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We study one-dimensional lattice anyons with extended Hubbard interactions at unit filling using
bosonization and numerical simulations. The behavior can be continuously tuned from bosonic to
fermionic statistics by adjusting the topological exchange angle €, which leads to a competition of different
instabilities. We present the bosonization theory in the presence of dynamic gauge fields, which predicts a
phase diagram of four different gapped phases with distinct dominant correlations. Advanced numerical
simulations determine and analyze the exact phase transitions between Mott insulator, charge density wave,
dimerized state, and Haldane insulator, all of which meet at a multicritical line in the parameter space of
anyonic angle 6, on-site interaction U, and nearest neighbor repulsion V. Superfluid and pair-superfluid

phases are stable in a region of small V.
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Introduction—For continuous one-dimensional (1D)
systems an exotic particle species interpolating between
bosons and fermions was first proposed by Leinaas and
Myrheim [1,2]. This concept of anyons has received
renewed interest with the implementation by so-called
“lattice anyons” [3—-17] based on experimental progress
to create artificial gauge fields by dynamic manipulations
and Floquet driving in ultracold gases [15-25], by Raman
assisted coupling [26,27] or by impurities in 1D spin-
charge separated systems [28]. The originally proposed
continuous 1D anyons [1] correspond to the limit of low
filling of interacting lattice anyons [29]. However, for unit
filling of one particle per site strong lattice effects give rise
to a completely different situation, where several broken
symmetry phases are possible, which is the topic of this
Letter. This is motivated by the observation that different
instabilities have been established for fermions and bosons
in the 1D extended Hubbard model at unit filling. In
particular, the competition of on-site U and nearest neigh-
bor V interactions leads to a possible dimerized (or bond
ordered) phase for fermions [30-33], while for bosons
topological string correlations in the form of a Haldane
insulator (HI) are observed in an intermediate regime [34—
37]. This invites the question for anyons: what is the nature
of an intermediate phase as the anyonic exchange phase 0 is
tuned continuously between bosonic behavior for € = 0 to
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fermionic behavior for # = z? The goal of this Letter is to
examine the transitions between all different instabilities
and determine the dominant correlations as a function of 6,
U, and V at unit filling.

The 1D extended Hubbard model for anyons can be
written in standard notation as

N U
H = Z |:—J€l}.&[+] + H.c. +Eﬁl(ﬁl - 1) + Vﬁ[ﬁ[+1 .
I

()

The anyonic statistics enters via the exchange phase € in the
deformed commutation relations on different sites [ # [':

eifsen(1-1) AT A

&,&; - aya; =0. Using a generalized Jordan-

Wigner transformation a; = b, exp(i0 > j<ifj) [6] the
anyonic model can be mapped to a bosonic one [13;,, lA),] =
0 for [ # I’ with density-dependent hopping

Hyy = —JZ [l;;i?l“e"eﬁ’ +H.c.|. (2)
]

The on-site commutator [ = /' depends on the physical
implementation, which 1is typically spinless bosons
restricted to a maximum of two particles per site [7].
The limit of 6 =z corresponds to spinless “pseudo-
fermions” with the same on-site behavior but anticommu-
tation relations for [ # I'. We now derive the corresponding
low-energy field theory, which will allow for drawing
conclusions about the expected phase transitions.
Bosonization of gauge fields—For the constraint of
maximally two particles per site at average unit filling,
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an exact representation can be used in terms of spin-1
operators S‘f = —; + 1 which take on eigenvalues —1, 0, 1
[38]. The operations of the transformed hopping operator
are given in terms of spin operators S, | — 1) = 1/2|0) and

8710) = Va[1) as

. 1 o
Hy, = _521: [I(Sf, SEDSTSH, + Hc} (3)

where the effective hopping is #(—1,0) = 2Je",
1(0,1) =J, t(=1,1) =+/2Je?, and 1(0,0) =+/2J. A
similar parametrization for interacting bosons has been
used before [35] with the simplification r = J. Here we
keep the full expression for ¢ to avoid an artificial spin-flip
symmetry and implement the #-dependence, which can be
written in terms of spin-operators as

(37.8,) = L +dO)3 | 1 +dO)S D] @)

with d(0) = 1 —/2¢". Following Refs. [35,39], we re-
present the spin-1 degrees of freedom by triplet states of
two spin-} operators, $;° = §f, + 85, and 87 = 87, + 53,
for each site. This results in a spin-% two-leg ladder model:

R le=lfn »  Na »
Hyin = _EZ [f(Sé,z’ S§,1+1)Sl,151+,1+1
]
+ ;(Sé,zv A ) STiS3 141

+all terms with 1 <> 2 + H.c.] , (5)

where 1 <> 2 denotes the interchange of chain indices 1 and
2 and 7(85,.8%,,,)=1(8,-1/2.8,,,+1/2) for i,
j =1, 2. Note that hopping in chain 1 depends on the
spin operators 3‘;1 in chain 2, and vice versa. In that sense
we may speak of a lattice gauge function [40]

7(8z,, S‘;,H) =T +J.5+ JZS;,H + JZZS,{,S;M, (6)

with J = (J/4)(1 +v/2)(1 + v/2¢') and higher spin inter-
action constants J, = (J/2)(1 +v2)(1 —v/2¢), J,=
(J/2)(1=v2)(1++/2¢), and J,, =J(1-/2)(1—=+/2¢1).

For low energies, the Hamiltonian of the coupled spin
chains is expressed in terms of dual bosonic fields ®,, and
@, for each chain n = 1, 2, which are defined for a con-
tinuum variable normalized such that [®,(x), 0, (x)] =
(i/2)8, vsgn(x —x') [35,41]. More details are given in
Supplemental Material [40]. The resulting Hamiltonian is

i [ {27 (00,7 + ;10,07

+A(0,0,0,P, +0,0_0,D_)
+ gy cos V4nD, + g, cos VArD_

+ g3 cos V4rO_ + g, cos V4r D, cos \/47zd>_} , (7)

which we discuss below. Here @, = ®; = ®, and O, =
(®, £ ©,)/2 are the fields for the total (+) and relative (—)
densities and phases of the two spin-1/2 chains, respec-
tively. Terms which only affect conserved quantum num-
bers have been omitted. The parameters in the Hamiltonian
can be determined in a weak-coupling expansion for small
U,V,J.,J.,and J_:

6V + U —4ReJ -1/2
K+:2{1+ Uz dRe “/”] C®
Re(nJ - J_./2x)
2V — U — 4R -1/2
Kk —no|1 42V Uz m|TE g

Re(nJ — J../2x)
u, = 2aRe(J - J../27%)/K,, (10)
-2
A=-mU. +7.) = ﬂsin@, (11)
T T
g1 1 2Re(-]zz)
Aoy - B 24 12
S@V-U)+ =, (12)
o 1 2Re(J ;)
> =5 )+ — (13)
P~ _Re(J)n, (14)
a
Re(J
9 _y _Rell) (15)
a V/

where a is the lattice constant. Those expressions follow
from a first order expansion in the interaction parameters
and an operator product expansion [42,43] of the 0-
dependent hopping terms as discussed in Supplemental
Material [40]. However, the mapping from bosons to spin
operators already implies a finite value J_, # 0 even for
0 =U =V =0, so the exact weak-coupling limit cannot
be realized in the phase diagram. Hence, the actual
coupling constants quantitatively differ from the formulas
given above, but the operator content and the qualitative
behavior with increasing 6, V and U are robust.

For @ = 0 and 7 = J we recover the structure and phases
for bosons as discussed in Ref. [35]. For & > 0 we notice
the appearance of a characteristic anyonic current-density
interaction A on the second line in the Hamiltonian in
Eq. (7). This term is present for any filling and leads to
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different left- and right-moving velocities [29]. While the
corresponding time-dependent correlation functions now
show chiral behavior, remarkably the static mode expan-
sions of the fields remain unaffected [29], so scaling
dimensions and the renormalization behavior are not
changed by A.

Phase transitions—Next, we turn to the cosine inter-
actions g1, ¢», g3, g4 on the last two lines of the Hamiltonian
in Eq. (7), all of which may be relevant and lead to gapped
phases, depending on K, [35]. Notably, however, the
sin \/ECID+ term is absent, even though spatial inversion
symmetry Z is broken [35]. This is due to the fact that a
modified inversion symmetry 7 is still obeyed as discussed
in Ref. [8], which forbids this operator (see Supplemental
Material [40] for a discussion of symmetries).

In the (+) sector a pinning of the field @, may occur due
to the g, interaction, which is relevant for K, < 2. This
case is discussed in the following, while K, > 2 corre-
sponds to superfluid phases with irrelevant g;, which is
considered in End Matter Appendix B. For relevant g; < 0
the renormalization flow fixes the value of @, = 0, while it
becomes @, = /z/2 for g; > 0, with a phase transition at
g1 = 0, characterized by a free field of conformal charge
¢ =1 [35]. The relative quantum numbers in the (—)
channel will also be pinned with long-range correlations.
Here, two interactions g, < 0 and g3 < 0 compete with
scaling dimensions of K_ and 1/K_, respectively. The
renormalization flow for K_ < 1 will lead to a minimum at
®_ =0, while K_ > 1 is characterized by ®_ = 0. The
phase transition for K_ = 1 is predicted to be in the Ising
universality class with ¢ = 1/2 as long as ¢, ~ g3 [35,44].
For the model at hand a sign change of g, is only possible
where it is not the leading instability. The two phase
transitions are plotted schematically in Fig. 1 by using the
conditions g; = 0 and K_ = 1 to determine a critical U as
a function of —ReJ, « 1 — /2 cos @ for a fixed value of V.
From Eqgs. (8)-(15) we get the weak-coupling limit

NCx
\:\1 ~
~ sy, Mott
~o,
S o, =0,0_=0
Sso et
~ ot
= Haldane \\\\ Dimer
S| e =cFei=0 =00 =0
Lot So
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FIG. 1. Schematic phase diagram resulting from bosonization

in Egs. (16) and (17) as a function of U and —ReJ,, « 1 —
/2 cos @ for fixed V and J. At one point (red) four gapped phases
meet, each of which is characterized by the minimum values of
bosonic fields.

Us_, () ~2V+w (16)
Cing(0) ~ 2V = SRel/=:(6)] _ 37Re[J(0)).  (17)

2r

For 6 = 0 the corresponding long-range (|i — j| — o)
order parameters have been discussed in Ref. [35] in terms
of densities 671, = 7, — 1 and fields ®,. For U > US_; >
Ulsing the pinning ®, = ©_ = 0 corresponds to the Mott
insulator (MI) with parity order parameter

Ghiorr = (" ™) ~ (cos Va2, (18)
while U¢_; > Ujgy,
with alternating charge order ®, = /z/2 and fixed
relative densities ®_ = 0 characterized by long-range
density correlations

> U is a charge density wave (CDW)

Olpw = (=1)=71(57;60 ;) ~ (sin /7@, cos/zP_)2. (19)

Alternatively, a local order parameter Ocpyw can be defined
as the even-odd density difference, which manifests the
breaking of the Z, symmetry with respect to bond-centered
inversion [40]. In the intermediate case, US_;, > U >
Ulsing> @ Haldane insulating phase has been identified
with alternating local charge @, = /z/2 but fluctuating
relative densities ®_ = 0 and topological string order
parameter

Oy = (67,67 2zt 57) ~ (sin /7D, )2, (20)

For larger 6, anyons now open another possibility for the
intermediate phase, as Uy, increases and U;_; decreases
with 8, such that UZ_; < U < Ujg,,, which is not possible
for bosons. In this case the order parameter is given by
alternating energies on even and odd bonds as

ObiMer = <H2321? - Hgggd> ~ COs \/7_T¢+ cos\/z®_, (21)

corresponding to uniform local charges ©, =0 with
relative quantum numbers entangled on every second bond
@®_ = 0. For the Fermionic Hubbard model the dimer phase
is also known as a bond ordered wave [31]. However, it is
not trivial that such a phase is now also observed for 6 = =
corresponding to “pseudo-fermions” where the on-site
commutator is bosonic with at most two particles per site.
The Fermionic Hubbard model has a local Hilbert state of
four states per site, while the model in Eq. (1) is restricted to
three states, where the relative densities in the (—) channel
play the role of fermionic spins.

Numerical results—The density matrix renormalization
group (DMRG) algorithm [45,46] and the infinite DMRG
(iDMRG) [47] with M = 100-800 kept states were used
to calculate the fidelity susceptibility, the entanglement
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FIG. 2. Phase diagram as a function of § and U/J for V/J =
0.3 obtained by fidelity susceptibility from iDMRG with bond
dimension M = 400. Circles denote the ¢ = 1 transition, and
crosses show the Ising transition. The dashed and dotted lines are
fits to Egs. (16) and (17), respectively (see text). Inset: behavior
near the points, where all four phases meet for different V/J.

entropy, order parameters, and the correlation length, as
well as level spectroscopy with finite-size scaling. The
fidelity susceptibility provides a robust sharp signal and has
been used to obtain the phase boundaries between the four
gapped phases in Figs. 2 and 3, which agree with maxima
of the other quantities using an accuracy of parameter
spacing 0.1J. See End Matter Appendix A for a more
detailed discussion of the numerical approach.

The bosonization results in Egs. (16) and (17) predict a
cos @ dependence of the phase transition lines of the
form (U;_,(0) — U;_,(n/2))/J = acos 0 and (Ug,, (6)—

Ting(7/2))/J = bcos O, where the weak-coupling ex-
pressions evaluate to a ~ 0.74 and b ~ —8.5 with opposite
signs. Due to finite coupling values those prefactors
renormalize, but the cos behavior appears to be robust,
as can be seen by the fits of the phase transition lines
in Fig. 2, which are given by U¢_, /J = —0.34 4 2.02 cos 0

and US. /J=-3.51—1.73cosé.

The inset of Fig. 2 shows the behavior near the points
where all four phases meet for different V. For each fixed
V, the phase transition lines cross, which would signal the
appearance of a four-critical point between the MI, HI,
CDW, and dimer phases. According to bosonization the
multicritical point would have central charge ¢ = 3/2 [48].
All data is consistent with four phases meeting exactly at
one multicritical line in the U-V-6 parameter space.

More detailed phase diagrams in the U-V-parameter
space for different 6 are presented in Fig. 3. The width of
the HI phase has considerably decreased for 8 = x/2, and
for & = 37z/4 it is almost gone. For § = 7 the HI phase is
completely replaced by a dimer phase consistent with the
prediction by bosonization. For large V' the intermediate
phase always merges into a first order transition between
Mott and CDW phases. The dimer phase extends to
negative U over a larger region than for the Fermionic
Hubbard model [31].

An interesting aspect for small values of V is the
appearance of a superfluid (SF) for bosons and a pair-
superfluid (PSF) phase for both bosons and pseudo-
fermions in the insets of Fig. 3. For V = 0 the behavior
was analyzed numerically in Ref. [7], which can now be
explained in terms of our bosonization approach at unit
filling. In particular, superfluid behavior requires an irrel-
evant coupling g; in the (+) sector K, > 2,i.e.,, U + 6V —
4Re(J..)/m < 0 from the weak coupling limit in Eq. (8).
Accordingly, superfluid behavior is possible even for
positive regions of U at V =0 due to the fact that
J..(0 = 0) > 0, which would not be the case if an artificial
spin-flip symmetry was assumed as in previous works.
With increasing 6 the critical value of U decreases since
Re(J..) « /2 cosf — 1, which is exactly observed numeri-
cally in Ref. [7]. The SF-PSF transition is discussed in End
Matter Appendix B, where it is shown that it corresponds to
K_ = 1. As can be seen in the inset of Fig. 3 it is therefore a
continuation of the Ising transition discussed above, where
it was predicted that the K_ = 1 transition occurs at larger
values of U with increasing 6. Hence, with larger 6
eventually the decreasing K, = 2 and the increasing K_ =
1 lines cross, which marks a multicritical point where the
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6F / /<
M / i3 Ml .
> 2r ol 1 2,0 - ~ [omer |
= rw"“’ﬁ cow = |pIMER s
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cow ° —2r
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PSF Vi
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Phase diagram as a function of U/J and V/J showing the fate of the intermediate phase at @ = 0, = z/2, 0 = 3x/4, and

6 = x (from left to right), numerically determined by the maxima of the fidelity susceptibility using iDMRG. Green (¢ = 1) and yellow
(Ising) denote continuous transition lines, and blue is first order. Insets: for & = 0 and 6 = z, close-up of the superfluid and pair-
superfluid behavior determined by level spectroscopy (red lines, see End Matter Appendix B).
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FIG. 4. Finite size L scaling analysis of the order parameters
from DMRG. Upper: data collapse of O%,, along the HI-CDW
transition at V/J =3, § = 0. Lower: data collapse of Ocpw
(density difference) (lower left) and Opprr (lower right) along
the CDW-dimer transition at V/J = 0.2, § = x.

SF phase is replaced by the dimer phase at 8 ~ 0.8z for
V =0 as first shown in Ref. [7]. More details on the
superfluid phases are discussed in End Matter Appendix B.

Classification of transitions—For the determination of
universality classes the scaling of the order parameters is
analyzed, which is numerically more involved (see
Supplemental Material [40]). This is illustrated in Fig. 4
(upper) for the transition between the HI and CDW phases.
The data collapse gives an accurate determination of critical
exponents v = 1.03 and 2 = 0.247. This is in agreement
with the prediction of an Ising transition with ¢ = 1/2
[8,35], which we confirmed by entanglement entropy
scaling [49] in the insets of Fig. 5 in End Matter
Appendix A.

More interesting is the transition from CDW to dimer
phase. Both phases show a spontaneously broken trans-
lation symmetry but different broken inversion symmetries:
bond centered and site centered, respectively. Recent
literature has extensively discussed continuous transitions
between two phases with different broken Z, symmetries
as interesting examples [48,50-59] beyond the Landau-
Ginzburg paradigm [60] in connection with deconfined
quantum criticality [57-59]. While in two-dimensional
systems numerical evidence for a continuous transition is
hard to obtain [61,62], the one-dimensional system now
offers more controlled methods. For the anyon model we
can confirm that the CDW-dimer transition also falls in this
remarkable category. It is continuous at V/J =0.2,0 = =«
for a ¢ = 1 transition as shown in Fig. 4 (lower). From
bosonization this can be understood because the sign
change of g, causes the ¢ = 1 transition and at the same
time a change of the Z, symmetry of the respective order
parameter, interchanging the role of cos./z7®, and

siny/7®, in Egs. (19) and (21). See Supplemental
Material [40] for a discussion of symmetries.

For the extended Bose Hubbard model, the HI to Mott
transition is known to be ¢ = 1 [36,37,63]. It is weaker for
small V [8] and merges to a first order Mott-CDW
transition for large V as shown in Fig. 3. We observe no
significant change in the nature of the transition for finite 6.
A coupling in the form of the operator sin \/KE(IJ+ is
therefore always absent, which would otherwise lead to a
crossover behavior instead of a sharp ¢ = 1 line [35].

Finally, all transitions between the (pair) superfluid
phases and the gapped phases are of Berezinskii-
Kosterlitz-Thouless (BKT) type (red lines in the insets
of Fig. 3). As discussed in End Matter Appendix B, the
corresponding transition lines were established using level
spectroscopy [64—70] with exact diagonalization for finite-
size systems extrapolated to the thermodynamic limit.

Conclusions—By derivation of the effective field theory
and large scale numerical DMRG calculations we have
obtained the phase diagram as a function of 8, U, and V of
the extended anyonic Hubbard model including negative
on-site interactions. The phase diagram consists of four
gapped and two superfluid phases. By tuning the exchange
angle @ from 0 to z the behavior changes continuously from
bosonic to fermionic. In the process the Haldane insulator
phase disappears at an interesting multicritical point where
it is replaced by the dimer phase. The transition between
dimer and CDW phases provides an example of a con-
tinuous ¢ = 1 transition between two distinct broken Z,
symmetries beyond the Landau-Ginzburg paradigm.
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End Matter

Appendix A: Numerical data—For the numerical
determination of the phase transition lines, we discuss
the fidelity susceptibility, the entanglement entropy, and
the correlation length here. Order parameters are
discussed in Supplemental Material [40].

For determining the continuous transitions between
gapped phases we use iDMRG [47] to calculate the fidelity
F and its susceptibility yg [71,72]. The fidelity is defined as
the absolute value of the overlap between a quantum state
|[¥(4)) with a state with a slightly shifted parameter
|¥(A+62)), F(62) = [(¥(4)|¥(A + 62))|, from which the
fidelity susceptibility is derived:

_2In(F)

o2 (A1)

XF =

Here, A is the parameter across which the phase transition is
to be located, and 64 is typically fixed around 0.05J to
define the desired accuracy in parameter space.
Another useful quantity is the entanglement entropy,
S(pr) = —trpr In(pr), (A2)
of the reduced density matrix p; = trgp for the left
subsystem, where the right part has been traced out [73—
76]. At a gap-to-gap continuous phase transition, the
entanglement entropy diverges logarithmically in the cor-
relation length £ when approaching a critical point [49]
S(pr) x cIn(é) with ¢ being the central charge of the
underlying conformal field theory. For finite size systems
the correlation length at the continuous transition is limited
by the system size L. At the critical point, S(p;) then
diverges as

S(pr) = £In(L) (A3)

for open boundary conditions [49]. With open boundary
DMRG the entanglement entropy is alternating along the
chain due to edge effects. The average of the larger S and

smaller S¥*% values determines ¢ in the thermodynamic
limit shown in the insets of Fig. 5.

The correlation length £ shows a pronounced maximum
near phase transitions. Instead of calculating the density-
density correlations, a more convenient way is to analyze
the two largest eigenvalues Ay and A; of the transfer matrix
using iDMRG in the sector with the same particle number.
The density-density correlation length is then given by
£=2/In(Ay/A,), and the phase transition occurs when &
diverges, i.e., when A; — A,.
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FIG. 5. Correlation length &, entanglement entropy S, and
fidelity susceptibility yr as a function of U at V = 0.2/ and 6 =
7 from iDMRG (M = 800), showing a ¢ = 1 transition for CDW-
dimer at US_, = —2.76J (upper) and an Ising transition for
dimer-Mott at Uf,, = —1.82J (lower). Insets: entanglement
entropy scaling from finite size DMRG at the transition points
as a function of In(L) according to Eq. (A3).
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1.5

&

—2.0
v/J

FIG. 6. iDMRG data for correlation length &, entanglement
entropy S, and fidelity susceptibility yr for V =0.3J as a
function of U. For § = 0 (top), the CDW to HI transition is at
Uj, —5.15J, and the HI to Mott transition is at US_;, =

Ising =
1.6J. For €=0.4z (bottom), U’ —4.15J, US_;=04J.

c
Ising —

In Fig. 5 we compare all three quantities at 6 = 7 to
illustrate the behavior for the CDW to dimer transition
(upper) and the dimer to Mott transition (lower). All
quantities have sharp maxima at the phase transition line,
which agree within the parameter spacing of the simula-
tions. In addition, the scaling in Eq. (A3) can be used to
characterize the nature of the transition as shown in the
insets, which give ¢ = 0.5004 and ¢ = 0.973 consistent
with Ising and ¢ = 1 transitions, respectively.

In Fig. 6 the analogous analysis is made for § =0
(upper) and € = 0.4z (lower), which show the CDW to HI
and the HI to Mott transitions. In the latter case the maxima

n (0.8

165

14 ~
0.15F
0.10F 1.2 :

e
o
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s L 1.0
l.,.,?l../-\»' . s”b»,»_
0 3 MM AR s | 0.8 L L L L L
05 1.0 1.5 2.0 25 3.0 35 4.0 0.5 1.0 1.5 20 25 3.0 35 4.0
U/ U/

FIG. 7. Fidelity susceptibility yp (left) and entanglement en-
tropy S (right) from iDMRG plotted as a function of U at the Mott
to HI transition for & =0 (upper) and 6 = z/4 (lower) and
different V (legend applies to all subfigures).

of S and ¢ are broader, while yf is overall smaller but with a
relatively sharp feature (for an enlarged scale see Fig. 7). In
fact, we find that yr remains always sharp even as other
maxima broaden for smaller V, as illustrated in Fig. 7.
Hence, we obtain all data points for the phase diagrams
from the maxima of yp only, but the maxima are always
consistent with the other quantities.

Finally, we examine the effect of the number of states
kept M, which plays the role of a cutoff, so the quantitative
behavior directly at phase transitions may crucially depend
on M. Hence, for the scaling of Eq. (A3) shown in the insets
of Fig. 5 a large value M = 800 was used. However, for the
location of the maxima, the value of M is much less
important as illustrated in Fig. 8 where the M = 800 data
points are on top of points with lower M except for
M = 50. We find that using M = 100 allows for a good
sampling of transition points in parameter space and gives
identical values as M = 800 as checked at selected points.

Appendix B: Superfluid phases—In the bosonic limit
(0 =0), the phase diagram exhibits a SF-PSF phase
transition that has attracted interest in dimension d = 1
[77-79] and higher [79-83] due to its unusual Ising
quantum critical point characterized by a U(1) x Z,
conformal field theory with fractional central charge
¢ = 3/2. For corresponding gapless phases in the spin-1
chain see Ref. [39]. In the 1D model there is no
breaking of the continuous U(l) symmetry, but quasi
long-range order exists, which is characterized by
algebraically decaying pair correlations ((b])?(b;,)?) in
both phases. On the other hand the single particle
correlation (b b; +j) decays exponentially in the PSF
phase but remains long range in the SF phase, which we
confirmed numerically [40]. Both superfluid phases
require K, > 2, while the (—) sector of the continuum
Hamiltonian in Eq. (7) is always gapped. Consequently,
all phase transitions between the superfluid and
insulating phases are driven by the g, interaction and are
of BKT type.

1.2

LOF

n 0.8}

0.6f

U/J

FIG. 8. Entanglement entropy S and derivative of ground-state
energy E, (inset) over U for V =3/, @ = x. The jump at U =
2.68J indicates a first order CDW-Mott transition.
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The two distinct superfluid phases (SF and PSF) corre-
spond to different locked values of the fields ®_ and ©_
depending on the value of K_ [39]. The correlation
functions characterize the different gapless phases for
K > 2. For the slowly varying part of the single particle
function we find [40]

in 1/ a s -
<b(‘)bj>uni :E <<Sl.0srj>uni + <SZ,OS{j>uni>

ox x| 7 ((e1VFO- 00RO} 1 He. ). (BI)

where only the leading asymptotic behavior is retained.
Generally, in the (—) sector there is a competition between
the g, and g3 interactions which have scaling dimensions
K_ and 1/K_, respectively. For K_ > 1, the ©_-field is
locked at ®_ = 0. In this case, the expectation values
involving the vertex operators of ®_ contribute a constant
to the prefactor of (b{b )uni» 80 the single-particle function
decays as a power law, which is the hallmark of the SF
phase. However, for K_ < 1, we have ®_ = 0, while ©_
fluctuates freely, resulting in an exponential decay of the
single particle function. Hence, the change of single
particle decay and the SF-PSF transition is determined
by K_ = 1. The pair-superfluid phase in Fig. 3 is pushed to
smaller values of V by the CDW phase, which we attribute
to the g, interaction in Eq. (7) in combination with the
pinned field ®_ = 0. For larger V and K, <2 the HI-
CDW Ising transition is also characterized by K_ =1 as
discussed above and therefore is in line with the SF-PSF
transition, resulting again in a multicritical point where two
gapless and two gapped phases meet, consistent with the
numerical data in the inset of Fig. 3 for & = 0. Note that the
slowly varying part of the pair correlation does not

Fo=01U/J=0
—12.0F
F —N=L

—12.5F +Ef§':m

E_130F 0.06F

» 5; D004F T e ]
B =0.02f E
—14.0 ;‘ ‘/(;:IU/J ~ 0.0289 OU ()A(S(JS2 U.bl
_14 5: P R E R R }/L M

-0 0.05 0.1 0.15 0.2
v/J
FIG. 9. Crossing of energy levels that represent the SF phase

(green symbols) and the HI phase (black symbols). EY denotes
the energy of the nth excitation of the N-particle sector. Inset:
extrapolation to L — oo.

depend on O_:

<(Bg)2(l;j)2>uni = <Sl_.0§5.0‘§ij*§{j>uni
o (£1VATO(0) g=iVATO..(x)) M—ﬁ_ (B2)

It remains algebraically decaying in either gapless phase as
confirmed numerically [40].

For numerically locating the gapless to gapped BKT
phase transitions, we use the level spectroscopy approach
[64-70] where finite-size transition points are identified
using excited energy level degeneracies, which are then
extrapolated to the thermodynamic limit using exact
diagonalization on periodic finite size systems. Figure 9
shows the relevant energy level crossing as a function of V.
In the inset the corresponding crossings for different finite
L are extrapolated to an infinite system size, which
determines one SF/HI transition point to an accuracy of
0.01J. This procedure is repeated for a large number of
different values of U to obtain the insets of Fig. 3.
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In the Supplemental material details about the lattice gauge function, the bosonization of the
lattice model, the symmetry transformations, and additional numerical data are presented.

I. LATTICE GAUGE FUNCTION

With the restriction of a maximum of two particles per site, the Bosonic creation operator can be expressed exactly
in terms of spin-1 operators. In the representation by triplet states of two spin-1/2 operators the corresponding
expression is given by [1, 2]

bf :9/151 (a(o) + d(O)S‘;l) + f/%l (a(O) + d(O)SfJ (1)

where a(0) = (1+ v/2%¢?)/2 and d(#) = (1 — v/2'€?). We will now derive how this representation is affected by the
multiplication with a density dependent phase factor, i.e. we will derive the form of b}ewﬁl. The density-dependent

i0(—1) _ —i057, ,—i0S

phase decomposes as e 21 where the exponentials of spin-1/2 operators can be expressed in

terms of trigonmetric functions

for n = 1,2. We further notice that
~ < o 0 L. % Az _i6 x5 0 Gz
(a(a) + d(&)Sn,l) cos (5 ) —2isin (5 ) 85, ) = e (a(a +0) +d(0+ ) w) (3)
for arbitrary angles 6 and 6. Multiplication of the Boson operator with the density dependent phase therefore gives

oo ST X Sy X
bl et :7; (a(6) + d©)83,) + 721 (a(6) +a®)57,) - (4)

In conclusion, on the level of spin-1/2 operators the action of the density dependent phase is solely reflected in the
coefficients a(f) and d(0). It is straight-forward to check that this expression yields the correct matrix elements in
the local Hilbert space of 3 states. It also can be used to verify the lattice gauge function in Eq. (6) of the main text.

II. BOSONIZATION
A. Mode expansion and Bosonization of spin operators

For the bosonization we follow the standard approach by first using the Jordan-Wigner mapping

A R . R A . 1
S;:l = Cz,l exp (“"Z”m”) s Sgu="TNg1— 3 (5)

'<i



to a Fermionic representation where el | creates a Fermion on site [ in chain ¢ = 1,2 and 7,,; = c; 1Cq,1- We then take
the continuum limit and project the Fermionic fields onto states with momentum near the Fermi points +kp. This
leads to right- and left-moving components in the mode expansion:

Cql — Va (‘i/‘}%(x)eik” + \if%(x)e_ik”) (6)
where x = al and «a is the lattice constant. Next, we apply the standard Bosonization formula [3]

1 ivVT (O4(x)E£P,(x
Te )= V(04 (@), (2)) )

with the dual Bosonic fields ©4 and ®, which fulfill [®4(z), Oy (/)] = 46, 4sgn(z — 2’). Here, the length scale a
also serves as the ultraviolet energy cutoff of the theory. The dual Bosonic fields can be decomposed into right- and
left-moving fields @4 = ¢r g + ¢r,q and Oy = ¢pr g — ¢1,4. We use the following mode expansions of these fields

Orq(z,t) = ¢t QR,q L + ¢R q(x t)+ og q(fE t) (8)
Oral,t) = %,q o *L“t + 68 o, 1) + 0 o) )

for finite system size L and periodic boundary conditions where

27rn (

Grg(r,t) = (¢ (. )) —Z F b (10)

op 4 (T,t) = (¢Lq z,t)) Z \/m vrn(a:+vt)b‘1L - (11)

The Bosonic modes b%, , and b7 , fulfill the canonical commutation relations [b%, R/Ln> bqR VLon )] = On,n if taken from
the same branch, otherwise they commute. The commutation rules for the zero modes are | %7q,¢0L7q] = % and
(6% 4> Qrql = —% and ¢, Qr,q) = & such that the anti-commutation rules for the Fermion fields are ensured. For
the Bosonic fields it follows
- 1 15-(T— v ——a
(O7/1.@ 1) 080, ,0)] = —-In (1= HECvVT D) (12)

where we have again used the short distance cutoff a to generate convergence. Using Baker-Cambell-Hausdorff
eAeB = ¢A+Be3lAB] the vertex operators are normal-ordered:

; ei\/Ed)R/L,q(m) — Lei\/Fqb;/L,q(z)ei\/Ed)};/L,q(z) . (13)
2ma VL

The spin operator S;,z =iy, — 1/2 =: iy : can now be bosonized using
g = o [P @)@+ a) + V@) P @ +0) + (-1F (V@)L @) + I @0@)] . (9
For the operator product expansion of two Fermion operators of the same branch we find
‘I'(Il?:r/L( )\I’qR/L(x +a) = ! L FIVATOR/L,q(@) .. VAT $R/L (2 ta)

L
~+ ! : 6:':i\/F(¢R/L=q(T)*¢R/L,q(z+a)) .
{:Fz + aF M a2 \/7? M

Oz
2
+ia®2m <W> + O(a®)

Ox (15)




whereas the rapidly oscillating product of two Fermion operators of different branches is given by

s (gt s s qts v —1)% _
(—1)% (\pg ()04 () + 0 (x)q/;g(x)) = %e—%%m‘i«]e—lm ?al”) 4 Hee. (16)
™
s .. .
= 7<2772L e 1B e iVAT R (2) | Y ¢ (17)
(=1~

= ———sin2y7 D, (x). (18)

Ta

In leading order this results in

o8

o 0 9%(x) (=)

N

For the spin raising operator we get

sin (2v/7 ®4(x)) . (19)

S‘;,l ~ o iVT O (2) [b +b(—1)% sin (2 \/Fqu(x))} 2

where b and b are non-universal constants. Note that the phases in the oscillating terms of Eqs. (19) and (20) depend
on the treatment of zero modes where other conventions are possible [3].

B. Bosonization of hopping with dynamic gauge fields

In this section we determine the bosonized expression for the correlated hopping including the density-dependent
phase. Our starting point is the spin-1/2 two-leg ladder model from Eq. (5) in the main text

1 7 oz dQz o— & 7oz Oz G— &
Hkin - — 5 Z |:t (52717 52714,1) SLlSIlJ’_l + t (SQ,D Sl7l+1> Sl,lS;,l-i—l + 1+ 2 + HC?|
l

with the lattice gauge function

i( Aiz,lv 57,1+1) =J+ ngiz,l + jzgjz’,l-i-l + ']zz‘giz,l‘g?,l—&-l (21)

J

for i,j = 1,2 which we have derived in the main text with J = Z(1++/2)(14v2¢?) and higher spin interaction
constants J, = Z(14+v2)(1—v2¢e?), J. = 2(1—v2)(1+v2€?), and J.. = J(1—v2)(1—v2€?). We proceed by
first bosonizing the free hopping and the gauge function separately and then performing operator-product expansions
between the hopping and the lattice gauge terms whenever necessary. As the lattice gauge function is complex-valued
we thereby need to consider the operator product expansions between the hermitian conjugated pairs of the hopping
and the lattice gauge explicitly. After the Jordan-Wigner transformation the kinetic energy reads

Hkin = — 5 Z |:t* (n2,la n2,l+1) CJ{,lCl’lJrl —+ t* (712717 n1,l+1) Cl{}lcz’lJrl +1< 2+ H.C.:|
l

where

t(’fli’l,ﬁj’prl) = j+ J, : ﬁ“ : +jz : 'flj’lJrl +J,, ﬁi,l i ﬁj,l+1 : (22)
for 4,7 = 1,2 and * denotes complex conjugation while : ... : stands for normal ordering by subtracting the ground
state expectation value. The Fermionic bilinears for kp = J- are given by

& e ~ia [xp‘;; (@)% (z + a) — ¥4 ()99 (2 + a) (23)

—(-1)F (¥4 (@) ¥ (2 + 0) - W1 (@) F(a + ) )|

and are bosonized similarly to the local density in the previous subsection. In particular, we use Eq. (15) to determine
the uniform contribution and proceed analogously to Eq. (18) for the oscillating contribution. The result (before
taking the Hermitian conjugate) reads

a 00,(z) a®|[00,x)\> [0®,(x)\> _1)E
é;léq,l—&-l :%‘Hﬁ 8(135 )_E [(;JE)> +< (I)aqag )> 1 ! ;_) cos (2¢/7 Py(z)) . (24)




Note the different phase of the oscillating contribution compared to the local density. For the Bosonization of the

gauge function we use : fg; = S;’l in Eq. (19) and evaluate the product : 74 :: fg 41 : by performing further
operator product expansions. For the cross terms the following expressions are useful [4]
9%, () ) 2ol )

— L sin(2y7 P, (2 + a)) ~ — sin(2y/7 P, (z cos(2y/7 P, (z)) (25)

1
Ox Ox - VT

and

sin (2v/7 ®y(z)) sin (2v/7 D (z + a)) :% —a®n (a«g@) - %cos (4/7D,) . (26)

Altogether, we find

STgl gt % (8@835 )> + 2a\(/—F173a 8%£x)sin (2V7T ®g(x + a)) (27)
- ﬁsin (2v/7 @y(z)) sin (27 Py(z + a))

a? z)\? —1)=
NW(aq)q( )> +2(7T;) cos (2y/7 Py (x)) (28)

ox
1 (1 00,(z)\> 1
=) (2—a277( aqx ) —§COS<4\/7?<I>Q)
which can be summarized as
) ) 1 20 (0%,(x)\> 2(-1) 1
gl iR = =5 ( 8q;£ )> + (7r2) cos (2vT Pg(x)) + 53 Cos (4VTD,) . (29)
The different contributions to the correlated intra-chain hopping
- 1y, o *a A JEEN
’C}nltﬁ = D) (t (2,1, M2,141) CJ{,lcl,l+1 + % (11, 1 141) C;lc2,l+1 + H'C'> (30)
= ’Ciz“ + ’C?J+1 + ’Czc,z+1 (31)
can now be determined by direct multiplication. Here, we have defined
ICIQ,ZHE**Z(J%J%IHJFHC) (32)
q_
Kl =—5 Z [ giCatt1 (T2 g +J7 iigaen:) + H'C'} (33)
q 1,2
. 1 . X
Kirpn=-5 > [Jz*z CqiCqi+1 Mg Mg g1 +H. C} (34)
qg=1,2

where =1 if ¢ =2 and § = 2 if ¢ = 1. Since the evaluation of these terms only involves multiplication of fields with
different chain indices we do not need to perform further operator product expansions. We obtain

Kt =q;2 {R;() [(8 0,)° (a@q)Q] “Ij; /) 9,0 } (35)

- aRe(J; +J2) +J2) a? -
Kign=> [ 0,0, — —TIm(J, + J.)0,0,0,P,
s N ™

—MCOS (2v/7®,) sin (2\/7?<I>q)} (36)

ch,l-u = Z [ M (8,9, + QRQ(JZZ) cos (2y/7 D) cos (2/7 D)

q=1,2 7T
Re(J..)
2T 3

cos (4y/7' P, )] . (37)



We further introduce 4+’ and ’-’ - fields

DL =B £ Py, O4 = (O £6,)/2 (38)
which yields
. 2Re(J 1 1 2a Im(.J
Kiis =5 2 [2(0,0,)" + 5 00" +2(0,0)" + 5 (0.0 - * LT o0, (39)
. Re(J, + J. *Im(J. + J.
Kby = % 0,3, — % (0,0, 0,0, +0,0_0,_]
+ w sin (2¢/7' ) (40)
ce a?Re(J,.
Kl = % [(8mq)+)2 + (@‘IL)Z]
2Re(J..) 1
+ 7 |cos (2T Ry ) +cos (2T D) — 5 cos (2y/T @) cos (2T D) | . (41)
™

Here, we omitted oscillating terms and contributions of higher order. The additional constant in Eq. (29) entering

: Nyq it Myy1,q @ can be absorbed into the hopping amplitude of I@;’)Hl, ie. J — J— J../2m2. Altogether, the
intra-chain hopping is given by

a’Re (J — 25
Kinira o~ <22> [2 (0,04)% + % (0:®,)2 +2(9,0_)% + 2]
a’Re(J,. aRe(J, + J. 2aIm(j Laz )
_ % [(amcm)? n (az@,)ﬂ frf )a o, — \F 9,0,

2 )
St ) 00,0, +0,0 0,0 ]

+mi§?‘?2)[008(2f®+>+008(2f® )—fcos(2f¢+)cos(2f@ )}
+%2_jz)sin(2\/?q)+) . (42)

The operator sin (2/7 @) is not allowed by symmetry as discussed in section III. Hence, the lattice model can only
realize coupling constants for which this operator has zero amplitude. In the following we will therefore exclude this
operator.

The inter-chain hopping

" 1 ~ . o R . o
Idnltﬁrl = 5 (t* (a1, M1 ,141) chQ’lJr1 +t* (R1 g, Rai41) c;,lcl’lJrl + H.c.) (43)

is bosonized by returning to spin language and directly inserting the bosonized expressions for the spin operators, i.e.
Eq. (20), into the spin flip terms. This results in

Re(.J)

cinter
’Cl,l+1 = -

cos (2\/7?@,) (44)

where we neglected further corrections caused by the gauge function which would only renormalize the prefactor in
front of the cos (24/7'©_)-term but not generate further operator content.

C. Bosonization of density-density interactions and complete Hamiltonian

Finally, we consider the onsite and nearest neighbor interaction terms

Hiny = Z Z { gt g sV (g R T+ T Rg g )| (45)
I gq=1,2



Bosonizing we obtain [3]

. . 1 2a? 1
Pl g = 5 + — (&Cq)q)? + 3.2 008 (4\/7?<I>q) (46)

. . a?
t g g ::?((‘%éq)(@xq)q)

—1424; 1
ek a [cos 2V (D — @) — cos (2v/T (B + @) | (47)
for I’ = 1,1 + 1 where we have omitted oscillating contributions. Transforming into ’+’ and ’-’ - fields this yields
A ~ / ar{ L[ +6V) (@,2,)° — (U~ 2V) (0,0_)?]
47
U-2v

[~ cos (2¢/TP) + cos (2¢/T D) ] + % cos (2T P ) cos (2T D) } : (48)

2m2a
We are now in the position to add up all terms and arrive at the Bosonized Hamiltonian
IAJZI:[++IA{_+I:I+_ (49)

with

Ao = H + /dx [A(aweg + B(9,®.) + A(0,0.)(0,8,) + (Wng)g cos(2\/7?<1>+)}, (50)

2 92 9
H = H° —I—/dx[A(&C@_)(awCI)_) + (a2 cos(2y/m®_) + (mj)Q cos(2\/7?@_)},

H, = 94 /dxcos(2ﬁ<b+)cos(2\/7?<l>_), (51)

(ma)?

where H. 9 for v = +, — denotes the ordinary Tomonaga-Luttinger Hamiltonian

ngfmh”@@ﬁﬂi@%ﬂ' (52)

We obtain for the Luttinger parameter to lowest order in the interactions

U+ 6V —4Re(J]..)/m\
K+:2(1+ + 6V — 4 Re( W) : (53)
wRe(J = J,./272)
B —-1/2
K o (1 U 2V~+4Re(Jzz)/7r> (54)
mRe(J — J../272)
while the velocities for each channel v = +, — are given by
u, = a27Re(J — J,./27%) /K, . (55)
Due to the asymmetry with respect to the Tomonaga-Luttinger basis we get linear couplings in the theory, i.e.
2 4 Jzz
A=——=I -
N m (J 2712) (56)
1 _
B=——=Re(J,+ J, 57
e ) (57)
A=— %Im(Jz +.7.) (58)

which can be interpreted as chemical potentials for the density and phase-excitations for each sector as well as
couplings proportional to the momentum operator of each liquid. The latter implies that we have chosen a reference
frame, where the system is not at rest.



HSymmetry Lattice ‘Bosonic fields H
Translation by = bjy1 |Dy(x) = Dy(z)+ V7, O4(z) — O (2)
] ] d_(z) » d_(z), 6_(z) = 6_(2)
Time reversal K|b; — b; |y (z) = D4 (z), O4(z) = —O4(x)
d_(z) = d_(z), O_(z) > —O_(x)
U(1) gauge by = b,e [ (x) i (2). O.(2) + O (x) — af V7
O_(z) > 0_(z), O_(z) > O_(x)
Site parity Z—  |b; — b, @)4_(3:) — 7%4_(795) }/F, @+(Ax) — 04 (—x)
e @b (), 6. @6 ()
Link parity Z |b; — bi—j | P+ (z) = —P4(—x), O+(z) > O4(—x)
d_(z) > —d_(—x), 6_(2) > 6_(-x)

TABLE I: Symmetry operations and their realizations in Bosonic fields.

The pinning terms that appear in our bosonized theory are given by the following coupling constants in the weak
coupling limit

g1 _ 2

D 2@V -U)+ ZRe(J..), (59)
g2 1.~ 2

; - 2(U 2V) + T‘_Re(Jzz)a (60)
%3 = —7Re(J), (61)
974 —V_ Re(JZZ) (62)
a T

It must be noted here that the mapping from bosons to spin operators already implies a finite interaction in terms
of J,., which is non-zero even for § = U = V = 0. Therefore, the weak-coupling limit is never exact and the actual
coupling constant will quantitatively differ from the formulas given above. Nonetheless, the operator content and the
qualitative behavior with increasing 6, V' and U is robust.

III. SYMMETRIES

Here we discuss how the symmetry transformations on the lattice Hamiltonian are reflected by symmetry operations
on the fields in the bosonization as summarized in Table I. This will be used to identify which operators are allowed
or forbidden in the effective field theory Hamiltonian.

The anyonic lattice model of interest H = Hyi, + Hiny with

Hiw = -JY {i)jz}mei"ﬁl + H.c.] (63)
l

. U o
Hine = Z [in(nl - 1)+ Vnmlﬂ] (64)
]

exhibits translational invariance and conservation of total particle number (U(1) gauge). Link reflection symmetry 7
and time-reversal K, in contrast, are broken. All symmetries are inherited by the Bosonic low-energy description and
Table I summarizes their realizations.

A modified inversion symmetry is still obeyed [5]. The lattice model is invariant under the combined symmetry
operation Z = U(A)KZ where the non-linear unitary transformation U(#) = e~ %2 m(m1=1)/2 generates a density-
dependent phase for Bosonic operators [5]

bl — U(0)b]UT(8) = bje 0™ . (65)

While the realizations of K and Z are known, see Table I, it is difficult to determine how the transformation U (6)
acts on the Bosonic fields. This is due to the fact that the density dependent phase exp(—if#;) is represented by
integer values of m; on the lattice, which ensures a § — 6 + 27 periodicity. In the continuum limit there is no such
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FIG. 1: String order parameters OF; and O opr plotted along the HI to Mott transition as a function of U, showing the
existing string order in both phases at V' = J and 6 = 0. The insets show how the values were obtained for two typical
parameters in the HI phase U =0 and the Mott phase U =6J, respectively. O(|i — j|) is extrapolated to |i — j| — oo marked by
the dotted lines. Data shown from finite DMRG, system size L = 100, bond dimension M = 400, periodic boundary conditions.

lattice restriction, so it is far from trivial to implement shifts of the fields that have this topological property. From
Eq. (65) and section I we know that U(f) generates factors of the form as in Eq. (2) above which can be absorbed
by redefinition of the coefficients a() and b(#) which in turn determine the coupling constants .J,.J,, J, and J,. of
the spin-1/2 two-leg ladder model. Such non-linear transformations cannot be tracked in the bosonized expressions

of S”;fl in Eq. (20) and therefore the realization of the combined symmetry operation U(G)KI in ©4 is unclear.
On the other hand, it is clear that densities l;;rlA)l =n; = —Sf,l — S'gl + 1 are not affected by U(Q), so therefore any

transformation on the fields due to U(6) must also leave the spin-z operators in Eq. (19) invariant. Therefore, shifts
on the ®-fields cannot be generated by U (0), while we cannot make any statement how the ©-fields are transformed.
_ Next, we turn to the modified inversion symmetry which is represented by the combined symmetry operation
Z =U(#)KZ. For densities in Eq. (19) this operation corresponds to a simple inversion symmetry S7, — S7,_;, since

K and U (#) do not affect the densities. We therefore conclude that the Bosonic ®-fields transform as
Py(x) = —Pg(—2) ¢=1,2 (66)
and
D (1) = —s(—x), D_(x) = —D_(—a) (67)

under the action of the combined symmetry U (9)KZ. Even without knowing the symmetry action on the O-fields,
the transformation property of ®, (z) in Eq. (67) rules out the existence of the sin(v/47 ®, (z)) - operator as a
perturbation. Note, that the operators Ad, 04 (2)0, P4 (x) appearing in the bosonized anyonic Hamiltonian in Eq. (7)
of the main text obey the combined KZ symmetry, i.e. 1 (z) = —®4(—z) and O (z) = —OL(—x), see Table L.

IV. BEHAVIOR OF ORDER PARAMETERS

In this section we present further data for the order parameter. Fig. 1 shows the string order parameters O3;opr
and OF; from Eqgs. (18) and (20) in the main text plotted along the HI to Mott transition as a function of U, showing
the existing string order in both phases at V' = J and # = 0. The insets show how the values were obtained for
two typical parameters in the HI phase U =0 and the Mott phase U =6.J, respectively. O(|i — j|) is extrapolated to
|i — j| — oo marked by the dotted lines. Here infinite DMRG with system size L = 100 and bond dimension M = 400
was used with periodic boundary conditions.

The order parameter that captures the specific long range nature order of the CDW phase is defined in Eq. (19) of
the main text as

O%pw= lim (—=1)"=915n,;0n;) (68)

li—j|—o0
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FIG. 2: The order parameter O&pw (blue symbols) and the local densities (72;) (green symbols) plotted as a function of site
distance |i — j| and the site ¢, respectively. Finite size DMRG with L = 200 and M = 400 with periodic and twisted boundary
conditions was used to show that long range order in Eq. (68) and an alternating local density in Eq. (69) can be observed as
order parameters of the CDW.
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FIG. 3: Collapsing of data of the Dimer order parameter for various system sizes L at § = w and V/J = 0.2. The DMRG data
give a Dimer to Mott transition at Uy, /J = —1.819 with critical exponents v = 0.933 and 3 = 0.116 which are close to 1 and
1/8, respectively, in agreement with the ¢ = 1/2 Ising universality class. Bond dimension M = 400.

with 67; = f; — 1. The blue crosses in Fig. 2 clearly show a non-decaying OZpy, at long distances for a parameter
point in the CDW phase. The breaking of the Z, with respect to bond-centered inversion symmetry becomes manifest
when considering the local order parameter defined by the density difference on neighboring sites in finite systems

Ocpw X [(Mleven) — (Toda)| (69)

which can be alternatively used for a numerical analysis. The alternating behavior of the local density is depicted in
green circles in Fig. 2.

Fig. 3 shows a finite size scaling analysis of the Dimer order parameter along the Dimer to Mott transition. The
data collapse at the critical point yield critical exponents v = 0.933 and § = 0.116 which are close to 1 and 1/8,
respectively, in agreement with the ¢ = 1/2 Ising universality class.
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FIG. 4: Logarithmic plot of the single particle correlation and the pair correlation from DMRG (L =200, M =500) for 6 = 0
and V = 0, and two values of U showing algebraic decay (red, purple and blue data) compared to exponential decay (green
data) that can be used to clearly distinguish the SF (U =—-2J) and PSF (U =—7J) phases.

As discussed in the End Matter B, the order parameters of the superfluid phases are quasi long-range correlation
functions. While both SF and PSF phases have algebraically decaying pair correlations, the single particle correlation
is long range only in the SF phase, as shown in Fig. 4. This behavior was first discussed in Ref. [1] to distinguish
different XY phases in spin-1 chains. While the quasi long-range order can be used to identify the different phases, it
is also possible to use the fidelity susceptibility discussed in End Matter A to pinpoint the transition accurately. This
is due to the fact that the transition takes place between two gapped phases in the (—) sector as discussed in End
Matter B.
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