
second order, the starting values ¢ (z,) and ¢'(z,) need to be known in order to obtain a
unique solution. For A = 0, the anharmonic potential is even, and the eigenfunctions have
defined parity. The ground-state wave function has no zeros and is thus even. Therefore,
choosing x; = 0, one obtains the starting value ¢’(0) = 0 and (0) is fixed by the normal-
ization condition. Initially, one can choose 1(0) = 1. The ground-state energy Fy can be

V()
0/8 a) b)
6
0.4
4 T
0.2
6 -4 =2 2 4 6« —0.50

Figure C.1: Numerical Solution of (C.1) for a) w = 1, A =0, B =1, g = 001, E =
05007468224 and b) w =1, A =0, B = 1, g = 0.01, E = 0.5007468283.
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Choose uncertainty e
Find Emin7 Emax

l

Emin + Emax
EO = # -~~~ "~"~"7"~~==°- l
I

Numerically solve

_% V(@) + V(2)(x) = Eoib(x)
]

Examine divergence of numerical solution

Ein = EO Frax = EO
1 l
Emax Emin <e€ ---NO--------
yes
E = EO +e

Figure C.2: Algorithmic procedure of the shooting method.

determined iteratively since the numerical solution of the differential equation (C.1) will di-
verge towards positive infinity when an energy value is chosen that is greater than the actual
ground-state energy (E < Fie,), but it will diverge towards negative infinity when an energy
value is chosen that is smaller than the actual ground-state energy (E > Eica). Figure C.1
a) and b) show examples for the two cases. In this way, one deduces that the actual ground
state energy for the potential V(z) = 0.52% + 10~42* is between E;, = 0.5007468224 and
Erax = 0.5007468283. Figure C.2 shows a flow chart of the algorithmic procedure of the
shooting method.

For A # 0, one can no longer assume ¢’'(0) = 0. The shooting method can, nevertheless,
still be applied; but now two quantities, Fy and ¢'(0), have to be determined iteratively.
For an arbitrarily chosen pair of values of Fy and ’(0), the numerical solution of (C.1)
might diverge towards towards positive infinity for x — oo and towards negative infinity for
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xr — —o00, or vice-versa. Thus, when applying the shooting method as illustrated in Fig.
C.2, the type of divergence has to be determined for x > 0 or for x < 0; and depending on
which of the possibilities is chosen, one obtains different values for the ground-state energy.
The correct value of the ground-state energy, however, is obtained for that particular value
of ¢/(0) that leads to identical results when examining the solution’s divergence for x > 0
and x < 0.
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