BCS Mean-Field Theory
for Trapped Fermions

BCS-Theorie fiir Fermionen
im harmonischen Fallenpotenzial

André Becker

Masterarbeit in theoretischer Physik
unter Anleitung von

Priv.-Doz. Dr. Axel Pelster

I.: TECHNISCHE UNIVERSITAT
s KAISERSLAUTERN

Fachbereich Physik
TU Kaiserslautern
29. Marz 2021






Abstract

Macroscopic quantum effects have become a hot topic in the last decades and have been
studied extensively. The BEC-BCS crossover offers the unique possibility to investigate
two macroscopic quantum effects by a smooth crossover. On one side, there is the fermionic
Bardeen-Cooper-Schrieffer (BCS) phase characterised by large Cooper pairs. On the other
side two fermionic atoms form tightly-bound bosonic dimers, which occupy the ground
state macroscopically denoted as Bose-Einstein condensation (BEC).

Cooling °Li within a harmonic potential and tuning the s-wave scattering length via Fes-
hbach resonance, the BCS-BEC crossover is realised experimentally. This experiment is
performed at the local university in the group of Artur Widera. Through our theoreti-
cal investigations, we work towards providing new insights and support in understanding
quantitatively the experimental results.

For this purpose, we take into account the BCS mean-field theory and include the harmonic
trapping potential via the local-density approximation (LDA). Based on this mean-field
approach, we derive analytically and solve numerically the two algebraic self-consistency
equations for both the order parameter and the particleenumber density. The experimen-
tal determination of particle number and temperature has turned out to be difficult in the
BCS limit. So far, estimating the temperature has only been possible via the adiabatic
sweeping thermometry, where one sweeps isentropically from the BCS to the BEC limit.
In view of developing a direct thermometer in the BCS limit, the column density as the
particle-number density integrated along an observational direction is the experimentally
measurable quantity. To this end, our theoretical approach provides the possibility to
study the impact of temperature and particle number on this column density.






Zusammenfassung

Makroskopische Quanteneffekte haben sich in den letzten Jahrzehnten zu einem bedeut-
samen physikalischen Gebiet entwickelt und wurden ausgiebig experimentell und theo-
retisch untersucht. In diesem Kontext bietet der BEC-BCS Crossover die einzigartige
Mboglichkeit, zwei dieser makroskopischen Effekte durch einen kontinuierlichen Ubergang
zu verbinden. Der eine Grenzfall bezeichnet den fermionischen Limes und wird als Bardeen-
Cooper-Schrieffer (BCS) Phase bezeichnet. Charakteristisch hierfiir sind grofie Cooper-
Paare von SLi-Atomen. Auf der anderen Seite ist der bosonische Bereich, indem sich
zwei fermionische SLi Atome zu einem bosonischen Molekiil zusammenschliefen. Fiir hin-
reichend tiefe Temperaturen bevolkern diese den Grundzustand makroskopisch, was als
Bose-Einstein-Kondensation (BEC) bezeichnet wird.

Werden nun %Li Atome innerhalb eines harmonischen Fallenpotenzials zu hinreichend
tiefen Temperaturen gekiihlt, so ldsst sich die interatomare Wechselwirkung mit Hilfe
der Feshbach-Resonanz regulieren und in der Folge der BEC-BCS Crossover auch ex-
perimentell realisieren. Dieses Experiment wird an der hiesigen TU Kaiserslautern in
der Gruppe von Artur Widera durchgefithrt. Durch unsere theoretischen Untersuchungen
arbeiten wir darauf hin, neue Einsichten und Unterstiitzung bei der quantitativen Auswer-
tung der experimentellen Daten zu bieten.

Hierzu fithren wir eine BCS-Molekularfeldtheorie ein, in der wir durch die lokale Dichten-
approximation (LDA) das entsprechende experimentelle Fallenpotenzial berticksichtigen.
Auf Grundlage dieses Ansatzes lassen sich analytisch zwei Selbstkonsistenzgleichungen her-
leiten, die wir numerisch 16sen, um das chemische Potenzial und den Ordnungsparameter
zu bestimmen. In dem BCS Bereich hat es sich als duflerst diffizil erwiesen, experimentell
Teilchenzahl und Temperatur zu bestimmen. Bislang bestand die einzige Moglichkeit der
Temperaturbestimmung darin, adiabatisch in den BEC Bereich durch einen isentropischen
Ubergang vorzudringen und dort die Temperatur zu bestimmen.

Im Hinblick auf ein direktes Thermometer im BCS Bereich wird die entlang einer Rich-
tung integrierte Teilchenzahldichte untersucht. Im BCS Bereich ist dies die experimentell
zugangliche Grole. Daher untersuchen wir theoretisch, wie sie von Teilchenzahl und Tem-
peratur beeinflusst wird.
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1. Introduction

In recent years, macroscopic quantum effects have become a hot topic, as can be read off
from the six Nobel Prizes that have been awarded in this field since 1996. The first of these
prizes was awarded for the discovery of the extraordinary phases of liquid *He [1], followed
by the quantum Hall effect [2] and the discovery of Bose-Einstein condensation [3]. The
theoretical description for superconductors and superfluids led to another Nobel price [4],
as well as giant magnetoresistance |5] and finally topological quantum matter [6].

This raises the question of what constitutes a macroscopic quantum effect. Considering
quantum mechanical effects on the microscopic length scale that lead to a collective be-
haviour, which is visible on a macroscopic length scale, we are dealing with a macroscopic
quantum phenomenon. In the following we will give an overview of the history of macro-
scopic quantum effects in the low-temperature regime. In particular, we will discuss the
history of Bose-Einstein condensation (BEC) and Bardeen-Cooper Schrieffer (BCS) the-
ory, which are linked by the BEC-BCS crossover, which represents the unique opportunity
to realize a smooth crossover between those two macroscopic quantum effects. This will
provide a basis for the further course of this thesis, in which we will consider a BCS mean-
field theory to investigate the fermionic regime of a corresponding 5Li experiment, which
is realised for instance in the group of Artur Widera at TU Kaiserslautern.

1.1. History of Low-Temperature Physics

At the beginning of the 20th century, the Dutch physicist H. Kamerlingh Onnes experi-
mented with liquid helium and used it to cool mercury [7]. Hereby, he found out that the
electrical resistance vanishes at a critical temperature of 4.2 K. Later, it was found out
by W. Meissner and R. Ochsenfeld that below this critical temperature also the magnetic
field is expelled from the sample [8]. Due to this observation, this effect, which has become
known as superconductivity, cannot be explained classically. Thus, it was the first obser-
vation of a macroscopic quantum effect. Consequently, theorists searched for a suitable
quantum mechanical explanation. A milestone was made by L. Cooper in 1956: Consider-
ing a small attractive interaction between two electrons at the Fermi edge, a paired state
occurs, which is a consequence of the lower energy compared to the Fermi energy [9]. This
small attractive interaction is a consequence of the electron-phonon interaction. In metals
electrons can be described approximately by the free electron gas, whereas the positive
ions are placed in a rigid lattice [7]. Thermal fluctuations excite lattice vibrations, which
are called phonons and cause despite the preserve of a repulsive Coulomb interaction an
additional attraction between electrons at larger distances. The magnitude of this inter-
action is quite weak, which corresponds to the observation that superconductivity appears
at low temperatures, otherwise thermal energy breaks up the Cooper pairs. In the follow-
ing year, J. Bardeen, L. Cooper and J. Schrieffer formulated a theory on the basis of a
condensate of Cooper pairs at the Fermi edge, which is denoted as BCS theory [10]. With
the help of this theory, the quantum phenomenon of superconductivity can be studied
microscopically, which resulted in the Nobel Prize in 1972 for J. Bardeen, L. Cooper and
J. Schrieffer [11].

In 1925, A. Einstein predicted for a gas of bosons a new state of matter, which gives
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rise to an additional macroscopic many-body phenomenon: Considering the work of the
Indian physicist S. Bose about the quantum statistics of massless photons [12], A. Ein-
stein predicted the condensation of an ideal gas of massive bosons at temperatures close
to absolute zero |13]. A first realisation was believed to be found in 1937 by P. Kapitsa,
J. Allan and D. Misener for “He [14,[15]. Below a critical temperature “He behaves like
a fluid with zero viscosity. This was the first observation of a new state of matter, de-
noted as superfluidity, which defines also a macroscopic quantum effect. One year later, F.
London suggested this superfluid state to be the manifestation of Bose-Finstein conden-
sation, since the expected critical temperature of this phenomenon agrees approximately
with the temperature, where *He becomes superfluid [16]. However, in the further course
it was found out that the basic requirement for a BEC is not fulfilled, i.e. the ground
state is not occupied macroscopically due to the strong correlations between individual
helium atoms [17]. To determine superfluidity, a criterion was presented by the Russian
physicist L. Landau [18]. This criterion is not fulfilled by an ideal Bose gas due to the
lacking interaction, thus it cannot become superfluid. Nevertheless, a deeper relationship
between superfluidity and Bose-Einstein condensation was found, but turned out to be
much more involved [17]. Besides the bosonic helium isotope He, there is also a fermionic
one *He, which was also investigated in the low-temperature regime during the 1970s by
D. Osheroff, D. Lee and R. Richardson [19]. Analogously to the bosonic case, He becomes
superfluid, too. However, the critical temperature is lower compared to the bosonic case
by more than three orders of magnitude. At first sight, this does not seem to do justice
to the typical properties of fermionic atoms: Considering the fundamental Pauli exclusion
principle, each available state for fermions, can be occupied only once [20]. This leads
to the vivid description of fermions as antisocial particles in comparison to bosons as so-
cial particles. However, a generalisation of the previously motivated BCS theory leads to
the explanation for superfluidity in the fermionic helium isotope. Two 3He atoms form a
Cooper pair and become finally bosonic, whereas in the standard BCS theory individual
electrons form bosonic Cooper pairs, which condense below a critical temperature leading
to superfluidity. This reveals a central relation between superconductivity and superflu-
idity: A superconductor can be interpreted as a charged superfluid, which provides a link
between the two macroscopic quantum phenomena.

Still pending was the direct experimental realisation of the Bose-Einstein condensate.
Decisive progress was made during the 1980s, when new cooling and trapping methods
using laser light were initiated by C. Cohen-Tannoudji, S. Chu and W. Phillips [21]. Laser
cooling provided the possibility to both cool and trap alkali atoms, since their optical tran-
sitions can be stimulated by the light of available lasers [17]. Thus, alkali atoms became
appropriate candidates for the experimental realisation of the BEC. Finally, in 1995 the
BEC was realised for 8 Rb by C. Wiemann and E. Cornell at JILA , as well as for 2>Na by
W. Ketterle at MIT, which earned them the Nobel Prize in 2001. Although atoms form
dilute gases at these low temperatures, the interaction strength turned out to be easily
tunable due to a so-called Feshbach resonance [22]. This simple controllability led to the
idea of the quantum simulator by R. Feynman already in 1982 [23]. The main idea is to
simulate complex many-body systems, which are impossible to be calculated by a classical
Turing machine. Consequently, experiments in this field became of great interest, since
they provide the property to be seen as an ”artificial solid” [24].

This motivates the question how fermionic atoms behave in this low-temperature regime.
Especially, as in 2003 a Bose-Einstein condensate was realized experimentally by M.
Greiner et al. for molecules of two 4K [25] and by M. Zwierlein et al. [26], as well as
in 2004 by T. Bourdel et al. [27] for two ®Li molecules. The experimental realisation of



CHAPTER 1. INTRODUCTION

a

O

=N
(&)}
T
L

optical density
o

© o
o
>
) )

-200 -100 0 100 200 -200 -100 0 100 200
position (um) position (um)
Figure 1.1.: Time-of-flight measurement of a “°K molecular cloud for a temperature above
the critical temperature for Bose-Einstein condensation on the left side and
on the right below according to an experimental realisation from . Panel

a shows the surface plot of the optical density and panel b illustrates the
cross-section through above images.

the BEC by M. Greiner et al. for °K is shown in Figure At first sight, Bose-Einstein
condensation of fermionic atoms seems contradictory. However, tuning the interaction
strength between fermionic atoms provides the unique possibility to undergo a smooth
crossover from the fermionic BCS regime to bosonic molecules in the BEC regime. This
BCS-BEC crossover will be studied in more detail in the next section.

1.2. BCS-BEC Crossover

Since for the fermionic atoms %Li and “°K a Bose-Einstein condensate has been observed
as well as the BCS phase, both macroscopic phenomena need to be linked. A deeper
investigation shows that there is no phase transition between both effects, but a smooth
crossover which is denoted as BEC-BCS crossover.

In the following, we discuss the Feshbach resonance, which is the basis for the experi-
mental investigation of the BEC-BCS crossover.

1.2.1. Feshbach Resonance

Regarding scattering processes in the low-temperature limit, a small velocity for the rel-
ative motion of the particles can be assumed . Therefore, the interaction can be
approximated by the s-wave scattering length, which determines the contact interaction
strength

B 4Arh?
M

To realise the BCS-BEC crossover experimentally a proper tool is needed, which allows to
control this interatomic interaction strength. Therefore a constant magnetic field is ap-

g as. (1.1)
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plied to the fermionic atoms. The explanation for this phenomenon is known as Feshbach
resonance: Considering scattering theory in nuclear physics, the American physicist H.
Feshbach analysed multi-channel systems, consisting of at least one open and one closed
channel. The open channel supports a scattering state, whereas the closed channel de-
scribes a bound state. Tuning the strength of the constant magnetic field allows us to
control the coupling between open and closed channels due to the Zeeman effect. If the
energy of the bound state and the scattering state coincide, the Feshbach resonance will
occur. The Zeeman splitting of the energy levels of the atom

AE; = — ;B (1.2)

depends on the magnetic moment p,, which allows to control the relative energy between
two channels. An approximative expression for the scattering length in the case of a
Feshbach resonance is given by

as(B) = ang <1 - B_ABO> (1.3)

with the background scattering length ay,, and the width A of the resonance, which is
inversely proportional to the difference of the magnetic moments between two atoms, one
being in the open and one in the closed channel, respectively. The position of the res-
onance is denoted by the magnetic field By. From this we conclude that the scattering
length diverges in the limit that the magnetic field B approaches to the resonant magnetic
field Byp.

As mentioned previously, we set up a theory for 6Li. Consequently, we point out, how the
previous results can be implemented to our case. Therefore we show the ground and first
excited state of 6Li in Figure U Applying a magnetic field B larger than 500 G, °Li is
fully polarised and consequently, all spins are aligned in the same direction for the lowest
hyperfine states [29] .

1.2.2. History of BEC-BCS Crossover

At first glance, we can see in the BCS as well as in the BEC regime the occurrence of
superfluidity for temperatures below a critical temperature. This indicates the existence
of similarities between both macroscopic quantum effects.

First considerations regarding a smooth crossover from the BCS to the BEC regime were
made in solid-state physics: D. Eagles took into account superconductivity in metals with
a very low electron density, where a strong interaction between electrons leads to pairing
effects without superconductivity [31]. Simultaneously, A. Legget discussed the possibility
of a crossover between BCS and BEC for *He [32]. From this the BCS mean-field the-
ory was extended by a variational approach to provide a qualitative suitable description
for an arbitrary strength of the attractive interaction between electrons. The central dif-
ference between the standard BCS mean-field theory and the crossover is given for the
zero-temperature case by the chemical potential, which is in the first case equal to the
Fermi energy Er and has to be solved self-consistently with the order parameter in the
latter case [33]. This approach was generalized to finite temperatures by P. Nozieres and
S. Schmitt-Rink in 1985, who calculated the critical temperature T¢ for superfluidity in
the BCS limit for both weak and strong interaction [34]. Finally, in 1993 C. S& de Melo,
M. Randeria and J. Engelbrecht investigated the whole BEC-BCS crossover based on a
path-integral formulation [35,36]. Figure show their result for the critical temperature
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Figure 1.3.: The blue line shows the behaviour of the critical temperature during the BEC-
BCS crossover within a beyond mean-field theory, whereas the pink curve
shows the BCS mean-field theory. In the BCS-regime 1/askr < 0 the fermionic
atoms form large Cooper pairs, whereas in the BEC regime 1/askp > 0 two
6Li atoms create tightly bound molecules. These two regimes are linked by
the strongly interacting unitary regime. Taken from [37].

as function of the dimensionless parameter 1/kras, where as is the s-wave scattering length
and kg is the Fermi wave vector. Especially, the beyond mean-field approach, which con-
siders the second-order correction, denoted as Gaussian fluctuations, offers the possibility
to investigate the complete crossover. In contrast to that, the BCS mean-field theory leads
to a critical temperature that diverges in the BEC limit. Experimentally, the s-wave scat-
tering length is tunable with the previously introduced Feshbach resonance. Considering
a weak attraction, which is characterised by small negative s-wave scattering lengths, we
are in the limiting case 1/askp — —oo. A strong attraction ag > 0 is resolved by the
formation of tightly bound molecules denoted as the BEC limit, which is characterised by
1/askp — oco. Between these two regimes, the scattering length diverges at the threshold
for bound state formation.

Starting with the experiments in 2003, the BEC-BCS crossover has been realised in several
groups experimentally. Hereby, superfluidity was studied during the BEC-BCS crossover
initiated by M. Zwierlein et al. [38], as we can see in Figure The occurrence of quan-
tised vortices proves the superfluidity, as it has been predicted by L. Onsager in 1949 [39].

After the experimental realisation of a lower dimensional BEC in 2001 in the group of
W. Ketterle [40], the possibility of a BEC-BCS crossover in lower-dimension was taken
into account. Since the superfluid transition in 2D is of the Berezinskii-Kosterlitz-Thouless
type [41] and there is also no unitary regime, because pair binding occurs already at arbi-
trary weak attractive interactions [42], the 2D BEC-BCS crossover was investigated exper-
imentally. Typically, these experiments are dealing with large particle-numbers N > 10°.
However, L. Bayha et al. realised in 2020 the phase transition from normal to superfluid
for only six atoms of SLi [43].
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Figure 1.4.: Vortices in a gas of fermionic %Li atoms on the BEC- and BCS-side of the
crossover. Stirring in the fermionic cloud followed by an equilibration leads
to the formation of vortices. The magnetic fields start in the BEC limit and
go to the BCS regime. They are given by 740 G (a), 766 G (b), 792 G (c),
812 G (d), 833 G (e), 843 G (f), 853 G (g) and 863 G (h). Taken from w

At the local university, the BEC-BCS crossover has been realised in the group of Ar-
tur Widera for °Li . Figure shows the realisation of the BEC-BCS crossover. This
setup allowed further investigations: Recently laser speckle potentials were taken into ac-
count to study localisation effects in the cloud of Li atoms. Therefore the impact of this
disorder potential on the measured column density, which denotes particle-number density
integrated in z-direction, was determined in the BEC limit .

1.3. Outline of Thesis

In this thesis, we set up the theoretical description for the corresponding ®Li BEC-BCS
crossover experiment, where we focus on the BCS limit. To this end, we consider a BCS
mean-field approach, which leads primarily to the evaluation of two self-consistency equa-
tions. This investigation is split into two major parts:

First, we consider the homogeneous case and in the next step, we introduce a harmonic
trapping potential in accordance with the experimental conditions. This gives us finally
the possibility to relate the data from the experiment to our theoretical results. Especially,
the experimental determination of both temperature and particle number is quite difficult.
Therefore, our theoretical investigations should help to specify these two quantities.

In chapter 2 we introduce a many-particle Hamiltonian to describe the interacting %Li
atoms. To solve this Hamilton operator approximately, a mean-field approach is intro-
duced, where we consider the Bogoliubov channel to treat the characteristic Cooper pairs
of the BCS regime. At this point the order parameter for superfluidity caused by the pres-
ence of Cooper pairs is taken into account. Finally the Hamilton operator is transformed
into the reciprocal space and diagonalised by a Bogoliubov transformation.

In mean-field theory the free energy becomes a function of the order parameter for su-
perfluidity. In order to reduce the impact of the order parameter on the free energy, the
principle of minimal sensitivity leads to an equation for determining the order parameter.
Since we are dealing with the grand-canonical ensemble, the corresponding condition for
the particle number leads to a second equation. Both equations for order parameter and
particle number denote the two self-consistency equations.

Chapter 3 investigates the two self-consistency equations for the homogeneous case. First
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Figure 1.5.: Optical density distribution of SLi from . Tuning the magnetic field
strength allows to control the scattering length ag according to the Fesh-
bach resonance . On the left side, we can see the bosonic side, where
fermionic %Li atoms form tightly bound dimers, which create a Bose-Einstein
condensate, whereas the right side is the fermionic regime with the BCS phase.
Both regimes are linked by the unitary Fermi gas, where the scattering length
goes to infinity. Especially, we can see that the Fermi pressure is more repul-
sive compared to the bosonic interaction, since the density cloud in the BEC
regime is narrower compared to the BCS regime.
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of all, the zero-temperature limit is considered. Thus, the dependence of order parameter
and chemical potential on the interaction strength is analysed perturbatively. This gener-
ates analytic approximations for both quantities in the BCS regime, which are compared
to the corresponding numerical results. Furthermore, as the temperature dependence is
important to obtain a possible thermometer for the experiment, the numerical investiga-
tion of the temperature dependence on chemical potential and order parameter is carried
out subsequently.

In order to adapt the theoretical considerations of the homogeneous Fermi gas to the
experiment, we use the local-density approximation (LDA) in chapter 4 to introduce the
harmonic trapping potential to our theory. Thus, we consider the two self-consistency
equations with the trapping potential. This allows us to determine the spatial behaviour
of the particle-number density based the particle-number equation, which is an exper-
imentally accessible quantity. Since we are interested in figuring out the temperature
dependence of the particle-number density, we start with the simple case of temperatures
above the critical temperature, where the order parameter vanishes. In this case, we
only have to evaluate one of the two self-consistency equations. From this analytic ex-
pressions for the particle-number density and the corresponding particle number can be
generated by using polylogarithmic functions. Additionally, in the superfluid phase, which
is characterised by temperatures below the critical temperature, we determine the spatial
dependence of the order parameter.

These results enable us to compare the theoretical particle-number densities with the
experimental ones. For this purpose, we compare the column density, which denotes the
simply integrated particle number density and is measured in the experiment, with our
theoretical expectations. First we empirically prove that LDA is appropriate to describe
the experimental data. In the theoretical evaluation of the column density we distinguish
between the superfluid and ideal Fermi gas to check the occurrence of superfluidity in the
experiment. Especially, we vary the particle number and temperature in our theory and
compare these results with the experimental data in chapter 5.

Chapter 6 summarises the results of this thesis and chapter 7 gives an outlook which
questions still remain open offering opportunities for future investigations.






2. BCS Mean-Field Theory

As pointed out in the introduction, considering 6Li atoms in the ultracold regime for
small negative scattering lengths, the condensation of Cooper pairs occurs, which allows
us to work out the BCS mean-field theory [17]. For the sake of simplicity, we restrict
us to the homogeneous case, i.e. we neglect any confining potential. To this end, we
consider the order parameter in form of the energy gap as a variational parameter, which
is appropriately determined from extremising the free energy. This leads to the self-
consistency equations, which specify both the energy gap and the chemical potential.

2.1. Mean-Field Approach

To set up a suitable theoretical description, we introduce the following second quantised
many-body Hamilton operator for fermions

i = /d3 { 3 e [—AL_ ]lﬁa(w)

o=11
+ g@(w)@(w)%(ﬂ?)%(w)}- (2.1)

It consists of the kinetic term with mass M, the chemical potential u as a consequence of
using the grand-canonical ensemble to fix the particle number. Here the first line describes
free fermions. The second part describes the contact interaction, which acts only between
spin up and down fermions due to the Pauli principle and whose strength is denoted by
g. A general anti-commutator for arbitrary field operators A and B

{A, B} = AB + BA (2.2)
leads in the case of our fermionic second-quantised operators to the following anti-com-
mutator algebra

{q,zc,(m), i ,(m')} = Spord(z — '), (2.3)
(@), borla’)} = {d1(@), 4l (2"} = 0. (2.4)

Looking at the interaction part of our Hamilton operator, we realise that this term is
quartic in the fermionic operators. Our final aim is to determine the free energy of the
Hamiltonian . This is analytically only possible for a Hamilton operator, which is at
most quadratic in the field operators. Consequently, we have to reduce our problem to a
second-order one. Therefore we introduce a mean-field approach, which allows us to treat
the fourth-order term by second-order terms [46]

IOy & (W) g + @Iy (@led)) — (@) (e
Hartree channel
—(p )b — Pl Ty + (laby) (o)
Fock channel
HLD DYy + PIP] (yady) — (L) () (2.5)

Bogoliubov channel

11



CHAPTER 2. BCS MEAN-FIELD THEORY

Here the first line contains the normal particle-number expectation values in the Hartree
channel, the second part describes the anormal particle-number expectation values in the
Fock channel and lastly the anormal pairing expectation values in the Bogoliubov chan-
nel.

We derive this second-order approximation by considering all possible combinations of
second-order terms following from the initial fourth-order term. According to the rules of
combinatorics, this results in (4—1)! = 6 possibilities for our second-order terms. However,
this raises the question about the third term in each channel. This term guarantees that
the right- and left-side of the equation are equivalent under the formation of the expecta-
tion value. The different sign of the Fock channel is a consequence of the anti-commutator
algebra .

An appropriate physical description for the Cooper pairs is given by the Bogoliubov chan-
nel. Consequently, we will plug in only this term to our Hamiltonian to set up our
mean-field description

H ~ Hyp = /d%{ Z 7&;(33)[— ;;AL - M}l/}cr(w)

o="T,
. . . . A*A
FAM (@) (@) + A (@)](@) - = } (26)
with the order parameter for pairing
A = gy (@) (x)) (2.7)
A" = g(il (@) (). (2.8)

This order parameter allows to describe the possible phases. The case A = 0 describes
the normal Fermi phase and the non-vanishing case A # 0 denotes the superfluid phase
with the formation of Cooper pairs. However, we introduce in , an expectation
value, which is not yet defined. In the following, we have to determine this expectation
value self-consistently.

Hence, we introduce the partition function

Z = Tr{e_ﬁﬁ}. (2.9)

Since our Hamilton operator (2.1 is not solvable as explained above, the idea comes up to
introduce our mean-field approach into the partition function due to the following identity

7 = Tr{e Plive+(H-Hp)l L, (2.10)

Assuming that our mean-field approach estimates the initial Hamiltonian appropriately,

the difference between the mean-field and the original Hamiltonian is small, so a per-

turbative treatment of the partition function is justified. In Appendix A we derive the
mean-field approximation of the partition function (A.34)

Zyp = Tt {e—ﬁﬁMF} . (2.11)

Thus, we neglect in the following fluctuations and restrict ourselves to the mean-field
theory. The general relation between free energy and partition function is given by

F- —;mz. (2.12)

12



CHAPTER 2. BCS MEAN-FIELD THEORY

Therefore, we obtain for the mean-field free energy
1
Fur = _B In Zyip. (2.13)

Regarding the expansion of the free energy (|A.42), we have performed a finite truncation
of this series after zeroth order. As the full free energy F' does not depend on the order
parameter, truncating the expansion of the free energy at the mean-field level yields a
function, which depends on the order parameter. To minimize the impact, we apply the
principle of minimal sensitivity [47./48|, yielding the extremalisation condition

OFvr(A,AY)  OFwr(A,AY)
N _ oA —0. (2.14)

Thus, the order parameter becomes in this way a variational parameter. The implemen-
tation of this extremalisation condition

OFwr(A,A%) 1 1 [@e—ﬁHMF] <6HAMF>
Tr -
MF

OA* " B Zur OA* OA*

=—@um¢mme+§ (2.15)

determines the order parameter

A = gy (@) (2))np- (2.16)

Comparing (2.7) with (2.16) fixes the expectation value as the mean-field expectation
value

(o) = (®)mF, (2.17)
which is given by

Tr{oefﬁgMF}

2.18
T (2.18)

(@)nF =

2.2. Bogoliubov-Transformation

In order to diagonalise the Hamiltonian (2.6), we introduce a Bogoliubov rotation. First
of all, we transform the Hamilton operator to the reciprocal space. For this purpose, we
consider the Fourier series of our second quantised fermionic operators

. 1 _— ) 1 ik
Vo (x) = ﬁ Ze’kwakﬁ, apo = ﬁ /dee kwwg(cc), (2.19)
k
- 1 . 1 A
i@ = =S el o, = [@ail@), )
k
which fulfill the corresponding commutation relations
{dk,0'7 dk’,a’} = {d1,;370'7 &LI a’} =0, (221)

{inos iy} = G000 1 (2.22)

These new fermionic operators lead to the Hamilton operator

) 4[R2k e b A2
Hyp =)\ Ghgliko |5y — 1| + A%k g+ Ay pal e gp — Ve, @®)

13



CHAPTER 2. BCS MEAN-FIELD THEORY

by using the relation
1 . ’
V /d3x€Z(k_k )z = (5k’k/. (224)

After transforming our Hamiltonian into Fourier space, we diagonalise the Hamilton op-
erator finally with a Bogoliubov transformation

Gk = upipy — vpa! g, af = upal, — via_g), (2.25)
B = upt_py +vpaf, Bl = ukal . + viakr (2.26)
by postulating the fermionic commutation relations for the new operators
{dk, ka} — {aLﬁ,t} —0, (2.27)
{@L, ka} - {ak,B}c,} — 0, (2.28)
{dk,dL} = {Bkﬁ;} = Op - (2.29)

From (2.29) we deduce the condition
Jug|? + |og|* = 1, (2.30)

so that the transformation is canonical. This allows to invert ([2.25), (2.26) and leads to
the representation of our previous operators with the new Bogoliubov operators

Gry = upan +oRBl,  al, = wkdl + vi B, (2.31)
il = —viw +uRBl, gy = —vkdf + uiBr. (2.32)

Plugging this relation into (2.23), we derive a sufficient condition

2¢ (k) ujpvp, — A*up? + Avg2 =0 (2.33)
with the free dispersion € (k) = h; Ak; — 1, in order to achieve a diagonal shape of the

Hamilton operator. Because of the U(1) symmetry in (2.33), it is sufficient to proceed
with the absolute values of ug, vp and A. Additionally, considering the two constraints
(2.30) and (2.33), the amplitudes of the Bogoliubov transformation become fixed

1 k
w= |5 L )N (2.34)
€ (k) 4+ A2
1 k
w= |5 (1~ ¢ (k) (2.35)
e (k)? + A2
From this, we derive a diagonalised Hamiltonian
e = Y E (k) {alax + BL3k} + Fo (2.36)
k
with the Bogoliubov dispersion
E(k) = /e(k)? + A2 (2.37)
and the ground-state energy
A2
Ey = v? — Y [E(k) - e(k)] . (2.38)

14



CHAPTER 2. BCS MEAN-FIELD THEORY

2.3. Self-Consistency Equations

Now we consider the statistical properties which can be derived from the mean-field par-
tition function, with the aim to fix the order parameter and the chemical potential.
Therefore, we start with our initial second-quantised mean-field Hamiltonian and de-
termine the particle number as a derivative of the free energy with respect to the chemical
potential

 OFur(A, A7)

N =
ou ’

(2.39)

since we are dealing with the grand-canonical ensemble. Accordingly, this equation is
referred to as the particle-number equation. A second condition is given by the principle
of minimal sensitivity , which gives rise to another relation , known as the
order-parameter equation. Consequently, we need to choose chemical potential y and gap
parameter A to fulfil both equations and at the same time.

Using the dependency between mean-field free energy and mean-field partition function
(2.13), we calculate the partial derivative of the partition function

87 OH : b ()4 1
82” = —ﬁTr{alZ/[Fe_ﬂHMF} - —5; / d%Tr{wi,(w)wa(w)e‘BHMF} (2.40)

and obtain for the particle-number equation ([2.39)

COFwr 1 1 0Zwr _ 5 b s
= 5 g = 2 e @ @ @

N =

Hence, the particle-number density is given by the pair-correlation function
n(x) =Y (W (@)do (). (2.42)

Finally, the self-consistency equations are both represented in terms of pair-correlation
functions. Since we have two equations (2.16) and (2.41) for two unknown quantities, this
problem is well posed.

We can evaluate the pair-correlation functions (2.16]) and (2.42)) in the case of the fermionic
Bogoliubov operators (2.25), (2.26). To calculate the mean-field expectation value of the
pair-correlation functions, we have to introduce the trace for the Bogoliubov operators

Tr{e} = [] 21: Zl: (H ,cmkﬁmka,nkﬁ\).( I1 ynka,nkmmkﬁ). (2.43)

kaskp ke =0mk =0 ko kg ka.kp
In this definition 7, = d};dk and Ny, = BLBk denote the quasi-particle number operator
of an individual state k., kg. The particle number for an individual state ng,,, ng, can
be either zero or one due to the Pauli principle for fermionic operators.
Additionally, we use the diagonalised mean-field Hamilton operator to get the cor-
responding mean-field partition function

B

Inp = e—,@EoTr{e—ﬁ Sk E(k)(&kdwﬁmk)} — ¢ BEo H [1 4 e—ﬁE(k)} 2 (2.44)
k
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CHAPTER 2. BCS MEAN-FIELD THEORY

Consequently, any mean-field expectation value can be evaluated in a similar way. Thus,
we derive an expression for the order parameter (2.16)) in terms of the amplitudes ug, vk
of the Bogoliubov transformation

A Ry, (6*56’c — 1)
— = . 2.45
and analogously for the particle-number density (2.42)
|ok? + |ug[*e P
nzzz{ e : (2.46)
k

Finally, we plug in the Bogoliubov amplitudes (2.34), as well as (2.35), and derive for the
order-parameter equation

[\)

1 tanh (gE(k))
E

0=A|>+=) "

(2.47)
4 k

Q

and analogously for the particle-number equation

n= ‘I/Zk: {1 - ;((’2) tanh <§E(k)> } . (2.48)

In the following, these two equations have to be calculated simultaneously to determine
both the chemical potential and the order parameter.

16



3. Homogeneous Fermi Gas

The self-consistency equations and , which we introduced in the previous
chapter, determine the order parameter A and chemical potential u, respectively. In the
present chapter we solve these self-consistency equations for a homogeneous Fermi gas. In
the following, we calculate at first the solution analytically for the special case T — 0 and
present then a detailed numerical solution at finite temperature.

3.1. Renormalisation of Contact Interaction

Since we are taking into account a large number of particles in an infinite volume, which is
implied by the homogeneous Fermi gas, the simultaneous limits N — oo and V — oo are
justified. Consequently, we are working in the thermodynamic limit, where the particle-
number density is supposed to be finite

N

Thus, the k summation is approximated by an integration [49] according to
1 Z _ / ﬂ (3.2)
Ve (2m)3 ’

and the self-consistency equations (2.47) and ([2.48)) reduce in the non-vanishing case of
the order parameter for the order parameter itself to

(3.3)

9 433 tanh [QE(I@)}
-/ 2

~ ) @nE E(k)

and analogously for the chemical potential to

n = / ((213;3 {1 - ;((’Z)) tanh [gE(kz)} } (3.4)

Investigating the equation for the order parameter , we detect an UV-divergence.
In order to treat this problem, the contact interaction with its bare interaction strength
g needs to be renormalised. Considering scattering theory in the context of many-body
physics, the renormalisation is given by [50./51]

1M / &k M
g Amh2a (27)3 2K%’

where as denotes the s-wave scattering length. Inserting (3.5) in (3.3]), we obtain the
renormalised gap equation

(3.5)

M _/ &r [ onr tanh[QZE(k)} .

orh2a, | (2m)3 | i2k2  E (k)

17



CHAPTER 3. HOMOGENEOUS FERMI GAS

The substitution & = h2k? /2M uses the symmetry of the integrand in order-parameter
and particle-number equation, that allows us to treat the three-dimensional integral as a
scalar energy integral for both self-consistency equations. The equation for the particle
number becomes

=2 (o) [t (st )

and analogously in the case of the order parameter

1 tanh (’g (e — p)? + A2 >

3
M 2 M \2 [
2rhlas /7 (27Th2> /0 deve e (e — p)* + A2 ' (38)

In the next section, we will evaluate both equations for the zero-temperature case analyt-
ically with appropriate approximations and moreover numerically.

3.2. Low-Temperature Limit

Analysing both self-consistency equations (3.7) and (3.8), we see that the temperature
dependence occurs in the tanh-function and is contained in 5 = 1/kgT. The tanh-function
can be represented by the exponential function

2

tanhx =1 — m

(3.9)
Thus, we can split the temperature-dependent part of the self-consistency equations from
the temperature independent one. Accordingly, considering the low-temperature regime
T — 0 follows

- B TIAT)
%1£n>(]tanh(2 (e—p)2+A2%2) =1, (3.10)

since the second term of containing the exponential function vanishes.
Consequently, we plug in this relation into both self-consistency equations and
to derive the zero-temperature limit. To simplify the numerical and analytical evaluation
of the integrals, we introduce dimensionless quantities and scale our energies in units of
the Fermi energy

€ ~ A 1

== A= p=- 3.11

Therefore the equation for the order parameter simplifies to the dimensionless form

1 2 [ 1 1
— = / devE | — : (3.12)
askp T Jo € (5_/])2 A2

likewise the equation for the particle-number

;l:/ devE [1- ———L | (3.13)
0 (- fi)* + A2

Since we are interested in an approximative analytical evaluation of the self-consistency
equations in this limiting case, we perform several transformations in the following.

18



CHAPTER 3. HOMOGENEOUS FERMI GAS

3.2.1. Transformations

The approach is based on the procedure in [52]. First of all, introducing the substitution

E=uax\/ 2+ A2 (3.14)

follows for the order-parameter equation

2 T
2V + A2 — —_— 1
askF 0 - / de [ Va2 — 2t + J (3:.15)

and for the particle-number equation

_ A2 / dxf[ \/%HJ (3.16)

Here we have introduced as an abbreviation the parameter

B
Vi A

which fulfils the condition |¢| < 1. In the following, it is necessary to establish a dependence
between the parameter ¢t and the s-wave scattering length ag, which fixes the parameter
for a given scattering length. Order parameter A and chemical potential p will then
both be represented as functions depending on this parameter ¢t. Consequently, we are
able to determine the order parameter A and the chemical potential u for a given s-wave
scattering length as.

In order to achieve this goal, we introduce the second substitution

t= (3.17)

1—u?
xr = =) (3.18)

which follows for the equation of the order parameter

1 2 ~ & 1 —ut
_ V2 Vi + A2/ du - (3.19)
askp T 1 Vu? —1yu—t

and similarly for the particle-number equation
4 1 2 Vur -1
Sk o VY / a1 (3.20)
3 V2 1 vu—1

Performing subsequent a third substitution

v=vu—1 (3.21)

yields the transformed order-parameter equation

1 f i 1— ¢ t
(2 + A2 dv , (3.22)
askp N m \/7}2+1—t
as well as the particle-number equation
8 21—t 1 1—¢2 2t
V8 _ Vi + A2 / dv - =+ . (3.23)
3 0o VP2 |[VPH1l-t 2 rl—t Volt+l-—t
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Finally, the fourth and last substitution

2

- .24
i v24+1—t (3.24)

yields for the equation of the order parameter
1 24/ 5 & 144 1+t
= —1/ AZ |2E — | - K —
ake A VAT (\/ 2 V2
as well as for the particle-number equation

1 1+t 1—t 1+t
4ﬂ2+A23—tE<,/ : >+ 5 K(,/ 5 ) (3.26)

Here we substituted the elliptic integrals of first- and second-kind, which are introduced
in detail in the appendix [B.1.

(3.25)

3.2.2. General Theory with Elliptic Functions

Taking into account the representation of both self-consistency equations with elliptic
integrals, we can combine the equation for the order-parameter with the particle-
number equation and derive in this way the desired relation between the parameter
t and the scattering length ag

L mUE)NGE)

) e (V)]

In the following, this relation is used to calculate numerically ¢ for a given scattering
length as. In the next step, we represent the chemical potential and the order parameter
as function of ¢. Using the initial definition of the parameter ¢ in and the particle-
number equation , we derive the desired relation for the chemical potential

filt) = ! (3.28)

o (5 )+ ()]

and also for the order parameter

wlro

A(t) = vi-¢ : (3.29)

(5 )+ ()]

Since the parameter ¢ is fixed by the s-wave scattering length as due to , we are able
to calculate chemical potential and order parameter as functions of the s-wave scattering
length based on (3.28) and (3.29). This allows us to analyse the behaviour of these two
quantities within the BCS regime of the crossover, which is characterised by 1/askr < 0.
Although the analytic representation by elliptic functions seems to be quite elegant at first
glance, there is still the problem that these functions can only be evaluated numerically.
Motivated by the limiting case A — 0, which is present especially in the deep BCS limit
1/askr < —1, we can introduce a perturbation theory for small interactions.

W
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3.2.3. Perturbation Theory for Small Interactions

Since we are looking for an analytic expression of order parameter and chemical potential
depending on the scattering length ag to highlight fundamental relations, we evaluate the
equations, which we derived in the previous subsection, in terms of perturbation theory.

In the limit of small interactions, we have A — 0 which implies ¢t — 1 due to (3.17).
In order to perturbatively evaluate the elliptic integrals, the introduction of the new pa-
rameter

r=1-t (3.30)

leads to expansions for both the first- and the second-kind elliptic integrals, respectively,

E< % > =14= g (ln2 InT — 1)1+ O(7?), (3.31)
T 5 1 9
K B f71n2—71n7+ﬁ(51n2—2 In7) 7+ O(79), (3.32)

as follows from the summation formulas shown in the appendix - B.7) and - These
expansions are used to introduce a perturbative representation of the inverse s-wave scat-
tering length (3.27)) in powers of 7
1
askp

= f(r) = fo(r) +7fi(1) + (9(7'2), (3.33)
where the zeroth-order term reads
5 1
fo=2—-In2+ -Inr (3.34)
2 2
and the first-order term is given by

1
[B4+5In2(5n2—-4)+In7(4—-10In2+In7)]. (3.35)

=15

This expansion yields a perturbative result for the parameter 7, which is plugged into the
equation for the chemical potential as well as for the order parameter leading
to a perturbative result after an additional expansion. For this purpose, we use in
order to write the order parameter in terms of the new parameter 7

Ar) = irvar 2 (3.36)
and the chemical potential follows similarly from (3.28)

1—71

fi(r) = . (3.37)

2
[(1-mE(V3) + 2K (VI)]?
First, we start with calculating the zeroth-order result for 7, which follows from

and (3-3)

32 T
To = — eXp <2askF)' (3.38)
Expanding the chemical potential (3.37) yields
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Figure 3.1.: Dependence of the parameter 7 from 1/agkrp. The perturbative results 7y in

(3.38) and 671 in ([3.42)) are represented along with the numerical evaluation
following from ([3.27).

and for the order parameter (3.36) we obtain

Ao = A(rp) = %exp <2a:kF). (3.40)
The zeroth-order formula for the order parameter was already derived in Ref. [53].
A first rough estimate about the quality of our perturbative result can be deduced from
the fact that in standard BCS-theory for zero temperature [10], the chemical potential co-
incides with the Fermi energy, which is equivalent to the above result . To achieve an
even better agreement with the full numerical evaluation, we can expand our perturbation
theory up to first order. We now prepare the respective results from zeroth- and first-order
perturbation theory graphically and compare them with the numerical evaluation.

For the first-order result, we start from our zeroth-order result of the parameter 7 and
consider a small correction d71. As the In-function often appears in connection with the
parameter 7, compare with 7, it is appropriate to introduce the Taylor series
assuming d1; — 0

In(rg+ 1) =Inmy + 572 +0 [(57’)2} . (3.41)
0

With this, we derive from expanding (3.33)-(3.35) up to first order the previously moti-

vated first-order correction

2askp

T 924 2n2—ilnm—L[3+In2(lnm — 16 —5In2)]| 7
5y = 2 21170 ~ 16| (oo T (3.42)

270

i—i—%[7+51n2(51n2—6—21n7’0)+ln7‘0 (Ing + 6)
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Again we can plug in this correction into the chemical potential (3.37) and expand up to
first order

1
a(T) :1+6[IHT0_51112_2] 0

(Inmo—1—5n2)6m + O [(571)2] (3.43)

=

_l’_

and analogously for the order parameter ([3.36)
- 3
A(r) = V2 [1 + % (Inmo—2—51In 2]) <1 + 4TO> (3.44)

143 V2
+{2+ %(1117’0 —2— 51112) <\/27’0+ \_/‘_%0> + 67—0 (lnT() -1 —51112) <1 + iT{)) }(57’1.

To determine the quality of the perturbation theory in zeroth- and first-order, we compare
the results with the numerical evaluation. Therefore the parameter ¢ is calculated numer-
ically from and is then plugged into the expression for chemical potential
and order parameter . Thereby, the occurring elliptic functions are also evaluated
numerically.

Considering the evaluation of the parameter ¢ in Figure [3.1} we see in the BCS-regime
for 1/askr < —1 that the perturbative solutions agree well with the exact numerical eval-
uation. Passing to the unitary regime, the perturbative solutions start to deviate from the
numerical result. However, we see that the first order agrees better with the numerical
result. Here, the deviation becomes obvious for the regime 1/askr < —0.5. In the unitary
regime, the perturbative results overestimate the exact numerical result. Hence, we expect
a similar behaviour for the chemical potential and the order parameter.

In Figure |3.2] we see that a larger attractive interaction reduces the chemical potential.
The zeroth-order perturbative result for the chemical potential agrees with the numerical
evaluation only in the deep BCS regime for 1/askr < —2. The first-order achieves a higher
agreement up to 1/askp < —0.5.

The order parameter is increased by a larger attractive interaction, as we see in Figure 3.3
The quality of the approximation behaves similar, the zeroth-order result shows agreement
up to 1/askp < —1.5, then it starts to overestimate the order parameter. Unfortunately,
in this case the first-order result agrees not much better, it leads to an improvement up
to 1/askrp < —0.5, but then it fails completely. In summary, considering our perturba-
tive results, we have seen that the zeroth-order leads to an appropriate approximation
in the deep BCS-regime, whereas the first-order allows us to treat the quantities up to
1/askp < —0.5 perturbatively.

To get further insights of the physical meaning of the order parameter, we take into
account the condensate fraction

3
M2 s p

no

which has been calculated for the zero-temperature limit by Salasnich et al. in Ref. [54].
An increasing of the order parameter caused by stronger interactions leads to a higher
condensate fraction, as it is depicted in Figure|3.4
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Figure 3.2.: Chemical potential in the zero-temperature limit as function of 1/agkrp. We
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Figure 3.3.: Order parameter in the zero-temperature limit as function of 1/askp. Again

where ¢ is fixed by (3.27).

we show zeroth-order (3.40)), first-order (3.44) and numerical evaluation (3.29)
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Figure 3.4.: Condensate fraction from (3.45) as function of 1/askp. Similar to the be-
haviour of the order parameter, which is depicted in Figure [3.3) stronger
interactions lead to a higher condensate fraction.

3.3. Temperature Dependence

After we have dealt in depth with the zero-temperatures limit, we focus now on the
temperature dependent behaviour. Especially, we deal with the impact of the temperature
in combination with the s-wave scattering length upon both the order parameter and the
chemical potential. Again, we introduce dimensionless quantities in units of the Fermi
energy (3.11) and extend them by the inverse thermal energy

p = PEw, (3.46)

which we also consider in units of the Fermi energy. Consequently, we derive for the
particle-number equation ([3.7)

gz/ooodéﬁ 1-— cn tanh( (~—g)2+A26) (3.47)

s —/Ooodé\@ é_ (3.48)

askp B

Analysing both expression, we detect a divergent term for € — oo in the particle-number
equation, as well as a divergent term for ¢ — 0 , which make a numerical treatment
unfeasible at first glance. However, performing a partial integration allows us to get rid
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of the divergences in both cases. This leads to the completely convergent form of the
particle-number equation

and likewise for the order-parameter equation

™ - o] ~ \/E . . B - — _ é
2askp_/0 ds\/m3{(u + A —pz—:)tanh( (6 —h) —|—A22)

cosh? ( G-+ AQS) (3.50)

Despite the introduction of dimensionless quantities, the fundamental problem remains un-
changed: Order parameter A and chemical potential 1 have to be chosen self-consistently
to fulfil both equations at the same time. As we already did in the zero-temperature case,
the idea is to perform an appropriate substitution, which deletes one quantity in one of
the two-self consistency equations. Analogously to our procedure in the zero-temperature
case, we want to eliminate the chemical potential in the order-parameter equation. For
this purpose, we introduce an additional substitution

5 A

= — =—, b=}l 3.51

As a result, we extract the p—dependency from both integrals. Depending on the sign of
the chemical potential, we determine the sign within the integral. This is not associated
with any major restrictions, since we have always a positive sign in the relevant BCS limit.
Thus, we derive for the particle-number equation

u—[/ \/—{c%anh (€T 1) 42)

E-D2VEF +E ||
e )R
cosh < EF1)2+ C22>

wl=

and analogously for the order-parameter equation

Ve
=V | ey

(14 ¢* F€) tanh ( (EF1)2+ ng)

2aS

L0 EEFDVEFD+ ¢
2 ot (VET D7 7 1)

(3.53)

At this point, the advantage of the previous substitution becomes obvious:
We can plug in the chemical potential from the particle number equation (3.52) into the
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Figure 3.5.: Plot of order parameter ¢ as function of dimensionless s-wave scattering length
1/askr for various b from , which contains the particle-number equa-
tion , represented in dimensionless quantities (3.51). The orange dot-
ted line shows the perturbative behaviour according to to in the zero-
temperature limit.

equation for the order parameter 1

2 2

b (€—1)2V(EFD2+ 2 }]

W=

_1_7

? cosh? (x/ (€F1)°+ <2S)

(1 +¢2F {) tanh ( (EF1)2+ C2127>

/ ¢ V€ .
0 (-1 +¢

b EEF)VEF PO
2cosh2( (§$1)2+C2%)

This allows us for a given b to calculate the corresponding (, as it is depicted in Figure
From the relation between b and the inverse thermal energy [ , we are able
to calculate the corresponding temperature T, since the particle-number equation
provides the chemical potential. As a result we obtain the temperature dependence of the
order parameter in Figure where we see that the order parameter decreases for larger
temperatures and vanishes at the critical temperature. This can be physically interpreted
as increasing the thermal energy causes the breaking up of Cooper pairs. Since the num-
ber of Cooper pairs and the order parameter are linked, as we have from the condensate
fraction and the corresponding Figure in the zero-temperature limit, we can
conclude that a decreasing of the condensate fraction lowers the order parameter.

(3.54)

27



CHAPTER 3. HOMOGENEOUS FERMI GAS

________ N L
0.20 . a2
N L
\ =-15
\A
0.15 \
\
\
« \
\
S
30100 — \
\\ \
\\ \
\\ \
\\ l
\\ ‘
0.05 ! i
\ I
\I l
| i
t i
: !
0.00 ' L

0.00 005 0.10 0.15 020 025 0.30
1/TF

Figure 3.6.: Plot of the order parameter A following from the dimensionless quantities in-
troduced in under consideration of the two equations (3.52) and (3.54).
The order parameter is shown in units of the Fermi energy for several s-wave
scattering lengths, located in the BCS regime.
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Figure 3.7.: Plot of chemical potential in units of the Fermi energy as function of temper-

ature. Again the chemical potential is solved self-consistently from (3.52) and
(13.54).
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The temperature dependence of the chemical potential, which is represented in Figure
turns out to be more involved: Up to the corresponding critical temperature for a
given s-wave scattering length ag, the chemical potential increases. Since the breaking up
of the Cooper pairs increases the internal energy in the system, the chemical potential
increases also up to the critical temperature. This is based on the early observation of
Cooper himself, that Cooper pairing is characterised by an energetic favourable state of
two electrons [9]. Above the critical temperature, the superfluid phase vanishes and the
Fermi gas behaves like an ideal Fermi gas. Consequently, the chemical potential decreases
for higher temperatures.

In particular, we have seen in this chapter that the critical temperature is of central
importance. Therefore, we determine its behaviour as a function of the parameter 1/askp
in the next section.

3.4. Evaluation of Critical Temperature

In order to determine the temperature dependence of the order parameter and the chem-
ical potential it is essential to know, in which temperature regime the order parameter
vanishes, as we have seen in Figure and To calculate the critical temperature T,
we deal with the order-parameter equation and consider the limiting case of vanish-
ing order parameter.

The order-parameter equation for temperatures above T is trivially solved by the case
A = 0. However, since the order-parameter equation has to be fulfilled also in the limiting
case T — T, setting A = 0 in the order-parameter equation yields the critical
temperature

L Ve
2asky 4 Jo cosh? (]f = 1]%)

d F h Fll—=] - ]
8 /0 £|§:F1|3 (1 {)tan ‘g 1| 2 2 COShQ (‘é- 1‘b2c) ’ (3 55)

which includes the temperature dependence in the inverse thermal energy [, where the
chemical potential follows again from (3.52)) for ¢ = 0. Assuming the limiting case of low
temperatures T — 0, as well as

Er >> kBTC (3.56)

we obtain for the critical temperature an approximative result, as it is shown in the
appendix [B.2

8 v T
l —_ —— l .
C= xe2 PP <2askp) (3:57)

with v = ¢“, where C' denotes Euler’s constant, see also [35]. An improvement of this
result, is the semi-numerical solution, which is solved self-consistently

7o = 81T (2 hm ) (3.58)
s

me? kg 2Mu(Ty)
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Figure 3.8.: Illustration of the critical temperature Tc. The numerical evaluation is eval-
uated from (3.55) and the semi-numerical result in (3.58), as well as the ap-
proximation from (3.57).

with the temperature-dependent chemical potential from for the limiting case { — 0.
To evaluate the quality of the approximation, we compare this result with the numerical
evaluation of . Analysing the behaviour of the critical temperature in the deep BCS
regime given by 1/askp < —1 according to Figure we observe that the approximation
formulas agree with the numerical behaviour from with high agreement. The semi-
numerical approach shows a high agreement with the numerical result even further up to
1/askp = —0.5. Additionally, considering the plot of the critical temperature by Sa de
Melo et al. [37], which was shown in the introduction in Figure we can conclude from
our results that the curve shown therein, which diverges in the BEC limit, coincides to

our numerical evaluation.
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4. Harmonic Trapping Potential

As motivated in the introduction, we work out here the theory for a corresponding 9Li
experiment. Considering the experimental setup, the atoms are trapped in a harmonic
trapping confinement. Consequently, we have to introduce a tri-axial harmonic trapping
potential

M
2.2
V(x) = > Zwi x; (4.1)
i=1
to our theory, where w; with ¢ = 1,2, 3 denote the respective trap frequencies.

According to the initial Hamilton operator , it would be possible to add the trap-
ping potential as a further term to the free fermionic part. However, this causes
major difficulties, since the transformation into the reciprocal space, which is necessary
for the diagonalisation of the Hamilton operator, is then no longer possible. Therefore,
we are searching for the most elegant way to introduce the trapping potential at least
approximately to the self-consistency equations. This leads us directly to the local-density
approximation (LDA).

4.1. Local Density Approximation

The assumption of the local density approximation is a slowly varying trapping potential
compared to a single-particle wave function, which allows us to approximate locally the
density of states with the homogeneous case [55]. Consequently, the spatial-dependent
chemical potential

w(@) = u—V(z) (4.2)

is introduced to the above self-consistency equations for the homogeneous Fermi gas [56].
This rises the question, which condition has to be fulfilled to apply this approximation. In
order to apply LDA, the relevant energies have to be small compared to the single-particle
oscillator energies

w < hw. (4.3)

As we have already seen, the chemical potential is of the order of the Fermi energy. In
the next chapter, we will check this condition explicitly for the ideal Fermi gas in the
zero-temperature limit.

We will now adapt the procedure of the homogeneous Fermi gas to that of the harmonic
confinement within LDA and investigate various limiting cases, as well as evaluate the
entire self-consistency equations finally numerically.

4.2. BCS- and BEC-Limit at Zero Temperature

In the beginning, we motivated the BCS theory on the basis of the BCS-BEC crossover.
This rises generally the question in which limiting case the cloud becomes larger. There-
fore, we will set up an excursion on the BEC regime.
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4.2.1. Zero-Temperature Limit for Ideal Fermi Gas

Considering the particle-number equation (3.4)) for the limiting case ' — 0 and neglecting
interactions, the order parameter vanishes and we describe an ideal Fermi gas. To this
end, we introduce the Heaviside step function [57]

©: R—{0,1}
x»—>{0: z<0 (4.4)
1: >0

and obtain for the particle-number density

n(x) = 2 / (gi’; o (M _ 22]\"’; _ V(x)> . (4.5)

Here the prefactor two follows from the presence of spin up and down fermions, which
are energetically degenerate. Dealing with a gas of fermions for which the Pauli exclusion
principles applies, the energetic states in reciprocal space are filled up from k = 0 up to
the boundary wave vector |k| = kp. The states lie within a sphere, which is called the
Fermi sphere [51]. Consequently, the integration in the particle-number density can
be performed using this spherical symmetry. This yields

1 ke (@) 2 k%(w)
with the corresponding Fermi momentum
2M
kp(x) = \/hQ [ =V ()], (4.7)

which becomes spatial dependent due to the local-density approximation. Especially, we
can conclude that the Fermi momentum in the center of the trap is equal to the one
of the homogeneous case. Analysing the equation for particle-number density and
the Fermi momentum , we see that the fermionic cloud is bounded, since the Fermi
momentum vanishes for y = V(xr) with r1r; = T rre;, where rry; denotes the Thomas-
Fermi radius. Consequently, we obtain an expression for the Thomas-Fermi radius in the
zero-temperature limit

2ER
TTF,; = W, (48)

7

where the chemical potential p is equal to the Fermi energy FEr, because of the zero-
temperature limit and the index ¢ denotes again the associated direction. The Fermi
energy Er is determined from the particle number N. Performing a spatial integration of
the particle-number density

N = /d3x n(x) (4.9)
fixes the Fermi energy

By = his(3N)3 (4.10)
with the geometric mean of the trapping frequencies

O = Ywpwyw,. (4.11)
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Therefore, we obtain for the Thomas-Fermi radius (4.8) finally

rrpg = V2(3N)E - (4.12)
wj
with the oscillator length
h
l= : 4.1
Mo (4.13)

Thus, the condition for applying LDA (4.3) can be checked: Regarding our system of
harmonically trapped fermions in the zero-temperature limit, we identify p with (4.10)
and the condition (4.3) simplifies to

Wi
/3N wwyw,
Consequently, we can see that for an aspect ratio of 7, like it is present in the corresponding

experiment |44, and large particle numbers 10° — 107, the application of LDA is justified,
since ——2i—— < 0.07.

w?’/ 3Nwzwywz

<1. (4.14)

4.2.2. Interacting Bose Gas at Zero Temperature

To investigate the behaviour in the bosonic regime, we have to make a digression: The
description of the BEC is based on Gross-Pitaevskii equation [58]

I vlet) = [ A+ V@) vlat) + gl e, (@419
which has the stationary solution
D@, t) = p(a)e i (4.16)
leading to the time-independent Gross-Pitaevskii equation
wbla) = [~ 84 V(o) (@) + anlu(e) @), (@17

As the s-wave scattering length between the SLi-molecules of about 4000 ag is much larger
than the s-wave scattering length of atomic BECs, which are of the order of 100 ag, we
have to apply the Thomas-Fermi approximation. Thus, we neglect the kinetic energy in
comparison with the potential and the interacting energy in and the differential
equation simplifies to an algebraic equation:

p—V(x)

[Yre(2)]* = nre(z) = (4.18)

9B

The positivity of the density (4.18) implies the condition
p— V() > 0. (4.19)

This restricts the coordinates @, where the condensate wave function is non-vanishing.
Similar to the BCS limit, the chemical potential is fixed by the particle number and
follows from

1 M,
Np = — /d3x w— =B wiz?| . (4.20)
9B
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The density cloud describes also here an ellipsoid. To simplify our procedure, we perform
a coordinate transformation from an ellipsoid to the unit sphere via

Mpw?

The condition (4.19)) thus simplifies to the dimensionless form

> oy, (4.22)
i:%y,z
which fixes the chemical potential

2 2

155 (aBNp\ 3

g 102 (asNB e (4.23)
2 \ Ig

where w = 3/u,wyw, denotes again the geometric mean of the trapping frequencies and
Ip the oscillator length from (4.13) with the respective quantities in the bosonic case.
Consequently, we obtain the Thomas-Fermi radius

1
BN 5
rBEC — 153 (as B) Yls. (4.24)

This allows us to compare the Thomas-Fermi radius in the BEC (4.24) with the corre-
sponding one (4.12) in the BCS limit.

4.2.3. Comparison between Fermionic and Bosonic Limit

Generally, the question arises, which limiting case has the larger particle cloud. Consid-
ering cold atoms cooled down to quantum degeneracy in the fermionic limit, the Fermi
pressure determines the size of the particle cloud, whereas in the bosonic limit the re-
pulsive interaction between individual bosons defines the size of the cloud. Therefore,
the Thomas-Fermi radius becomes a function of the interacting strength given by s-wave
scattering length . For this purpose, we need to relate the quantities from the BEC
to the corresponding quantities in the BCS limit. Since, the Li atoms form molecules
the particle number is halved Ng = N/2 and accordingly the mass is doubled Mp = 2M.
Furthermore, the s-wave scattering length needs to be adjusted a = 0.6a [59]. Regarding
positive s-wave scattering lengths in the BEC limit, we determine the ratio between the
Thomas-Fermi radius in the bosonic limit and the BCS limit

BEC 1
TTFR,; 3 5
AEL Zagke ), 4.25
T'TF,; (64@S F) ( )

which is spatially independent and is shown in Figure In the unitary regime char-
acterised by ag — oo the cloud starts to become smaller than in the fermionic limit and
finally in the deep BEC regime ag | 0 the cloud is half as large than in the fermionic limit.
Especially, the smaller cloud in the deep BEC regime compared to the BCS regime can
already be observed in the experimental density plots shown in Figure with the bare
eye.

4.3. Interacting Fermi Gas in Low-Temperature Limit

In the limiting case T — 0, where we introduced for the homogeneous Fermi gas the
parameter ¢t in (3.17)), which was fixed by the s-wave scattering length as according to
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Figure 4.1.: Ratio between the Thomas-Fermi radius in the BEC limit as function of the
s-wave scattering length and the Thomas-Fermi radius in the BCS limit
(4.12). The Thomas-Fermi radius decreases monotonically as function of the
inverse scattering length. The trapping frequencies w, = 27 x 195 Hz, w, =
2w x 22.6 Hz and w, = 27 x 129 Hz are chosen according to the experimental
setup. The particle number and the direction are redundant, since they are
canceled by the ratio (4.25).

(3.27), we represented the chemical potential p in (3.28) and the order parameter A
in (3.29) as a function of this parameter. The introduction of LDA leads to a spatial
dependent parameter ¢(x), which is compensated by the spatial dependence of the Fermi

momentum
1+t 1+t
s () ()
—% . (4.26)

askp(x) [t(m)E Q/@) . 1"*2(“”)K< 1*';("’)”;

Using the definition of the parameter

tz) = Az) _ (4.27)
()2 + Aw)?

leads to the spatial dependent order parameter

A(z) = fi(z) et 1. (4.28)

Thus, for a given chemical potential i, the spatial behaviour of the order parameter can
be calculated. The chemical potential can be determined by an additional approximation:
Assuming small interactions, which is justified since we are investigating the BCS limit
of the crossover, we can deal with the limiting case A — 0. To this end, the chemical
potential is equal to the Fermi energy

po = V3N . (4.29)
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Figure 4.2.: Particle-number density (4.30) for different s-wave scattering lengths. The
chemical potential follows from the estimation (4.29), which explains why the

particle numbers vary for different scattering lengths. The red dotted line
shows the behaviour of the ideal Fermi gas according to (4.6)).

This result is equivalent to the zeroth-order perturbative result in the homogeneous case
(13.39). The spatial-dependent particle-number density

n(z) = kz(;)?’ /OO de Ve |1— € i) . (4.30)
0 VIE — fio(@)]? + Az)?

can be determined with the spatial-dependent order parameter (4.28|) and the scaled chem-
ical potential

(4.31)

with above estimation of the homogeneous chemical potential . The influence of the
order parameter on the particle-number density is studied in Figure This leads to
the conclusion that the presence of the order-parameter leads to a higher density in the
center of the trap. Therefore the particle-number density decreases at the same time near
the Thomas-Fermi radius, since the total particle number must be conserved. However,
since the chemical potential is approximated by and not calculated self-consistently
with the order parameter, different scattering lengths lead to different particle numbers in
Figure 4.2

Also for the case of a harmonically-trapped interacting Fermi gas, an approximation for
the order parameter similar to the one for the homogeneous case ([3.40) can be introduced.
Considering LDA, the spatial dependent zeroth-order approximation of the gap parameter
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Figure 4.3.: Spatial dependence of the zero-temperature limit for the order parameter. The
dashed lines show the approximation based on , whereas the solid lines
show the numerical evaluation according to . The chemical potential is
approximated by the Fermi energy in combination with LDA.

becomes

o) = S o — V(@) exp (2,;@)) (432)

From this expression it can be followed that the zeroth-order perturbative expression for
the order parameter vanishes at the Thomas-Fermi radius, as well as the particle-number
density. The resulting behaviour of the order parameter is shown in Figure The
approximation has higher agreement with the numerical behaviour for larger radii.
In the center of the trap the LDA result is equivalent to the homogeneous case. Conse-
quently, we can see that for larger negative s-wave scattering lengths, the assumption of
small interactions is less justified, so we observe a larger deviation between this approx-
imation and the numerical evaluation based on . Comparing the spatial behaviour
of the particle number density in Figure [4.2] with the order parameter in Figure [4.3] we
can observe that both quantities decrease up to the Thomas-Fermi radius, where both
quantities vanish in the zero-temperature limit.

After we studied the impact of interactions for a Fermi gas at zero temperature, we con-
sider the temperature dependence of the ideal Fermi gas. For this purpose we take into
account temperatures above the critical temperature, where the order parameter vanishes
to describe the temperature dependence of the experimentally measurable particle-number
density.
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4.4. ldeal Fermi Gas in a Trap for Finite Temperatures

For temperatures T' above the critical temperature T, the order parameter vanishes.
Consequently, the order-parameter equation is solved by the trivial case A = 0.
Thus, we need to solve only the particle-number equation , where we set A = 0 and
introduce the harmonic trapping potential due to LDA

n(x) = ;% (27{;) /OOO dev/e {1 _ tanh <§ e — ,u(:r:)]) } . (4.33)

Performing a partial integration in the e-integral, we convert the spatial-dependent particle-

number density (4.33) to

VI (VTN e
n(@) = 672 ( h ) /o ‘ cosh? (g [e—,u(ac)])' 30

Carrying out a spatial integration of this particle-number density follows the particle
number. Since we are dealing with a fixed particle number in the grand-canonical ensemble,
this fixes the chemical potential

3 o0 o) [e8) o)
w2 () [an [T [T [Cae (gf_ e

In order to perform the spatial integration, we transform the integral to isotropic coordi-

nates
M M M
X = ?wzx, Y = ECUyy, 7 = ?wzz, (436)

which allows us to introduce spherical coordinates

r= VXAV 2 (4.37)

using the symmetry properties of the integrand. At this point, it has to be kept in mind
that r does not denote the radius, since it has the physical dimension of a square root
of an energy. By introducing isotropic quantities X, Y and Z, we transform the particle
cloud from an ellipsoid in usual coordinates to a sphere. Therefore, we plug in spherical
coordinates denoted by above r, which leads to the explanation for the naming. Using
these new coordinates will prove to be extremely valuable, since the spatial-dependence of
the self-consistency equations will be described completely by r. In particular, there is no
need to consider any angular-dependent part, since the integrand contains only the radial
component and yields

9 o) o0 3.2
N= 532/ dr/ de ver .
3(hw)3w Jo 0 cosh? (g le—p+ 7“2]>

(4.38)

To simplify the numerical evaluation further, we perform a last substitution

€= ge, i = gu, T = \/gr (4.39)

leading to the integral

12 o) [e%¢] =3_9
N = 783 / dF / de— \? L (4.40)
3m (h@)® Jo o  cosh®(é—f+72)
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Figure 4.4.: Tllustration of the particle-number equation (4.43)), which shows the polylog-
arithmic function of third order.

for the particle number. This allows us to calculate the corresponding chemical potential
for a given temperature 1" and particle number N numerically. The integral in can
be represented via polylogarithmic functions, which are introduced in the appendix (C.1):
Writing the cosh in terms of the exponential function

1 1 e 2

= = 4.41
COSh2 T (ex + 671)2 (1 + 6721)2 ( )

and introducing the geometric series

e 0 1
(14+e )2 9zl+e*

= i(—nk(—k)e% (4.42)

k=1

follows the representation of the remaining sum by a polylogarithmic function immediately.
Indeed, the remaining integrals are Gaussian and can be calculated straight-forward

2 ~(CDF g Lis(=e¥)
N = ~ohp ; 3 ki — —QW. (4.43)

To get a first overview of the course of the polylogarithmic function of third order, we
investigate its behaviour in Figure [4.4] From this, deductions can be made for later nu-
merical determinations of the chemical potential.

In order to compare our theoretical results to experimentally measurable quantities, we

derive the two-dimensional column density. To this end, we start again from the particle-
number density (4.34) and perform only a single spatial integration over the z-direction

n(x,y) = /OO dzn(x). (4.44)

—00
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Again, we use the representation of the cosh-function with the exponential function (4.41)
together with the series (4.42) and perform the Gaussian integrals yielding

M . = BM w222 4w2q2
n(x,y) = —WLIQ <—€2[M 4 ( 227 yY )]> (445)

with the polylogarithmic function of order two. Performing a further integration in y-

V2M

n(z) = ——— " _Tis (—e2[ﬁ—¥w5$21> (4.46)
ﬁhgwywz\/g °
or z-direction
n(y) = —— V2 g4, (—&DF%wif]) (4.47)
\/7?713wxwz\/35 2

leads to the respective one-dimensional line density, which contains this time the polylog-
arithmic function of order 5/2.

After we studied the ideal Fermi gas, the question comes up, in which temperature regime
the Fermi gas is described by an ideal Fermi gas. For this purpose we calculate the critical
temperature in the harmonic trap.

4.5. Critical Temperature

Regarding the numerical evaluation of the critical temperature in the homogeneous case
from the previous section (3.55)), we have to introduce LDA (4.2)) to calculate the critical
temperature in a harmonic trapping confinement

=

(4.48)

T be (x) [ Ve
= d
2asky () 4 /0 gcosh2 <‘§ + 1‘bc2ﬂ>

o V& be (@) | be(x)  [EFLEEFD)
X/O e 1p (1:F§)tanh<|f:|:1| 2 >+ 2 cosh2(|§—1|bCT(w))

Similar to the case of the order parameter (4.32), we introduce LDA also to the approxi-
mative formula (3.57), which yields

_ §6072 po — V() ex hr
To(®) = 2 kg P <2as\/2M[,u0 — V(a:)]>’ (4.49)

as well as for the semi-numerical result (3.58)

To(z) = 26072 [1(Tc) — V()] exp <2a \/2M[Miz;(}) — V(x)])’ (4.50)

which contains as extension the temperature dependence of the chemical potential, which
is calculated numerically from . Accordingly, the critical temperature has to be cal-
culated self-consistently in the semi-numerical case, since the chemical potential depends
on the temperature as well. In the following, we evaluate the critical temperature for the
center of the trap & = 0, where the critical temperature for superfluidity has its maximum,
since we are particularly interested to see at which temperature superfluidity starts. How-
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Figure 4.5.: Numerically evaluated critical temperature from , semi-numerical result
and the approximation . Analogous to the homogeneous case
in Figure we see the exponential increase of the critical temperature for
larger negative s-wave scattering lengths. We focus on the center of the trap
x = 0, since the critical temperature reaches its maximum value there and we
are looking for the highest temperature, where superfluidity starts to occur.
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ever, the semi-numerical approximation gives us a better estimate about the impact
of the s-wave scattering length, as it is shown in Figure Here we can see especially
that the behaviour from the two approximations matches the numerical result in the BCS
limit. Approaching the unitary point, the semi-numerical result agrees quite well
with the numerical evaluation . From this we can read off the improvement of the

semi-numerical result (4.50) compared to the approximation (4.49).

After we calculated the critical temperature in the case of a harmonic trapping poten-
tial, the question comes up, how the Fermi gas behaves in the superfluid case, i.e. in the
temperature range 0 < T° < Tc. In this case, we have to evaluate both self-consistency
equations in combination with LDA to determine both chemical potential and order pa-
rameter as functions of space and temperature.

4.6. Finite Temperature and Interacting Fermi Gas

Taking into account temperatures below the critical temperature, we have to evaluate
both equations for order parameter and particle number self-consistently like in the ho-
mogeneous case in Figure and Thus, we investigate the order parameter as well
as the particleenumber density as a function of temperature and space. This allows us to
calculate density profiles, which we can compare with the experimental column density
and line density as has already been achieved for the BEC limit [45].

For this purpose, we start from both the particle-number equation (3.7) and the order-
parameter equation (3.8]) and introduce the harmonic trapping potential via LDA (4.2)),
which leads to

M2 (M
2ragh?  \/m \ 2mh2

for the order-parameter equation as well as

(NI

. (4.51)
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(4.52)

for the particle-number equation. The spatial dependence of the order parameter is caused
by the LDA as follows. The spatial dependence of the chemical potential in (4.51) needs to
be compensated by the order parameter, since the remaining terms are spatially invariant.

4.6.1. Preparation of Self-Consistency Equations

In the following, we follow the procedure of the homogeneous case: Both expressions
and are partially integrated to get rid of diverging terms, which cause difficulties for
the numerical evaluation. In addition, we introduce dimensionless quantities, which are
expressed in units of the Fermi energy in a harmonic trapping confinement . This
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leads to the scaled quantities

E= — 4.53
i 5 (453)
T
(e, T) = 12 T) (4.54)
Ex
Az, T
Alz,T) = 2@&T) (4.55)
Er
B = BEF. (4.56)
Finally, our self-consistency equations for the numerical evaluation are given by
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for the order parameter and
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for the particle-number density. Note that we used the substitution according to the
particle-number density in the zero-temperature limit (4.6))

K@= 0)

— (4.59)

nog =
where kp = /2M Er /h.

4.6.2. Numerical Evaluation of Order Parameter and Particle Number

Since, we have to solve and self-consistently, we take into account a fixed
particle number according to the grand-canonical ensemble. For this purpose, we have
to perform a spatial integration of the particle-number density . To simplify the
evaluation we transform the Cartesian coordinates to spherical coordinates in two steps:

For the beginning, we introduce again isotropic coordinates (4.36), which allow us to

use once more the radial symmetry and proceed with the desired spherical coordinates
(4.37) leading to the equation for the particle number

\/> / dr r2n(r, i(T), T) (4.60)
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with the radial particle-number density

3
- ™ [T ‘
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X [A(T, T)2 tanh g\/[é —(T)+r?)2+ A(r, T)2>

i)+
cosh? (g\/[g —u(T) 4+ r?)2 + A(T, T)?)

(4.61)
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as function of the temperature 7" and the chemical potential i(T"). As a consequence of the
spherical symmetry due to above coordinate transformation the order parameter becomes
a function of the square root of the energy r, too.

The procedure to solve the self-consistency equations is the following: Choosing a chemi-
cal potential allows us to solve the equation for the order parameter and derive the
spatial dependent order parameter for a given temperature. Thus, we can calculate the
corresponding particle number from . If the desired number of particles does not
follow from the chosen chemical potential, we adjust the choice of chemical potential in
the next step so that the number of particles comes closer to the desired one. Iteratively,
we repeat this procedure until we determine the requested particle number.

Finally, this procedure allows us to calculate the experimentally relevant column density

n(z,y,T) = /OO dzn(z,T) (4.62)

—0o0

and the line density in z-direction

n(z,T) = /_ Z dy /_ Z dzn(z, T) (4.63)

as well as in y-direction

oo (0.9}
n(y,T) :/ dx/ dzn(z,T) (4.64)
— 0o —0o0
for a given temperature numerically.

Due to the numerical evaluation of the self-consistency, we can show the behaviour of
the order parameter as function of space and temperature in Figure 4.6] In the center of
the trap, we see the expected behaviour from the homogeneous case, which has already
been illustrated in Figure (3.7} For higher temperatures the order parameter decreases.
Additionally, we conclude that the radius where the order parameter vanishes, decreases
for higher temperatures, whereas in the zero-temperature limit, the radius, where the or-
der parameter vanishes, is equal to the Thomas-Fermi radius, as we have already seen in

Figure

As it has been motivated in the introduction of the order parameter, it has a descrip-
tive meaning: The case A = 0 is equal to the ideal Fermi gas, whereas A # 0 denotes
the superfluid case. Consequently for temperatures T' < T, the superfluid regime can
only be found at the center of the density cloud, while the peripheral areas behave like an
ideal Fermi gas. Since the superfluidity is caused by the presence of Cooper pairs, we can
conclude that they are concentrated in the inner part of the trap.
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Figure 4.6.: Illustration of the order parameter as function of temperature and space from
the self-consistency equations and . Similar to the homogeneous
case shown in Figure [3.6] we see the decreasing of the order parameter for
higher temperatures. Additionally, the radius, where the order parameter
vanishes, decreases for higher temperatures.
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Figure 4.7.: Numerical evaluation of the radius, where the order parameter vanishes as
function of the temperature. For T" > T¢ the order parameter vanishes com-
pletely.
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5. Comparison Theory with Experiment

We motivated our previous theoretical investigations on the basis of the corresponding
6Li experiment. Considering the BCS regime of the experiment, which is characterised
by small negative s-wave scattering lengths as < 0. The mean-field approach is valid for
1/askp < —0.5, as we have seen in Figure Therefore, we compare the theoretically
expected behaviour versus the experimental data by restricting us to this regime.

5.1. Experimental Data

In the experiment, the particle-number density is measured due to destructive absorption
imaging [60]. This leads to a particle-number density, which is integrated in z-direction,
and is denoted as column density. Performing another spatial integration in either z- or
y-direction leads to a corresponding line density. Both quantities are shown in Figure
The data is taken from ten runs of the experiment with a corresponding Gaussian fit.

Especially, in this chapter we focus on experimental data for the s-wave scattering length
of as = —4510 ag, where ag describes the Bohr radius. The choice was made because
of two issues: On one hand, the critical temperature needs to be as high as possible in
order to reach superfluidity, but on the other hand large s-wave scattering lengths lead to
stronger interactions, where our theory breaks down. In order to justify our choice, Figure
shows 1/agskp as function of particle number and s-wave scattering length. There we
can see that the s-wave scattering length of as = —4510 ag leads to 1/askr < —0.5 for the
experimentally relevant particle numbers between N = 10° and N = 10%. According to
the explanations above, we can apply our theory for this s-wave scattering length.

In view of the possible occurrence of superfluidity, it is important to determine the temper-
ature from the experimental data. In our theoretical investigation, the interaction strength
is characterised by the dimensionless quantity 1/askr and the critical temperature is cal-
culated in units of the Fermi temperature. This leads directly to another important
quantity namely the particle number. Experimentally, the measurement of the particle
number by destructive absorption imaging is quite difficult. Therefore, our theory should
provide clues how to determine temperature and particle number as the two key quantities.

Dealing with the particle number and trapping frequencies from the experimental measure-
ment shown in Figure the relevant parameters are the particle number N = 982998
with the trapping frequencies w, = 27 x498 Hz, w, = 27w x25 Hz and w, = 27x340 Hz. The
s-wave scattering length as = —4510 a¢ yields the dimensionless parameter 1/askp = —0.8.
For all these values, we obtain for the critical temperature at the center of the trap ac-
cording to the value Tc = 0.187f. These parameters will be used in the following
for our theoretical investigations.

A key point of our theoretical approach for modelling the experiment was the introduc-

tion of LDA. In the following, we prove at first empirically the validity of LDA from the
experimental data.

47



CHAPTER 5. COMPARISON THEORY WITH EXPERIMENT

. . x10*4
absorptlon Image i
-
1.0 6 FARAY
1 \
! \
5 7 \
r \
II \\
€4 ! v
3 ! \
3 / \
g i \
B 0.8 2 ,1 \
2 / \
II \\
1 / \
/ \.
/ N
0 _‘—”/ ‘\\~__
0.6 =20 10 0 10 2
ry(pm)
(b) 1D line density in z-direction.
x10*3
0.4
30
SRR
25 /, \\
£ >
i s
~20 ¥ HINE
§ 7 hs
0-2 : LS /I‘ \\\‘
Z /I. \\
1.0 / \\"
,IJ \\‘
05 Pl X
A N
el s
0.0
' 300 —200 —100 0 100 200 300
(a) 2D column density. ry(um)

Figure 5.1.:

(c) 1D line density in y-direction.

Experimental results for power P = 100 mW corresponding to N = 982998 +
32420 SLi atoms, magnetic field B = 977.4 G leads to s-wave scattering length
as = —4510 ag, trapping frequencies are w, = 27 x 498 Hz, w, = 27 x 25 Hz
and w, = 27 x 340 Hz. Panel (a) shows the column density scaled in units of
the maximum. An additional integration of the line density leads directly to
the line density in a-direction (b) and y-direction (c¢). The blue curve shows
the Gaussian fit of the experimental data.
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Figure 5.2.: Experimentally accessible s-wave scattering lengths as as function of the di-
mensionless parameter 1/askp. The range of particle numbers between 10°
and 10° is chosen so that it corresponds to typical values of the experiment.

5.2. Check of LDA

Regarding above column density from the experiment shown in Figure the width of
the particle cloud is a directly accessible quantity. According to the local-density approx-
imation, the ratio between x- and y-direction depends only on the trapping frequencies.
This will be derived analytically for the ideal Fermi gas.

Generally, the width of the column-density is described by the second moment of the distri-
bution [61]. For the ideal Fermi gas, we start with the particle-number density and
derive the second moment by performing two spatial integrations. To this end, we start
with the line density in x-direction and y-direction both represented by the
appropriate polylogarithmic function . Proceeding with another spatial integration
over the left direction, we obtain finally for the second moment

(2?) = /_C: dz 2°n(z) = —WLM (—eﬁ") , (5.1)
(y*) = /Z dzy?*n(y) = _WLM (—6’8“) . (5.2)

Thus, the ratio between the individual directions is given by

@ =, (5.3)
(y?)  we

The second moments of the experimental results arise in an analogous way from the line
density, which have been represented in Figure next to the column density.
Therefore, comparing the theoretical results with the experimental ones, gives a first
impression about the validity of our theory. From Figure it follows that the expected
relationship between the widths of the particle-number density is also experimentally ob-
servable. This can be concluded from the maximum deviation given by 19.7 %. The
average deviation amounts to 11.6 %.

Even if here for the theoretical approach in first approximation the ideal Fermi gas is
assumed to motivate the ratio between the moments in x- and y-direction, this can be
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Figure 5.3.: Ratio between second moments. Theoretically we expect that this is equal to
the inverse of the ratio of the trapping frequencies according to ([5.3)).

generalised to the superfluid Fermi gas. Regarding the symmetry considerations of the
previous chapter for the particle-number density, where we mapped the ellipsoidal particle
cloud in Cartesian coordinates to spherical coordinates, the ratio between the individual
directions is also given by the trapping frequencies.

Since we have confirmed empirically the correctness of using LDA now, we proceed and
calculate the theoretical results according to the experimental parameters.

To this end, we start with the ideal Fermi gas, to get a first feeling for the influence of the
temperature, since the temperature is generally unknown. Thus, we are not sure at all if
we are even close to the superfluid regime.

5.3. Ildeal Fermi Gas

In the previous chapter, we introduced polylogarithmic functions to represent both the

column (4.45) and the line densities (4.46)—(4.47) of the ideal Fermi gas. To determine

both quantities, the chemical potential needs to be calculated from the corresponding
particle-number equation .

Concerning the relation to the experiment, we can analyse theoretically the impact of the
particle number for a fixed temperature as well as the influence of the temperature for
a fixed particle number. Therefore, we start with a fixed particle number given by the
experimental measurement and investigate the resulting temperature dependence.

5.3.1. Temperature Dependence

To get a general overview, we choose arbitrarily two temperatures, namely T" = 0.05 Ty
and T' = 0.2 Ty. These two values lead to the observation that higher temperatures
flatten the curve, as we see in Figure The maximum value in the center of the trap-
ping decreases, whereas further out, both the column density and line densities increase.
Consequently, the Thomas-Fermi radius increases. This behaviour can be seen in the 2D
column density, as well as in the 1D line density.
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Figure 5.4.: Plot of the ideal Fermi gas determined by a particle number of N = 982998,
trapping frequencies w, = 27 x 498 Hz, w, = 27 x 25 Hz and w, = 27 X
340 Hz. Panel (a) shows the single-integrated column density. An additional
integration leads again to the line-density in z-direction (b) and y-direction
(c). To get a first impression for the impact of the temperature, we choose
two exemplary values.
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After we analysed the impact of the temperature on the column density and the line
density, we consider the influence of the particle number.

5.3.2. Particle-Number Dependence

We proceed similar to the previous subsection. However, this time, we consider a fixed
temperature T' = 0.2 Tx, which is slightly above the critical temperature T = 0.187F% for
the chosen parameters, and analyse a variation of the particle number within the standard
deviation

N = 982998 + 32429 (5.4)

following from the experimental data in Figure In Figure [5.5] we conclude that in-
creasing the particle number primarily affects the center of the trap, because here the
corresponding densities increase noticeably due to higher particle numbers.

Since we have seen the general impact of temperature and particle number regarding
the ideal Fermi gas, the question arises how these results agree with the experimental
data. In addition, we determine the order parameter in the superfluid regime to discuss
its influence on the particle-number densities. Comparing these results with the ideal
Fermi gas and the experimental data gives rise to a first qualitative discussion.

5.4. Superfluid Fermi Gas

After we investigated the ideal Fermi gas, we discuss now the impact of superfluidity.
Regarding temperatures below the critical temperature , we have to solve both
equations for the order parameter and the particle number self-consistently,
as it has been described in the previous chapter. The difference between superfluid and
ideal Fermi gas becomes obvious in Figure [5.6|in y- and in Figure in x-direction: For
temperatures below T, the line density is compressed in the superfluid case. Thus, the
maximum value in the center of the trap increases, whereas the width becomes narrower.
Furthermore, we can benchmark our numerics for solving the self-consistency equations
, here. In the limiting case T' — T both the plot of the ideal Fermi gas and
the superfluid Fermi gas overlap.

Concerning a quantitative comparison to the experiment, two problems arise. First, the
data for the experimental line density scatter strongly. Therefore the small differences
between the theoretical results for various temperatures cannot be explicitly read off. Ad-
ditionally the measured line density is shifted visibly to the right due to an experimental
misalignment. This means that the maximum value is not reached in the center of the
trap, which becomes especially obvious in the y-direction. Due to those reasons, the tem-
perature cannot be specified concretely.

Furthermore, there is a large deviation between the experimental data and our theoreti-
cal results in z-direction shown in Figure for all temperatures. This gives rise to the
assumption that the particle number may not correspond to the experimentally measured
one.

To set up a quantitative comparison regarding the deviation between experimental data
and our theoretical approach, further measurements are necessary. However, the Fig-
ures [5.6] and show that our theoretical results agree at least qualitatively with the
experimental results.
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Figure 5.5.: Behaviour of the ideal Fermi gas for the trapping frequencies w, = 27w X

498 Hz, wy = 27 x 25 Hz and w, = 27 x 340 Hz. Panel (a) shows the
single-integrated column density. An additional integration leads to the line-
density in z-direction (b) and y-direction (c). The variation of the particle
number leads primarily to an increase of the density in the trapping center.

The temperature is T' = 0.27% and thus above the critical temperature T =
0.18 Tg.
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Figure 5.6.: Comparison between superfluid and ideal Fermi gas with the experimental
data in y-direction. The parameters for the theoretical approaches are given

by N = 982998, trapping frequencies w, = 27 x 498 Hz, w, = 27 x 25 Hz and
w, = 2w x 340 Hz. Panel (a), (b) and (c) show the behaviour in the superfluid
regime. (d) shows the behaviour in the limiting case 7' — Tc = 0.18 TF.
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Figure 5.7.: Comparison between superfluid and ideal Fermi gas with the experimental
data in z-direction. The parameters for the theoretical approaches are given
by N = 982998, trapping frequencies w, = 27 x 498 Hz, w, = 27 x 25 Hz and
w, = 2w x 340 Hz. Panel (a), (b) and (c) show the behaviour in the superfluid
regime. (d) shows the behaviour in the limiting case 7' — Tc = 0.18 T¥%.
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Figure 5.8.: Schematic representation of adiabatic ramping. To this end, the entropy per
atom is shown as function of temperature for two different values of 1/askp,
where 1/askr = —1 is in the BCS regime and 1/askr = 1 is located in the
BEC limit.

5.5. Adiabatic Sweeps

Above we have suggested a direct thermometry in the BCS-limit, which is based on mea-
suring the column density and comparing the obtained data with our mean-field theory.
In contrast to that in the literature a temperature measurement has so far been suggested
in an indirect way in form of an adiabatic sweep thermometry [62,63]. The underlying
procedure is motivated in Figure where the theoretical result for the entropy per atom
is schematically shown for two values of the parameter 1/askr, one in the BCS and one
in the BEC regime. The underlying idea is to change the s-wave scattering length via a
Feshbach resonance with an isentropic sweep from the BCS to the BEC regime. Measuring
the shape of the profile of the trapped cloud at the BEC regime then allows to determine
its temperature Tpcs. In the deep BEC limit, %Lis molecules behave like an ideal Bose,
for which the temperature can be determined theoretically. However, this limiting case is
difficult to reach experimentally, therefore the temperature dependence of an interacting
Bose gas based on a Hartee-Fock approach can be taken into account [64]. Afterwards, Fig-
ure allows to reconstruct from the known entropy the corresponding temperature Tgcs.

The success of the adiabatic sweep thermometry relies on two major requirements. On
the one hand, it is necessary that the dependence of the entropy from temperature and
interaction strength is known theoretically for the whole BEC-BCS crossover. Only then
one could obtain the entropy gauge curves from Figure which are at the heart of this
indirect thermometry method. Furthermore, by performing a control sweep back from the
BEC- to the BCS-limit it is important to control experimentally that the cloud proper-
ties were only changed in a reversible way. Otherwise the basic assumption for using the
theoretical gauge curves from Figure [5.8] would break down.
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6. Conclusion

Inspired by the BCS-BEC crossover experiment at TU Kaiserslautern [30], we searched
for a thermometer in the BCS limit. The temperature is an important quantity to study
reliably the superfluidity of the Fermi gas. Up to now the only possibility to measure
the temperature is given by ramping adiabatically into the BEC limit [62,63]. Another
difficulty is the determination of the particle number [60]. For this purpose, we set up a
theory that allows us to study the behaviour of the Fermi gas in the BCS limit, where we
investigate the impact of temperature and particle number. To this end, we simulate both
experimental parameters in our theoretical considerations.

Starting with a many-body Hamilton operator for the description of the interacting °Li
atoms , we take into account only the Bogoliubov channel to derive a mean-field
Hamilton operator (2.6]) in order to solve approximately the initial problem. Considering
this mean-field approach, the order parameter for superfluidity is introduced in . This
allows the determination between the superfluid phase of the Fermi gas for A # 0 and
the ideal Fermi gas for A = 0. The perturbative expansion of the free energy up to the
mean-field level in combination with the principle of minimal sensitivity leads directly to
the equation for the order parameter . Additionally, since we are dealing with the
grand-canonical ensemble, we obtain a second equation for the particle number (2.46).
These two equations represent the two self-consistency equations in accordance with [17],
which we analyse during this thesis.

First, we consider the homogeneous Fermi gas in the limiting case 7' — 0 and derive
analytic expressions for the order parameter and the chemical potential ,
which has already been shown in [52,53]. However, since we are interested in a thermome-
ter for 6Li, the impact of temperature is studied numerically for the order parameter in
Figure and for the chemical potential in Figure In particular, these two figures
highlight the importance of the critical temperature. In the zero-temperature limit an
analytical expression for the critical temperature is obtained in , which we compare
with the numerical result in Figure Generally, we see an exponential increasing of the
critical temperature as function of the scattering length.

In order to set up a theory for the experiment, the harmonic trapping potential needs
to be considered in our theoretical considerations. Therefore, we take into account the
local-density approximation (LDA) and introduce the spatially dependent chemical po-
tential . Starting with the limiting case of an ideal Fermi gas for temperatures
above the critical temperature, the particle number is fixed by the chemical potential
and we obtain expressions for the column and line densities 7, which
are both represented by polylogarithmic functions depending on chemical potential
and temperature, as it has been derived by [65]. Regarding the superfluid regime, both
self-consistency equations are solved numerically. Consequently, the spatial dependence
of the order parameter is shown in Figure 4.6

The theoretical considerations of the previous chapter allow us finally to compare our

theory with the experimental data. First, we point out empirically that the experimental
results follow the expectations according to the local-density approximation. Studying
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the impact of temperature and particle number on the ideal Fermi gas theoretically, we
show the column density and line densities in Figure for different temperatures and
in Figure for a variation of the particle number. At last, we compare the theoretical
behaviour with the experimentally measured line densities in y-direction in Figure
and in z-direction in Figure and conclude that our theoretical results agree with the
experimental data qualitatively. Thus, we obtain a direct thermometer for the tempera-
ture measurement in the BCS limit. However, the experimental data cannot be evaluated
quantitatively. The fluctuations within a series of measurements, as well as difficulties
in determining the particle number make it impossible to specify the temperature. Nev-
ertheless, the theoretical results provide the possibility, based on the known adiabatic
sweeping [62,/63], to determine the temperature in the BCS limit due to the corresponding
temperature in the BEC limit. Applying this temperature to our theory allows a com-
parison between the theoretical result and the measured column density, thus providing
further certainty regarding the estimation of the particle number. Furthermore, this gives
further certainty regarding the estimation of the particle number.
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7. Outlook

Based on the mean-field approach in chapter 2, we briefly point out open questions that
provide grounds for further theoretical investigations

7.1. Higher-Order Corrections

Considering the initial Figure we have seen that the pink curve corresponds to the nu-
merical results of our mean-field theory for the critical temperature, which we calculated in
chapter 3 in (3.55). In the BEC limit, the mean-field critical temperature diverges. We are
looking for a theoretical approach to describe the complete BCS-BEC crossover. Consid-
ering Gaussian fluctuations, the total BCS-BEC crossover has been analysed theoretically,
as we can see by the example of the blue curve in the above mentioned Figure [35,36,66].

Regarding the expansion of the partition function , we expect that higher-order
corrections lead to the Gaussian fluctuations in the cumulant expansion of the free energy
. Thus, we anticipate that the considerations of this thesis can be generalised to
the whole BCS-BEC crossover. Since the complete crossover is already experimentally
realised [30], this extension of our theory provides further insights for the interpretation
of the experimental data. In particular, for obtaining the entropy gauge curve in Figure
in the adiabatic sweep thermometry it is indispensable to have the theoretical access
to the full BCS-BEC crossover.

7.2. Superfluidity

In the introduction, we motivated the BCS-BEC crossover based on the occurring super-
fluidity. In this context, we can determine the superfluidity in the BCS regime by adding
a boost term to our initial mean-field Hamiltonian ({2.6)

ﬁBoost = IA{MF + Z/d%&l(w)?Vzﬁo(x)u (7'1)

with the corresponding boost velocity u and the first quantised momentum %V [67]. The
meaning of the boost term can be interpreted physically: If we boost the superfluid Fermi
gas with a velocity u, only the normal fluid proportion of the Fermi gas will be dragged
along. However, the superfluid part remains in its initial position. This allows us to cal-
culate the superfluid density. The partial derivative with respect to the boost velocity
u of the mean-field free energy for the boosted Hamiltonian yields the proportion
of particles, which are dragged along by the boost. Consequently, these are the fermions
that are in the normal fluid state. Considering the normal fluid particles per volume, we
obtain the normal fluid density. The superfluid density follows directly, since the total
particle-number density consists only of these two parts.

Furthermore, based on this consideration Landau’s critical velocity v, for superfluidity
can be determined along the BCS-BEC crossover [68].
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7.3. Dirty Fermion Problem

In 1959 P. Anderson suggested localisation effects in superconductors [69], which are caused
by impurities or defects in the lattice. In the ultracold regime this followed the idea of
Bose and Anderson glasses, which was proposed in 2003 by the use of laser speckle po-
tentials [70]. In this context Anderson localisation occurs for non-interacting bosons and
Bose glasses for interacting bosons. The improvement of experimental techniques allowed
finally J. Billy et al. and G. Roati et al. to realise Anderson localisation of matter waves
in ultracold atoms [71-73].

Based on the dirty boson problem [74,/75], the effect of disorder was studied experimentally
and theoretically on the BEC side of the crossover in the corresponding %Li experiment [45).
For this purpose, the impact of a laser speckle potential on the column density was investi-
gated. This consideration can also be studied in the BCS side of the crossover. Therefore,
we need to add the corresponding disorder potential to our mean-field Hamiltonian .
From this, the disordered column density on the BCS side can be obtained. In this context,
we expect based on Anderson’s theorem [69] that the order parameter for superfluidity is
less influenced by the disorder potential in the BCS regime compared to the BEC limit,
where the theorem no longer applies and thus the order parameter for superfluidity is
reduced by disorder [53].
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A. Beyond Mean-Field Theory

In order to go beyond the mean-field result of the free energy , we introduce the
interaction picture, which is also known as the Dirac picture. The main idea of this
approach is to split the system in the Hamilton operator in the Schrodinger picture into
two parts

A = Ay + (H - HMF) , (A.1)

where the first part denotes the mean-field result, whose solution has already been calcu-
lated in chapter 2 and the second part is the higher-order correction, generally denoted
in the interaction picture as the perturbation. To simplify the notation and emphasize its
character as a perturbation, we perform the substitution

V = H — Hyp. (A.2)

For our case, this consideration is justified, since we assumed that H — Hyp denotes a
small perturbation of the mean-field Hamilton operator. In the following, we elaborate the
connections between the Schrédinger and the Dirac picture to benefit from these properties
for the evaluation of the partition function, which will guide us directly to the free energy.

A.1. Dirac Picture

Let |¢s(t)) be the solution of the Schrodinger equation

o s ) = Hlus (1) (A.3)

in the Schrodinger picture. For our investigations we benefit from the Wick rotation
t — —i7 of the Schrédinger equation [50] and thus obtain

- is(r)) = Hlgs(r). (A4)

The time-evolution operator U (1,7') for the Wick rotated frame connects states at different
times 7 and 7/

[¥s(7)) = U(r,7)|ws(")) (A.5)
and is given by
Ulr,r') = e (T-TH/R, (A.6)

The inverse is given by swapping 7 and 7/

A ~

U~ (r,7') = ORI~ fr (7 7). (A7)

The substantial idea of the interaction picture is that the time evolution is performed
perturbatively. To this end we can relate a state in the Schrodinger picture with the
corresponding one in the Dirac picture by

[Wp(r)) = M M yg(r)) & |ps(r)) = e TE R (r), (A.8)
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Consequently, taking into account an arbitrary operator Op () in the Dirac picture, the
following relation to an operator in the Schrodinger picture has to be fulfilled

(p(7)|Op(1)[¥p()) = (¥s(7)|Os|¥s(7)). (A.9)

It states that the expectation value of any observable must be independent from the choice
of the picture. Thus, the relation (A.8]) leads to the determination of the operator in the
Dirac picture for the Wick rotated frame

OD(T) = eﬁMFT/hOSe_ﬁMFT/E. (A.10)

Starting from the equation of motion of the state vector in the Schrédinger picture follow-
ing from (A.1), (A.2) and (A.4)

0 . .
~h—lips(r)) = (Hue + V) lvs(r)), (A11)
-
we use once more ((A.8) to derive the equation of motion in the Dirac picture
0 : 0 A A .
g () = et | s(r)) + Hunelis(r)]| = BTV, (412
Inserting in (A.8) thus leads finally to the Tomonaga-Schwinger equation [50]
9 .
~hg_[¥p(7)) = Vp(T)[¥p(7)) (A.13)
with the interaction part of the Hamiltonian in the Dirac picture

Vp(r) = efrm/hyy = Huer/h (A.14)

Similarly, we transform the time-evolution operator (A.6) into the interaction picture
according to (|A.8))

Up(r,7) = et H(T=7") Hyipr! (A.15)

In the next step, we investigate the time-dependence of this time-evolution operator.

Differentiating (A.15) with respect to 7 yields due to (A.10):

—h;_ﬁD(T, 70) = Vp(1)Up (7, 10). (A.16)

Since this is a partial differential equation of first order, it can formally be solved by a
simple integration

A

Up(r,m0) =1+ — / AV (m)Up (71, 70) (A.17)

under the assumption of the initial value Up (10,70) = 1. This procedure has to be repeated
iteratively, which leads to an infinite sum

Up(r,70) = 1+/ dr Vp(m) + ( ) / drl/ A Vp(11)Vp(12) +

( )/dﬁ/ dry- - / dTnVD(TI)VD(7-2) VD(Tn)—I—...

(A.18)
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that is generally known as Dyson series. Truncating the Dyson series after a finite number
of terms leads to perturbative results.

For a general operator in the Dirac picture O p(T), we obtain due to the equation
of motion in the Dirac picture

—haaTOD() [OD(TMSIMF} . (A.19)

From this, we can conclude that the dynamics of an operator in the Dirac picture is de-
termined by the free part of the Hamilton operator, whereas the dynamics of the state
vector follows from the perturbative part of the Hamiltonian (A.13).

Next, we will investigate the behaviour of the Bogoliubov transformed operators in the
interaction picture, which have already been introduced for the diagonalisation of the

mean-field Hamiltonian ([2.25)—(2.26)).

A.2. Fermionic Operators

For the derivation of the perturbative expansion of the free energy, we consider the
fermionic field operators in the Schrodlnger plcture which were introduced in chapter
2 by a Bogoliubov transformation &g, aL, ﬁk and Bk Since they are represented in the
Schrodinger picture, they are time-independent. On the basis of the interaction picture
(A.8), we can introduce new time-dependent Bogoliubov operators ap(k, 1), @L(k,T),

3 p(k,T), B})(k, 7). Their time dependence is determined by the equation of motion (A.19)

0

~h=—ap(k,7) = :aD(k,T),ﬁMF: = E(k)ap(k,7), (A.20)
k) = [aby(k, 7). Fe] = —B(R)aL k. 7), (a21)
—hiﬁp(km) = :BD(k’T))fIMF: = E(K)bp(k,T), (A.22)
—hgﬁé(km) = B0k, 7) He| = —E(R)B} (K, 7). (A.23)

Here E(k) denotes the Bogoliubov dispersion (2.37). The commutators in these equations
of motion can be evaluated with the help of

{A, BCA} = {A, B} C-B {21, é} (A.24)

for arbitrary operators A, B and C, which enables us to calculate the commutators with
the known anti-commutator relations of the Bogoliubov operators f. Solving
these simple first-order differential equations f with the initial condition that
the initial value is equal to the corresponding time-independent operator in the Schrodinger
picture, we obtain

ap(k,m) = e B®ha, Bk, 1) = e E®IT/AG, (A.25)
CSZTD(’C,’T) — eE(k)T/fd;fc7 BTD(kaT) — eE(k:)T/hB’Tc (A26)

for the Bogoliubov rotated operators in the Dirac picture. In particular, it follows directly
that the equal-time anti-commutator relations in the Dirac picture coincide with those in
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the Schrodinger picture ([2.27)—(2.29):

{@D(k,r),BTD(k',T)} - {a})(k,r),ﬁD(k’,r)} —0, (A.27)
{ozD(k,T),BD(k’,T)} — {&E(k,ﬂ, }g(k',T)} —0, (A.28)
{@D(k,f),@},(k’,f)} - {BD(k,T),B},(k’,T)} = G- (A.29)

Consequently, at a specific time 7 the fermionic operators in momentum space ap(k, 1),
Bp(k, 1), dTD(kﬁ,T) and ,BI)(’C,T) annihilate and create a Bogoliubov quasi particle with
momentum k.

A.3. Partition Function
This allows us to consider the partition function (2.9
7 =Tr {e—ﬁﬁ} — Ty {e_g(gmm_gm)} , (A.30)

where we introduced the solvable mean-field Hamiltonian (2.6). A simple rewriting of the
partition function (A.30) yields

7 — Ty {e*BHMFehﬁHMF/he*(hﬁ*O)H/h} ) (A.31)

Comparing this result with the time-evolution operator in the interaction picture (A.15),
we obtain finally

Z =Tt {e*ﬁHMFUD(m, 0)} . (A.32)
Thus, we can plug in the Dyson-Series (A.18) into the partition function (A.32)
R 1 [ _1\?2 8 1 . .
Z =Tr{ e PHur |14 h/ drVp(7) + <h> / dTl/ dnVp(m1)Vp(re) + ... .
0 0 0
(A.33)

In zeroth order truncation of the Dyson series, we obtain the mean-field approximation
Zwie = Tr {e*ﬁHMF} . (A.34)

The difference between the original Hamilton operator (2.1)) and the mean-field Hamilton
operator ([2.6) reads

v e | d%{g&hx)ﬂ(wwwwx) (435)
— ATy (@) (@) — Apl ()il (@) + A;A}
leading to
V() = / d3w{glﬂ(w,T)ﬂ(wﬁ)%(wm)%(wﬁ) (A.36)

. . . 5 A*A
— A (z, 7)Y (2, T) — AT[)}L\(ZL',T)@Z)I(Q?,T) + J }
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in the interaction picture. The second quantised operators in real space occurring here are
directly linked with above operators (A.25),(A.26) in the interaction picture: Performing
a Fourier transformation of the operators in interaction picture analogous to (2.19), (2.20)

Vo (, 7) \FZ R ap o (T), g (T \F/d?)xe k) (, T) (A.37)
bl 7) \ﬁ Zeilkw‘ﬁca &L,J(T) = /dgxeikw@(wﬁ), (A.38)

followed by a Bogoliubov transformation according to (2.25),(2.26))
Gk () = u(7) i (1) = vk(1)al g (1), G (1) = wh () (7) = V() ky(7), - (A.39)

Bio(r) = u(T)a—gy (7) + v (T)al, (7). BL(7) = up(7)al , (7) + v (P)arr(r)  (A.40)

represent the perturbation V in the interaction picture VD(T). Therefore, higher-order
corrections of the partition function can be calculated on the basis of (A.33) using the

equal-time commutation relations (A.27)—(A.29).

The free energy follows directly from the partition function
1
F=——InZ (A.41)
g
Higher-order corrections to the mean-field free energy
. B,/ ~ 2 A 2
F = Fyr + (H — Hur)MF — 5 [((H - HMF) )MF — ((H - HMF>MF> ] + - (A42)
follow from the perturbative results of the partition function (A.33)
1
Fyr = —= In Zyp. (A.43)

B

According to Figure the mean-field free energy leads to the pink curve, which
represents the mean-field critical temperature as it is shown in chapter 3. The second-
order correction of the free energy corresponds to the Gaussian fluctuations treated
in the literature, which lead to the blue curve of the critical temperature in Figure
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B. Supplements for Homogeneous Fermi
Gas

In this chapter, we represent additional material to the evaluation of the homogeneous
Fermi gas in the third chapter. For the zero-temperature limit, we considered elliptic
functions, whose properties will be analysed here in more detail. Additionally, we show
the derivation of the approximation for the critical temperature T in .

B.1. Elliptic Functions

Generally elliptic integrals owe their name the descriptive meaning that they occur in the
calculation of the circumference of ellipses, as well as the surface area of ellipsoids [76].
The elliptic integrals can be divided into three different types

m dt
/ V(- t2 — k2t2)’ / Vi / (1—nt2)/(1 — 22)(1 — k222) (B1)

denoted as first-, second- and third-kind, which are represented in the Legendre normal
form [77). These three integrals can be transferred to the normal trigonometric forms

/de, /d&\/l — k2sin20), / do (B.2)
V1 —k2sin?6 (1 —nsin?0)v/1 — k2sin?0

with the substitution ¢ = sin . In the following, we focus on the first- and second-kind of
elliptic integrals, since we benefit from their properties in the course of this thesis.

The elliptic functions are called incomplete for a range of integration from 0 to y, where
0 <y < 1. The case y = 1 denotes complete ellitptic integrals. Incomplete elliptic integral
of first kind is given by

¢ do v dt
= / _— = / . (B.3)
0 V1-k2sin20 Jo (1—1t2)(1—k%2)
The incomplete elliptic integral of second kind is represented by
¢ T 12 k22
E (¢, k) = / dfv/1 — k2sinf = dt — (B.4)
0 0 V1—1t2
For our investigations the complete case of the elliptic integral of first
2 do ! dt
K(k) = / A / , (B.5)
0 V1-—#k2sin20 Jo /(1 —2)(1— k%2

and second kind

2 L1 - k22
E(k) = [~ dov/1 — k2 :/ deX—— B.6
( ) /0 sin . m ( )
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Figure B.1.: Plots of the complete elliptic integrals of first- (B.5) and second-kind (B.6).

is of major interest. The two complete elliptic integrals can be expressed both in terms of
a power series, which are given by

T/ (20)! \? ,
K(k) = —— ) kT B.7
B=53 (302 (B.7)
for the first kind, as well as

T — on)l \? k2
Ek) =3 z% (22(n(73!)2) 1-2n (B-8)

n=»

for the second kind. In view of a numerical evaluation, the power series are significantly
inferior to the integrals. However, considering limiting cases, the series expansion can be
taken into account up to a reasonable order and thus provides a perturbative approach.
In addition to the complete elliptic integrals, complementary elliptic integrals

K(k) = K'(K) (B.9)
and

E(k) = E'(K) (B.10)
depending on the complementary parameter

K =/1-k2. (B.11)

Exemplary to get a rough feeling for the shape of the complete elliptic integrals of first
and second kind, they are plotted on the interval from -1 to 1 in Fig. [B.1. Especially, we
detect for the first-kind elliptic integral a pole for limy_,; K (k).
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B.2. Derivation of Critical Temperature Approximation

In the third chapter, we discussed the impact of the temperature on the Fermi gas. In this
context, the critical temperature was proven to be of major interest. Below the critical
temperature T¢, the superfluid Fermi gas occurs in the BCS-BEC crossover. Since, we
consider the BCS mean-field theory, we are able to determine superfluidity at the BCS
side of the crossover. The derivation of an approximative formula is quite technical, which
is shown in this section. We start with the equation for the order parameter and set
the order parameter A = 0. In the limiting case A — 0, the temperature 1" converges to
the critical temperature T¢. Consequently, this equation

M d3% | 1 tamnh ( Q(k)TfF)
2rh2as / (2m)3 | E(k)  E(k)— Er

(B.12)

has to be fulfilled. Analogously, to the beginning of the third chapter (3.8)), we transform
the k-integral to an energy integral

3 e—Fp
M 2 M \2z [* 1 tanh (QkBTC>
— = d B At A B.1
2rh?as /T <27rh2> /0 SVe € e —Ep (B.13)

Since we start to investigate the integral quite detailed, we manipulate the energy integral
as follows

00 1 tanh(k >
IE/O devz | < - 5_—2EBFTC (B.14)

& 1 1 €—EF 1 E—EF 1 €—EF
= d — — —tanh — tanh — tanh .
/0 8\/§ |:€ 9 an <2kBTc> + 9 a <2kBTc) g — EF an <2kBTC ):|

Performing a partial integration leads to

I:/ de— 1 ! [ —2y/Erln Vet VEr
0 dkpTc cosh2<5 ETE) Ve —VErp

] (B.15)

The evaluation of this expression has to be performed in several steps. First of all, we
consider the Dirac delta function as the following limiting case for very low temperatures

1 1
lim = 0(e — Ef). B.16
Tcl0 4kgTc COSh2 (zek—]gf > ( F) ( )
BlC

This follows from the integral

> 11
/oo dr {llﬂ% lzecosh(x)] } =1 (B.17)

and the limiting case

T T
50 2¢ cosh? (%)

=0
—J% e (B.18)
0, x#0

since this agrees with the definition of the Dirac-delta function. Thus, the energy integral
yields

il —2—/ de—" ! n| Y VEE (B.19)
0

2askp N 4kgTc cosh? ( ) \/ — ‘/EF
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Analysing the remaining logarithmic function

CrVEE  (ErvE? (Tt )
e _Er_

— - (B.20)
Ve —VEp e— Ly YinTo  ZhpTo

yields a convergent term in the numerator, while the denominator requires a deeper in-
vestigation due to the singularity for ¢ — Er. However, we can split the fraction in the
logarithm and evaluate the numerator separately by taking into account (B.16))

2 2
& 1 1 +VE & +VE
/ de In (vVE ) %/ d€5(6—EF)1nM
0 4kpTc cosh? (28153]_;}?0) 2kpTc 0 2kpTc
4Fp
=1 . B.21
Y ks Te (B:21)
Thus, we obtain from (B.19)
41F & 1 1 —F
T o g T +/ de I 2= Pl (B.22)
2askp 2kgTc 0 4kgTc cosh2 (261;?1:‘ ) 2kgTc
BLC

In the last step, we investigate the remaining integral for the present special case
Ep >> kBTC (B23)

and derive finally the desired analytic expression for the critical temperature

To = §12TF exp ( ) (B.24)
mTe

s
2askF

with 7 = ¢¢ where C denotes Euler’s constant, which has been also calculated in [35].
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C. Polylogarithmic Function

To investigate an ideal Fermi gas in a harmonic trapping potential, we introduced poly-
logarithmic functions. Therefore a more detailed look at those polylogarithmic function
is appropriate. A general definition is given by the power series |7§]

B

o0 Zk
Lis(2) =) -~ (C.1)
k=1

for |z| < 1. Considering the cases s = 0 and s = 1, we can represent them by analytic
expressions

z

=1 (C.2)
Lij(z) = —log (1 — z). (C.3)

Lig(2)

C.1. Analytic Continuation

Taking into account the case n € Ny, the recursive relation

Li,(z) = /0 ’ Li"—tl(t)dt (C.4)

can be introduced. Comparing (C.3) and (C.4), we can expand our relation to the case
|z| > 1 for n € N, if we assume z < 0.

The assumption z < 0 is fulfilled in the fermionic case, as we have already seen in the
particle-number equation for the ideal Fermi gas (4.43). For comparative purposes we
investigated the behavior of the polylogarithmic function for different n in Figure

C.2. Numerical Evaluation

For numerical purposes it is of interest to keep the calculation effort as low as possible.
Consequently, it is important to use the most simple representation of the polylogarithmic
function. A generalisation of the polylogarithmic function is known by the generalized
Nielsen polylogarithmic function [79]

_ (=prt /1 n—1,p 108" (1 — 21)
Snp(2) = =1 J, log" ™" (t) " dt, (C.5)
which has the special case
Li,(2) = Sp-1,1(2) (C.6)

and consequently, we can use the integral representation above for the numerical evaluation
of the polylogarithmic function.
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Lin(2)

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0
V4

Figure C.1.: Tllustration of the polylogarithmic function (C.3) continued by the recursion
relation 1} for n > 1. We can see the analytic continuation for z < —1.
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