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Understanding Floquet Resonances in Ultracold Quantum Gas Scattering
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It is demonstrated that the effective scattering length can be highly manipulated via time-periodic driving
of a short-range interparticle potential. By developing a Floquet-scattering theory we show that sharp
Floquet resonances occur at which the effective interaction can be tuned to very large attractive or repulsive
values. The resulting s-wave scattering length can be obtained in analytic form and the shape of these
resonances is given by a simple formula describing how resonance position and width can be altered by the
driving strength. Our approach allows the identification of the underlying physical mechanism of the
scattering resonances as Floquet bound states with positive energies, which are dynamically created by
the drive. This insight is valuable for a detailed analysis and uncovers a general resource for enhanced or
reduced scattering in Floquet systems, as was recently confirmed experimentally.
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The physics of resonances is truly ubiquitous across
different fields of science and in daily life, being crucial
for the design of musical instruments, buildings, electrical
circuits, and dance movements just to name a few. A
resonance may be the most intimate physical phenomenon
for humans since it can be directly experienced by sight,
sound, or touch: a small amplitude of a time-periodic signal
results in a huge effect when the frequency is just changed
slightly to the “right” value. In modern physics the concept of
resonances has broadened to also mean “energy matching.” In
fact, some very important discoveries in particle scattering,
such as the Fano resonance [1,2] and the Feshbach resonance
[3-8], do not involve any time periodicity at all. However,
their effect is analogous: a slight change of incoming energy
to the “right” value results in a huge increase of scattering.
Not surprisingly, this property is indeed very useful in the
context of tunable particle-particle interactions, which makes
Feshbach-like interactions a valuable toolbox in studies of
many-body quantum systems [3-22].

Although a Feshbach resonance does not require time-
periodic fields, it is sometimes advantageous to dress the
atomic states with light and/or microwave fields to access
novel states at the right energies for added tunability
[9-19]. However, in all those approaches an existing internal
state or closed channel is required in the scattering process.
This invites the question of whether it is possible to use only
the time periodicity itself instead of an internal state, i.e.,
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create a resonance in the classical sense by only matching the
frequency of a time-periodic scattering length in a single
channel. This is exactly the model described and analyzed
below. Indeed, such a setup has been realized recently using
ultracold °Li atoms [20], but to be fair an internal state was
still involved for achieving a time-periodic interaction via
an oscillating field [21]. Nonetheless, as we show here, this
is just a technical detail and the origin of the observed
resonances is purely dynamic. Hence, the Floquet-scattering
approach [20] is a noteworthy extension in methodology. In
this Letter, we uncover the underlying physical mechanism
of such Floquet resonances from general time-periodic
interactions and provide analytic formulas for the effective
scattering, which are analyzed to give accurate predictions
for location and width of the resonant behavior.

In our analysis we use Floquet theory [23-27], which is
an interesting field in its own right for examining time-
oscillating lattices and interactions in a variety of setups
[28-62]. In the high frequency limit a steady state can often
be realized, corresponding to Floquet engineering of an
effective Hamiltonian. However, the understanding and
utilization of resonances at lower frequencies still remain
difficult because, generically, heating increases as more
states are coupled. For the Floquet-scattering problem
considered here, an incoming particle is subject to a local
time-periodic potential, which is analogous to Floquet
impurities in 1D [58-62]. In such cases, the incoming
energy is not conserved, but there is no continuous
“heating” from a single scattering process. Instead, the
Floquet eigenstate can be explicitly calculated, which
contains all information of the energy transfer into higher
frequency modes in the steady state. Those losses corre-
spond to a small imaginary part in the effective scattering
length discussed below, so this is a special case where the
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effective Floquet heating can be explicitly predicted and
analyzed, paving the road to a systematic reduction.

The proposed setup can be modeled by a time-periodic
s-wave scattering length,

a(t) = a + a; cos(wt), (1)

where the amplitude is assumed to fulfill |a;| < |a|. In the
center-of-mass frame of reference the s-wave collisions of
ultracold atoms are described by the Hamiltonian

h? 0
H(r,t) = % —A +4za(t)5(r) Fod (2)
in terms of the short-range pseudopotential formalism
[63,64] along the radial coordinate » with reduced mass y.
There are no internal states and no assumptions are made
about the underlying mechanism for the oscillating modu-
lation a(¢), but it is instructive to consider prototypical
values corresponding to ultracold °Li atoms in a magnetic
field [20]: the collision energy at T ~ 724 nK is about a
factor of 1000 smaller than the typical dimer energy E; =
h?/2ua* ~2nh x 15 MHz at @ = 200qa, (Bohr radii). In
the following we use units of # = A%/2u = 1, which makes
E; = 1/a* the natural unit for frequencies and energies.
For a time-periodic Hamiltonian H = H, + H; cos wt
the steady states y/(r,t) = e"*“'¢p(r,t) can be found by
Floquet theory [23-27], where € is the Floquet eigenenergy.
Using the Fourier transformation H, = [ dte™*'H(t)/T
and the time-periodic Floquet mode ¢(r,t) =
S, e, (r), the time-dependent Schrodinger equation
becomes an eigenvalue equation for the Floquet quasie-
nergy e,

Hog, (r) +Hi[¢hu—1(r) + @11 (r)]/2= (e +nw),(r). (3)
In terms of the pseudopotential from Eq. (2) this yields

0 _
(A + €+ nw)p, = 4n5°(r) a—r(c‘zd)n +a; w> .
r
(4)
We make the s-wave scattering ansatz [65]
() =5 sin ko r . etkar (5)
r) =
n n,0 kor n r

with an incoming plane wave k, in the n = 0 channel.
Note that for » > 0 the usual wave equation is fulfilled for
each channel Hy¢, = k2¢, = (€ + nw)¢,,, which fixes the
Floquet energy ¢ = k3 and all scattered wave vectors
k, = v/€ + nw. For n > 0 the k,, are real, which correspond
to open channels, where particles are lost, while n < 0 are
bound states that lead to interesting resonances as we will
see below. Using A(1/r) = —4z8°(r) we arrive at the
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FIG. 1. Results for a4 from Eq. (11) for small driving amplitudes

a; compared to the approximations in Eqgs. (16)—(19) (dashed) for
€ — 0. Top: real part as function of driving frequency @ and
amplitude a,. Bottom: imaginary part multiplied by 100 (orange)
and real part (blue) for a; = 0.2a. The positions of w,, from
Eq. (18) are marked red.

recursion relation

knfn = Ln(kn+1fn+1 + kn—lfn—l) + hn’ (6)
ialkn
here L, = ————————
whnere L, 2(1 i ic_lkn) s (7)
hn = _l.Ln(zén,Oa/al + 5|n|,1) (8)

For a numerical analysis we could stop at this point since
the linear set of Eq. (6) can be efficiently solved with the
convergence condition f, .. — 0, as shown in Fig. I.
Interestingly, large resonances are observed for purely
repulsive interactions @ > 0 and small amplitudes a,,
which we will analyze in the following.

First, we derive a continued fraction solution by dividing
the recursion in Eq. (6) for |n| > 1 by the left-hand side,
so it can be expressed in terms of fractions g; =
knfo/(Lyky=1fnz1) for positive n>1 and negative
n < —1, respectively,

1 1
+
9n = T = L L . (9)
1 - LnLnilgnj:l 1- 1 Lutl! L':,iﬁ,:ﬁ
l_Ln:!:ZLn:t3
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Here, we have inserted the definition of g;© into Eq. (6) to
obtain the relation in Eq. (9), which leads to the continued
fraction solution [66—68] by straightforward iteration.
Inserting ¢+, from Eq. (9) into Eq. (6) for n = 0, £1 the
scattering amplitude is expressed in terms of an effective
scattering length a, (see Appendix A),

A

fo:_l—i—ikoas’

(10)
where a, = a+ a(L1g" +L_197)/2. (11)

Here, g* = 1/(1 — L. L.,g+,) are given by the continued
fractions for n = £1 in Eq. (9). Hence, for the model in
Eq. (2) an exact solution has been obtained, which can be
evaluated to high order n,,,, in the continued fraction. In
Figs. 1 and 2 n,,,, = 200 was used. The effective scattering
length a, in Eq. (11) has two separate contributions from
the periodic driving a;. The term a;L,g" from the open
channels n >0 is of order a7 and has both real and
imaginary parts. This is due to the fact that particles are
scattered into higher energy Fourier modes and are con-
sidered lost. The term a;L_,;g~ from the closed channels
n < 0 is purely real since L,y € R and shows pronounced
divergences if @ > 0. In fact, the form of the parameters L,
in Eq. (7) indicates singular points for —iak, = 1. Using
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FIG. 2. Results for a; from Eq. (11) for larger driving
amplitudes a; compared to the approximations (black dashed)
in Egs. (16), (20), and (21) for ¢ — 0. Top: real part as function of
frequency and amplitude. Bottom: imaginary part multiplied by
100 (orange) and real part (blue) for a; = 0.9a. The positions of
w,, from Eq. (20) are marked red.

k, = v/nw + €, resonances will therefore occur for neg-
ative n close to nw + € ~ —E; if a > 0. Note that fora < 0
no resonances are found, so we assume a > 0 in the
following.

In order to unravel the physical origin of the resonances,
we now propose an analysis in terms of Floquet bound
states, which we define and predict below. It is well known
that bound states are a valuable resource for strongly
enhanced scattering resonances [65] in the context of
Feshbach resonances [3-7], Fano resonances [1,2], or
bound states in the continuum [69,70]. The mechanism
for Floquet resonances is more involved, since in this case
the bound state itself is generated dynamically, i.e., the
periodic drive creates the bound state, tunes the resonance,
and also provides the coupling, simultaneously.

Floquet bound states are defined as distinct solutions
|¢p™), labeled by the index m =1,2,3,..., to the
Schrodinger equation, where only negative Fourier modes
n < 0 are occupied. Using the ansatz

—Kp'r

B =Dy (12)

n

with «)} = —ik)! = \/—€,, — nw and the normalization
condition >, _o |DM*(k)3 =1/(27) = N? [71], we
obtain from Eq. (4)

(1 - ax")D :%Kg(Dg_] +Dm ), Y <0, (13)
where lim D)) =0 and DJ =0 V m. (14)

Note that Eq. (13) corresponds to Eq. (6) for n < 0 and
Dy = k' f,, but without any incoming or outgoing waves
Dy = fo = h, = 0. Analogous to a static Schrodinger
equation, a set of localized solutions |¢”) can be found
at discrete energies ¢,,(w) with m = 1,2,3, ..., depending
on frequency w and amplitude a,. Those Floquet bound
states exist without any incoming wave D = 0 due to the
periodic drive.

Before analyzing the corresponding eigenenergies €, in
detail below, let us consider the implications. The effect
of bound states in the continuum on scattering resonances
was discussed in a number of different undriven systems
[1-7,69,70]. In Appendix B we now present an explicit
derivation of the effect of Floquet bound states, which
follows a slightly different logic from the known static
cases [1-7,69,70]. As a result, our theory accurately
predicts all resonances in the effective scattering length
in terms of the bound state energies ¢,,(w) and the first
components D™, of the normalized bound states |¢™),

21pm |2
_ rat|D™,|
as = dad— E ﬁ—i—alng““/Z. (15)
m

This central result uncovers the physical origin of the
observed resonances quantitatively in terms of individual
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bound state solutions. Note that the locations of the
resonances are given by e =e¢,,, which are relevant if
the bound state energies are positive, i.e., they represent
bound states in the continuum [69,70]. Expanding the
frequency dependence to linear order around the incoming
energy €, ~e€+ (0 —w,,)d,¢6, for each m yields the
standard form of the resonances [7],

_ Ay
asza<1—zw_w ) (16)

with identifying A,, = za}|D™ |*a"/0,€,,, where the
open-channel contribution a;L;g"/2 has been omitted.
The width A, is defined [7] by the value ® = w,, + A,,, at
which a; = 0. We have tested and confirmed that the
predicted positions of the resonances in Egs. (15) and (16)
from bound states agree with the continued fraction
solution in Eq. (11). We now proceed to find analytic
approximations for w,, and A,,, which can be used for
closed form quantitative predictions, that are plotted as
dashed lines in Figs. 1 and 2.

For small a; a perturbative analysis of the bound-state
solutions can be used for Eq. (13). To zeroth order in a; in
Eq. (13) the energies are found by ax)’ = 1, which is
fulfilled for zeroth order energies e,, = mw — E; and
zeroth order eigenstates D = N'a/%5,, _,. It may be
surprising that bound states are predicted in zeroth order,
i.e., for zero amplitude driving, but it is correct in the sense
that resonances exist in the limit of infinitesimally small a,
at frequencies w,, = (E; + €)/m. The zeroth order location
of the resonances depends on the incoming energy € and the
order m, but remarkably the resonant bound wave function
has the universal form N'e™"?/r from Eq. (12) due to the
underlying condition ax}; = 1, i.e., the size is always given
by the average scattering length a.

Next, the first-order correction in a; is obtained by
inserting D™, = N'a=¥/? into Eq. (13), which yields the

coefficients D", , = Na>?a,/(2/x?,_, —2a) for
m = —n= 1. Using «,_, ~+/E; F o, the second-order
correction follows from Eq. (13) for m = —n,
1 lNa% aE;+w N aE;—w
aymo—e,  4\l-aVE,to l1-aE-o)
(17)

Solving this equation for w,, for small scattering energies ¢ =
€,, = 0 gives all positions of the resonances up to order a%,

wmzﬂ<l+2a—;[2+\/m(m+l)—\/m(m—l)D,

m

(18)

in the limit k, — 0. The prediction of the resonance position
can also be solved for the value of a as function of w, which

allows a direct comparison with the experimental analysis
in Ref. [20] as discussed in Appendix D. The leading order of
the respective width of the divergences as a function of a;
results in [72]

m—1
a, 2m 1 -2
A, =2E, — ——1 , 19
() =) - o

in good agreement with the full solution in Fig. 1 even for
relatively strong driving a; = 0.2a. The small imaginary part
from the unbound modes a; L;g* /2 in Eq. (11) is also shown
in Fig. 1, which can be well approximated by the expansion
Imag ~Ima,L,/2 = a?\/w/(4E; + 4w) to order a?. For
the leading resonance A| = (E;/2)(a;/a)? is the same order
as the frequency shift, but for higher orders m > 1 the width
A,, < a?" becomes very small, so we need to consider
stronger amplitudes beyond the perturbative approach.
Approaching larger a; — a it turns out that the
differences between neighboring coefficients in Eq. (13)
rapidly become smaller, so that a continuous description in
terms of differential equations can be used for the recursion
relation. The details are presented in Appendix C with the
outcome that the resonance positions and widths diverge
with different power laws in the limit a; — a according to

4 (E 32
Wy = —>5 ( m_ A1 ) ’ (20)
Fo

a% 751—(11
A, =—"7:, 21
" ala-ay) 1)

where E,, = 0.4380, 0.2632, 0.1976 and F,, = 0.212,
0.0628, 0.0313 for the first three resonances. Note that
in contrast to magnetic Feshbach resonances [7] the
width and the position become independently tunable
since there are now three adjustable parameters w, a,
and a;. The results of Egs. (20) and (21) are plotted as
dashed lines in Fig. 2 in good agreement with the exact
solution from Eq. (11).

Analytical results are possible also in the limit of large
frequencies w > w; > E; in a regime that is beyond any
resonance. In the recursion relation |k,,| — oo for n # 0 in
Eq. (7) leads to coefficients L, — —a;/(2a) independent
of n. Therefore, also the continued fraction in Eq. (9)
becomes independent of n # 0 and can be solved by a
quadratic equation g — [(2a%)/a}](1 —+/1 —a3/a?).

Inserting this into Eq. (11) we have

lima, =ay|1-—. (22)

w—>00 a

Hence, even for very large frequencies the driving does not
average out, but reduces the magnitude of the effective
scattering length. Note that the result in Eq. (22) is not
limited to small a; or positive a. It implies that the effective
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interaction can be reduced by high frequency driving, but
never outside the range a =+ a; of the time-dependent
scattering in Eq. (1). In the high frequency limit, the
behavior of experimental systems is typically stable over
longer timescales, since there are no resonances and the
losses become negligible. Hence, the result in Eq. (22) is
suitable to be tested experimentally.

Last but not least, let us discuss the effects of higher
harmonic terms in the time dependence of Eq. (1) with
integer multiples of @. This may be relevant in case the
scattering length is modified using a field in Feshbach
resonance a(t)/ay, = 1 — A/[B(t) — By] beyond a linear
regime, but may also offer more tuning possibilities. The
time dependence of the underlying field is normally under
good control, so a perfect harmonic drive can be realized, as
well as large higher harmonic contributions. Since the
Hamiltonian is still time-periodic, the Floquet approach
remains possible and the recursion relation can be modified
in a straightforward way. Preliminary numerical results
show that the principle structure of strong resonances is
quite robust in the presence of higher harmonics, but
changes quantitatively. This is also true for the imaginary
part, which may be larger but may also be strongly
suppressed. For a suppression, the phase and amplitude
of the higher harmonics must be tuned so that the higher
order amplitudes f,. are very small, which is feasible in
experiment [20]. We should mention at this point that an
analysis of higher angular momentum Floquet scattering is
also possible [72], in case larger energies become relevant.

In summary, we have analyzed the effect of a time-
periodic scattering length [20] in quantum many-body
systems. The resulting interactions are highly tunable by
the frequency and the amplitude of the drive. In particular,
we predict very large effective scattering amplitudes, which
can be positive or negative as a result of a small oscillating
repulsive potential. This paves the way for future applica-
tions of switching many-body interactions using only slight
changes in frequency and small amplitudes. The added
tuning capabilities of three independent parameters in the
Floquet resonance and the possibility to quickly and
accurately adjust the driving frequency facilitates an
extended toolbox for time-dependent protocols and multi-
ple particle species. A analytic form of the scattering
amplitude was derived and analyzed. Both for small and
large driving amplitudes a; we obtain approximations for
the location and width of resonances, which fit well with
the exact results. Equally important, we uncovered the
underlying mechanism of the strong resonance behavior,
namely bound Floquet states with positive energies, which
are created dynamically by the drive. This insight has
proven to be valuable for obtaining analytic predictions, but
also opens the door for a systematic search, analysis, and
creation of such bound Floquet states in related systems for
enhanced tuning possibilities, changing interactions from
small to large values with slight parameter changes.
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End Matter

Appendix A: Effective scattering amplitude—In order
to derive Eq. (10) we apply Eq. (6) for n = +£1,
kirfar = Lii(kofo + kiafio — i)

=Ly (kofo~+ kerfriLiagt, — i), (Al)

where we have used g=, = kif 15/ (Lioksif11). Solving
this for k. f1, gives

kiifor = Lag(kofo—1i)/(1 = LiLings,)

= Ly (kofo—1)g", (A2)

where ¢* =1/(1 =Ly LiygT,) are given by the
continued fraction in Eq. (9) for n = +1. For n =0 it
follows from Egs. (6) and (A2) that

kofo = Lo(kif1 +k_1f2y —2ia/ay)
= Lo[(kofo = i)(L1gt +L_yg~) —2ia/a,]
= 2Ly((kofo — i)(ay — a) —ia)/a,
_ko

=0 A3
1 + ikoa (A3)

likofolas —a) + ag,
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where we have used Eq. (7) and defined
(A4)

as in Eq. (11). Finally,
gives Eq. (10).

solving Eq. (A3) for f,

Appendix B: Floquet Feshbach resonance—The goal
of this section is to evaluate the scattering contribution
a;L_ig~ from the closed channels in terms of the
bound-state solutions |¢™) and €, as defined in
Egs. (12)—(14). The calculation leading to Eq. (11)
defines the effective scattering length a,, but we now
use the ansatz that the bound Fourier modes ¢,
in Eq. (5§) may be written as a superposition of
orthonormal bound-state solutions |¢™) in Eq. (12),

eik,,r

fo——=> Aui(r) forn<0.

r

(B1)

In order to determine the expansion coefficients A,, we
insert this ansatz into Eq. (4) and use the recursion
relation in Eq. (13) to obtain

<>

Z(G - em)Am¢nm = |:£ r¢0:| 271'0153 (r)511,—1- (BZ)

m

Here, the double arrow indicates a Hermitian operator
acting both to the right and to the left [72], which
becomes important when taking scalar products after
multiplying both sides with ¢7*(r). After integrating

both sides [71], the orthonormality of solutions
Zn<0 fd3r¢31 *(r)(ﬁnm(r) = 5m’,m gives
2 Dm’*
A = 0 (Ut ikofo). (B3)

Finally, the relation k_;f_; =i)_, A, D™ from taking
r — 0 in Eq. (B1) can be inserted into Eq. (A2), so that

2xa,| D™ |?
L_lg_:_z €1|_€1|_

m m

(B4)

Inserting this into Eq. (11) yields the important result
Eq. (15) of the main text. Note that each Floquet bound
state gives rise to exactly one resonance independent
from all others. The expansion in Eq. (B1) in terms of
orthogonal eigenstates works so well because they are
defined in the presence of the drive, i.e., there cannot
be any additional coupling via exchange of photons
between them. Hence, each of them couples separately
to the incoming and scattered waves and contributes one
resonance.

Appendix C: Continuum limit—A continuum theory
[22] can be defined in terms of a variable x=—n/A >0,
where we have rescaled the index according to

A= (ﬁ“’)lﬁ, D(x:—Z):(—l)”Dn. (C1)

Using D, — 2D, + D,_; ~ 0*D(x)/A? the bound-state
recursion relation in Eq. (13) becomes a differential
equation,

<_; > )mx):—ED(x), (C2)

VX—§, & x
where E = 2429491 (C3)
ap

Here, we have used a,x”/(2A%) = \/x — ¢,, and defined
€n = €,/ (wA). The rescaled Eq. (C2) has only solutions
for discrete dimensionless eigenvalues [73], which are
given by E, = 0.4380, 0.2632, 0.1976, 0.1617, 0.1386
for the first five numerical solutions of ¢,, = 0. Inserting
those values into Eq. (C3) and solving for @ we obtain
the corresponding conditions for the resonant frequency
for each solution,

4 Em a 3/2
w, =— [ == ,
"oat\ 2 a-a

which shows a divergence as a; — a. Hence, the
rescaling A also becomes quite large in that limit, which
in turn justifies the continuous ansatz. The correspon-
ding width the continuum limit yields [72]

(C4)

i [ ]
590+ °
4001 r
5580 °
Q5701 b
I °
300+ 560 °
5 F [ ]
S . 1 . 1 . L )
= 0 10 20 30 40
IS V/[MHz]
IS
200
100 " .
0 L 1 L 1 L 1 L
0 10 20 30 40
V/MHz]
FIG. 3. The resonance positions of a (red squares) correspond-

ing to the measured fields B (inset) from Ref. [20] compared to
Eq. (D1) (solid line) as a function of frequency.

033402-8



PHYSICAL REVIEW LETTERS 135, 033402 (2025)

F
Am - __—m, (CS)
a(a—a,)
where the first three coefficients are given by

F, =0.212, 0.0628, 0.0313.

Appendix D: Comparison  with  experiment—In
Ref. [20] the leading (m = 1) resonance positions were
studied experimentally using the broad SLi Feshbach
resonance [74] in a time-periodic field B(z) =
B+ B, coswt with B; < B. The values of the field B
for Floquet resonance positions at different frequencies
27y = w; are shown in the inset of Fig. 3 from the
original data in Ref. [20]. These fields can be converted
to average scattering lengths a using the experimental
data in Supplemental Material of Ref. [74], which are

shown as red squares in Fig. 3. To compare to our
theoretical calculations we use Eq. (18) for m =1 to
leading order and solve for the resonance values of a as
a function of v = w,/(2x), which gives

_ n1
a=|—=—-,
2u2nv

where we have reinstated all units and used the effective
mass 2u = mq; for the red curve in Fig. 3, which agrees
without any adjustable parameters. Some discrepancies
are to be expected since all internal states were
neglected in our model.

(D1)

033402-9



