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Abstract Photon condensation was first experimentally realized in 2010 within a dye-filled microcavity at
room temperature. Since then, interest in the field has increased significantly, as a photon Bose-Einstein
condensate (BEC) represents a prototypical driven-dissipative system. Here, we investigate how its inherent
open nature influences the condensation process both quantitatively and qualitatively. To this end, we
consider a mean-field model, which can be derived microscopically from a Lindblad master equation. The
underlying rate equations depend on various external parameters such as emission and absorption rates
of the dye molecules as well as the cavity photon loss rate. In steady state, we obtain an open-dissipative
Bose-Einstein distribution for the mode occupations. The chemical potential of this distribution depends
on the occupations of the dye molecules in both their ground and excited state and must therefore be
determined self-consistently. We find that the resulting photon distribution is strongly influenced by the
driven-dissipative parameters. Based on this result, we identify the main differences between a photonic
BEC, an atomic BEC, and a laser.

1 Introduction

The macroscopic quantum phenomenon Bose—Einstein condensation (BEC) was theoretically predicted by Ein-
stein [1] in 1925 based on a quantum statistical derivation of Planck’s black-body radiation formula by Bose [2]
in 1924. The first experimental realization was achieved in 1995 in dilute atomic vapors of rubidium and sodium
at ultracold temperatures in the nanokelvin range [3, 4]. Since then, atomic BECs have been intensively studied.
Today, Bose—FEinstein condensation is a well-understood phenomenon, which is frequently employed in a wide
range of experimental platforms [5, 6].

Photonic systems are of particular interest because of their open and dissipative character. These platforms
have attracted considerable attention over the past decades, both from the point of view of fundamental research
and practical applications. A prominent example is the laser [7-10], which has played a central role in developing
our understanding of non-equilibrium phase transitions and has found widespread use in industrial applications.
Another promising research direction is the photon BEC. It emerges from an equilibrium phase transition and was
first realized in a dye-filled microcavity at room temperature [11-13] and, more recently, also in a vertical cavity
surface emitting laser (VCSEL) [14-16]. In this work, we focus on the case of the dye-filled microcavity.

Although both lasers and photon BECs involve ensembles of photons, they exhibit fundamental differences. In
the simplest approximation, a laser consists of an ensemble of two-level atoms coupled to a single-mode light field.
The atoms are externally pumped and can decay into non-cavity modes, while the light field undergoes cavity
losses. As derived by Haken [7-9], the most basic description of such a system employs rate equations, which
capture the dynamics of the ground and excited atomic populations together with the photon field. These rate
equations can be derived microscopically using a master-equation approach [9, 17].
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A photon BEC is conceptually similar but differs in key aspects. It consists of three essential components:
a curved-mirror cavity, a dye solution, and an external pump laser. The small mirror spacing isolates a single
longitudinal mode; thus, the linear photon dispersion in 3D can be approximated by a quadratic one in 2D.
Consequently the photons acquire a finite ground-state energy and get an effective mass. The mirror curvature
imposes a harmonic trapping potential for the photons. This confinement thereby is essential for condensation, since
the Mermin-Wagner-Hohenberg theorem forbids Bose—Einstein condensation in homogeneous two-dimensional
systems [18, 19]. The cavity is filled with a dye that is incoherently pumped. This enables effective photon-photon
interaction via thermo-optic and Kerr effects, where the latter is usually considered to be negligible [20, 21]. More
importantly, repeated absorption and re-emission processes allow the dye to act as both a heat and a particle
reservoir, leading to a thermalization of the photon gas at room temperature [11]. This thermalization mechanism,
combined with the use of high-quality mirrors [11, 22], distinguishes a photon BEC from a laser. Nevertheless, as
microscopically derived with a master-equation approach, it was shown in Refs. [23-27] that the resulting dynamics
can be effectively described by rate equations, which show good agreement with experimental observations [22,
28, 29].

In steady state, it was demonstrated by Kirton and Keeling in [23] that the photon BEC follows a generalized
BEC distribution. This distribution extends the standard equilibrium form by including non-equilibrium parame-
ters and reduces to the standard Bose—Einstein distribution in the equilibrium limit. Despite its non-equilibrium
character, the photon BEC has, in all previous applications, been sufficiently approximated as an ideal, non-
interacting gas undergoing an equilibrium phase transition [21, 30-34]. Hence, this raises the fundamental question
of how the non-equilibrium nature of the photon BEC affects the validity of the equilibrium approximation.

To address this question, we analyze the rate-equation description of the photon BEC and investigate the role
of non-equilibrium corrections. To this end, Sect. 2 starts with introducing the underlying rate-equation model,
the steady state of which is given by an open-dissipative BEC distribution. Additionally, we examine the single-
mode limit, which contains the special case of a laser and qualitatively coincides with the results derived by
Haken in Ref. [9]. Since no exact analytical solution of the general model is available, we proceed with numerical
simulations. In view of this, Sect. 3 summarizes the relevant parameters, which are later used in the simulations.
Section 4 presents the numerical results for three representative cases. First, we show that including a sufficiently
large number of photon modes allows for numerical convergence. Second, we investigate how the non-equilibrium
parameter in the open-dissipative distribution influences the system by varying its degree of openness. Third, we
examine the effect of different dye solutions. Finally, Sect. 5 summarizes our findings and provides an outlook.

2 Rate equation description

We start by introducing the rate equation model for describing the thermalization of a photon Bose-Einstein
condensate. A subsequent steady-state analysis yields a generalized Bose-Einstein distribution that accounts for
the open-dissipative character of the system. In particular, we focus on discussing how the steady state is dependent
on the respective open-dissipative parameters. Finally, we specialize the rate equation model to the case of a single
mode, determine its exact analytical solution, and discuss the connection to a laser.

2.1 Model

One of the simplest, but profound, ways to describe the thermalization process of a photon BEC is through rate
equations. These can be derived microscopically [23-25, 28, 35] and allow for a phenomenological interpretation
based on the fundamental Einstein processes for the light—matter interaction.

The model distinguishes two different kinds of molecular states, namely the electronic ground and excited state,
with their corresponding occupation numbers M7 and Ms. Furthermore, one considers the respective photon modes
with index ¢ = 0, 1, 2, ..., frequency wy, and degeneracy gy, each being occupied by N, photons. Molecules and
photons interact through the fundamental Einstein processes of absorption and emission. They are characterized
by the coefficients Bis and Bsyp, which are connected by a Boltzmann factor due to the Kennard-Stepanov (KS)
relation [36, 37]

Bl2(w2) — BZl(WZ)ehﬂ(w_wZPL) i (1)

Here, 8 = 1/kgT represents the inverse temperature and wzpr, denotes the zero-phonon line frequency. Note that
Eq. (1) can also be derived microscopically within a master equation approach by coupling the dye molecules to
their own vibrational thermal bath [23-25]. Furthermore, the finite photon lifetime is modeled by cavity losses
at rate I'c, which are compensated by an external laser field with pumping rate p. Furthermore, radiationless
molecular transitions from the excited to the ground state provide an additional loss channel, which is quantified
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by the rate I'y,. Taking all these processes together leads to the following system of rate equations [23-25]:

N, = {321(%)1\42 — Bia(we) My — Fc(wé):| N¢ + Boy(we) My, (2)

My = pMy — Ty My — Z{ [321(w4)M2 - B12(we)M1} N+ 321(we)M2} ; (3)
=0

M = M, + M,. (4)

Equation (2) contains the following contributions: the first two terms describe stimulated emission and absorption
of photons by the molecules, whereas the third term represents frequency-dependent cavity losses, and the last one
corresponds to spontaneous emission. In Eq. (3), the first two terms arise from external pumping and radiationless
decay, while the remaining terms capture the coupling of photons and molecules through absorption and emission.
The system is completed by Eq. (4), which accounts for the conservation of the total molecule number M, and
is equivalent to Mg = —Ml. It should be noted that, unlike the laser rate equations, where By; = By [9], the
photon BEC case requires the KS relation (1), since the molecules act as both a heat and a particle reservoir [11].

2.2 Steady state

We now examine the steady state solution of the rate Eqgs. (2)—(4). To this end, we start with the photon mode
Eq. (2), which yields together with the KS relation (1) a distribution of the usual Bose-Einstein type

1
Ne = Ftamm =1 (5)
with a frequency-dependent chemical potential
1 Ml Fc(wg)
= hwzpr, — — In =2 4 —20 ) 6
He ZPL 3 D(M2 + Bor(we) M (6)

However, as such a frequency-dependent chemical potential does not comply with thermodynamics, we rewrite the
distribution in the form of an open-dissipative Bose-Einstein distribution [23]

1

Ne = Few) @

hwe— _ —c\wl)
eB(hwe—p) 1+B21(w1{)]\/[2

where the frequency-independent chemical potential is introduced

n = thPL — ;hl(j&;) . (8)

Equation (7) represents a modification of the standard Bose-Einstein distribution, adapted for photon conden-
sates by incorporating the driven-dissipative nature of the system. In this expression, the additional term in the
denominator compares the time scale for spontaneous emission ten, = 1/B21Ms with the photon cavity lifetime
tph = 1/Tc. Thus, the ratio tem/tpn = I'c/B21Ms is expected to be small if many photon emission-absorption
cycles occur before the photons escape the cavity, and thus represents a measure of thermalization. Indeed, if
this ratio is negligibly small, Eq. (7) reduces to the standard Bose-Einstein distribution. Although this condition
is experimentally realized with highly reflective mirrors [11, 22], the precise influence of this additional term has
never been theoretically investigated. Furthermore, Eq. (8) explicitly links the chemical potential x to the molecule
occupation numbers M7, M, which adjust at equilibrium due to the dye-photon interaction. Solving the remaining
Egs. (3) and (4) in steady state leads to

oM oo Le(we) N
Ml — +1§:€—0 (W£) 57 (9)
nr + p
M -5 2T N
2y =PM = iz Telw)Ne (10)
Flll‘ + p
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and reveals how the chemical potential (8) depends on the respective photon numbers Ny:

1 (FnrM + im0 FC(WZ)N@) _ (11)

p = hwzpr, — — In =
B\ M = Te(we) Ve
Inserting the photon numbers N, from Eq. (7) into (11) shows that the chemical potential p follows from a

self-consistency equation. Once p is determined, inserting it into Eq. (7) leads to the respective photon numbers
Ny.

2.3 Single-mode limit: photon BEC versus laser

Here we focus on examining the steady state of the rate equations for such a large pumping; i.e., such a large photon
number, that practically only a single photon mode with frequency wy is coupled to the molecules. In this case,
thermal photons do not occur, so all photons contribute to the photon Bose—Einstein condensate. By specializing
both the open-dissipative Bose—Einstein distribution (7) and the self-consistency Eq. (11) for the chemical potential
to a single cavity mode one obtains formally two solutions for the corresponding photon number:

N — 1 [pM_FC_MFnrgi p—f—Fnr
- _
2(1+ %2) Le B
2
ApM B I, pM—T.— ML, B2
DU (g 22) 4 (2 P LER I (12)
T, B Bor L.

As the solution N_ in Eq. (12) becomes negative for small pumping, it is non-physical and will therefore be
discarded in the following. In contrast to that, the solution Ny in Eq. (12) depends linearly on the pumping and
tends to zero for vanishing pumping, which is expected. In the opposite limit of large pumping the photon number
in the condensate turns out to also depend linearly on the pumping

r. r. Bi2 Ty
g g o)
+ = P
B B
2T (1+ 52) 2Te(1+ 52)
FC(QMg—;f+M+ §;1)+Fnr( yaom §§1>(§§1 *M> 1
N B - +0(5)- (13)
2FC(1—|— BQI)‘M— oo

We note that for M < I'./Bs; the linear contribution vanishes, leading to an unphysical solution of the rate
equations, since a linear dependence is expected [9)].

As shown in Fig. la, the photon number for the single-mode photon Bose—Einstein condensate increases only
weakly below a critical pumping value, while well above this threshold the photon mode occupation rises sharply.
The dashed line represents the large-pumping limit of Eq. (13). Specializing to the laser case requires that the
emission and absorption rates are the same. Setting B1s = Ba; implies due to the KS relation (1) that the photon
mode frequency coincides with the zero-phonon line, i.e., wy = wzpr,. In this laser limit, as also shown in Fig. 1a, the
photon number qualitatively behaves the same as in the photon BEC case. Note that in both cases the spontaneous
emission is responsible for a finite photon occupation already below threshold [7-9, 38].

In order to distinguish both regimes we consider the population inversion D = My — M; [9]. Using Egs. (9)
and (10), yields together with Eq. (12) the relative population inversion

sz_rnr_2F6N+/M (14)
M Cor +p ’

as shown in Fig. 1b. For small pumping strengths, the molecular population resides predominantly in the ground
state. With increasing pumping power, the fraction of excited molecules grows, and above some critical pumping
value, the molecule populations saturate. The sign of the relative population inversion, i.e. whether it is positive or
negative, allows a theoretical discrimination between the photon BEC and the laser regime, respectively. Evaluating
Egs. (14) by taking into account (12) for large pumping yields
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Fig. 1 Panel (a) shows for the single-mode model the photon number N as a function of the pumping strength p. Dotted
and dashed lines represent small and large pumping limits, respectively. Blue curves correspond to the photon BEC case of
unequal absorption and emission rates Biz # Ba1, whereas red lines represent the laser case Biz = Ba;. Panel (b) depicts
the relative population inversion from Eq. (14), for the same two cases as in panel (a), with the dashed line highlighting equal
population. In both panels the following parameter values were used for the purpose of illustration: M = 10°, T'. = 10* Hz,
I'ny = 5Hz as well as B12 = 0.5Hz, B2y = 1Hz for the photon BEC case and Bi2 = 1Hz = Bs; in the laser limit,
respectively

D M(Bia— B + 21
p—oo M M (B12 + Bai)

(15)

Thus, for the parameters chosen in Fig. 1b for the photon BEC, where we have B1s < Bs1, the majority of molecules
are still in the ground state and, therefore, the saturation value for the relative population inversion (15) is negative.
However, in the case of the two-level laser considered here, where B1s = B holds, we see from Eq. (15) that the
majority of molecules are in the excited state. This saturated population inversion is characteristic for the lasing
regime in agreement with Refs. [7-9].

3 Relevant parameters

The previous section introduced a thermalization model for a photon gas that depends on parameters, which have
not yet been specified. Therefore, we now identify values for these parameters to enable subsequent numerical
simulations. To this end, we follow the setup of Ref. [11], where a microcavity is filled with rhodamine 6G dye
dissolved in ethylene glycol at room temperature. Typically, a total number of molecules of M = 108, ..., 101°
is used in this experimental setup. Photons are effectively trapped in an isotropic harmonic confinement in two
dimensions with frequencies w; = weyt + 1 - 2 and degeneracies g, = £+ 1. Note that no polarization of the photons
is taken into account. Here, the cut-off frequency we,t defines the lowest photon energy, and €2 denotes the energy-
level spacing. Experimentally, condensation was observed for weys € [27 - 500 THz, ..., 27 - 526 THz] [11, 22] and
Q =27 - 40 GHz [11, 29]. Furthermore, non-radiative losses typically amount to I';,, = 250 MHz [22].

Next, the emission and absorption spectra together with the cavity losses are considered. For the underlying
setup, these parameters were measured in Ref. [39], satisfying the KS relation (1), and are shown in Fig. 2. From
these data, the zero-phonon line frequency is determined as the point where the two spectra coincide, as shown
in Fig. 2a, yielding wzpr, = 27 - 550 THz. For the numerical calculations it is necessary to know the explicit value
of the spectra at certain frequencies. Therefore, we fit the experimental data. In the Refs. [23, 25], the main
peak of the absorption spectrum was described by a Gaussian-like function, which was derived from a Lindblad
master equation under the assumption of having only a single vibrational state. We generalize this approach to
contributions from multiple vibrational states [24] using a superposition of n = 6 Gaussians to fit the emission
spectrum:

_ (w—w;)?

BV (w) =Y A T (16)
=1
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Fig. 2 Experimental data reported in Ref. [39]. Panel (a) displays the measured emission (red) and absorption (blue) rates
Bji(w) and Biz(w) together with fits obtained from (16) and (17). The vertical dotted line indicates the cavity cut-off
frequency weut = 27 - 500 THz, while the dashed line marks the zero-phonon line wzpr, = 27 - 550 THz. Panel (b) shows the
cavity loss rates. The inset magnifies the frequency region, which is most relevant for subsequent numerical simulations and
includes the fit from Eq. (18). The horizontal dashed line denotes the approximate value derived from Eq. (19)

Consistency with the KS relation (1) is ensured by constructing the corresponding absorption spectrum as the
Kennard-Stepanov transform of the same Gaussian superposition:

By (w) = eMemem) . B (), (17)

with 8 = 1/(kp - 300K). From this point of view, the location of each Gaussian peak w; for i = 1, ..., n in
Eq. (16) then corresponds to the frequency of a vibrational state, providing a natural generalization of the earlier
approaches [23, 25].

Figure 2b seems to indicate that cavity losses are negligible over the relevant frequency range. However, the inset
reveals frequency-dependent losses in the relevant interval, which are fitted with an inverse Gaussian function:

D) () = ealw=b) e, (18)

The cavity losses shown in Fig. 2b reflect the characteristics of the specific cavity employed. To obtain an approx-
imate description, which is applicable to a wider class of cavities, the profile is approximated by a frequency-
independent value, following the approach of Refs. [23-25]. This value is defined such that the areas under the two
curves coincide, see Fig. 2, yielding

1 Wmax

De(we) ~ T = 7/ dw T (W), (19)

Wmax — Wcut Weut

where wyax = 3800 THz is the maximal frequency considered. This allows the cavity loss profile to be approximated
by I'. = 3.5 GHz.

4 Numerical simulation and discussion

Section 2.2 showed that the system of rate Eqs. (2)—(4) admits in the steady state a formal solution. However,
quantitative predictions for observables such as the chemical potential and its dependence on the system parameters
require solving the complete set of Egs. (7) and (11). To this end, this section presents numerical simulations
addressing three representative cases.

The first case examines the effect of the number of thermal photon modes foa included in the simulation.
Increasing the number of modes demonstrates numerical convergence and agreement with the experiment. The
second case investigates the role of the cavity. Varying the cavity loss rate I'; reveals how the chemical potential and
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the critical particle number for achieving condensation change in response. The third case analyzes the influence
of the dye solution by modifying the non-radiative loss parameter I'y,. In all three scenarios, the system of rate
equations is solved using a Newton algorithm, with all other parameters fixed to isolate the effect of the parameter
under study. Moreover, in the following the cavity cut-off frequency is set to weyy = 27 - 500 GHz and a total
molecule number of M = 10%° is considered.

4.1 Numerical convergence

First, the effect of the total number of thermal photon modes #;ota1, which are taken numerically into account, is
analyzed. This represents the basis for the subsequent discussion, as it determines the dimensionality required for
the calculations. To assess the influence of £ioa1, the cavity loss rate is approximated by I'. = 3.5 GHz, as described
at the end of Sect. 3. In addition, the non-radiative loss rate is set to I',,, = 0 MHz, as it is not expected to influence
significantly the occupation of the photon modes. A detailed justification for this assumption is provided below
in Sect. 4.3. Furthermore, in contrast to the experiment, the pumping strength p is assumed to be known in this
numerical analysis, as it is the control parameter of the system, which is increased from small to large values. As
a consequence, increasing pumping leads to an increase of the total photon number

Liotal

Niotar = Y N (20)
£=0

Thus, the dependence of any observable on the pumping strength p can be converted into a function of the total
photon number (20). This conversion makes it possible to directly compare simulation results with experimental
measurements.

Solving in steady state the coupled algebraic Egs. (7) and (11) yields the resulting total photon number (20) as
shown in Fig. 3a. It increases steeply at small pumping strengths until the critical particle number N, is reached,
after which it grows linearly. Notably, the linear slope is the same for different values of the total photon mode
number. Furthermore, the critical particle number N., and thus photon condensation, is reached already at quite
small pumping strengths in relation with the overall considered pumping range. Figure 3b shows the photon
occupation of both ground state Ny and thermal state

Liotal

Non=>_ N (21)
=1

104 104
a | b 104 — Ground mode photons
< ) g 10 ( 2?___.;0""...“_.+. -== Thermal phOtOIZIS
6} e’ .
=] — | 3 °
z 2 R A
E 1 % 2 '. ° gom fm
— 1) . om Ny
£4; £, = 6f 1k ,
Z““ 0 2 4 6 o 0 1000 2000
Ntotal X104 8 4 i
@)
2 gtotal =50 - étotal = 1000 i
Ciotal = 200 = Liga1 = 2000 21
) gltotal = 500 = Liotal = 2500 0 . . .
00 0.005 0.01 0.015 0.02 0 2 4 6 8 10
p [MHZ] Ntotal x 104

Fig. 3 Panel (a) shows the total photon number as a function of the pumping strength. The inset displays the occupation
for selected modes. Panel (b) represents the occupations of the ground state and of the thermal states. The inset shows
the critical particle number obtained independently from ground-state (red) and thermal-state (blue) occupations. The
dashed horizontal black line indicates the numerically converged value, whereas the dotted horizontal black line depicts the
thermodynamic-limit value of the closed system calculated from Eq. (24). The color coding is identical in both panels
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For small photon numbers, only thermal states are occupied. Once the critical particle number N, is reached,
the thermal states saturate, as shown in the inset of Fig. 3a, and the ground state becomes occupied. Thus, the
open-dissipative Bose-Einstein distribution (7) yields the same qualitative behavior for the occupations of ground
and thermal states as for the standard Bose—Einstein distribution of a closed system. In this case, while neglecting
the impact of spontaneous emission, the occupations are approximated according to [5, 6]

NO(Ntotal) :@(Ntotal - Nc) |:Ntotal - Nc:| ) (22)
Nth(Ntotal) :Ntotal - NO(Ntotal)a (23)

where © denotes the Heaviside function. Thus, there are two complementary approaches for defining and calculating
the critical particle number N.. The first one relies on the saturation value of the thermal states, whereas the
second one is based on determining the particle number at which the ground state becomes occupied. In the latter
approach, however, one must account for the fact that (22) neglects the impact of the spontaneous emission, so
that the ground state occupation exhibits a sharp onset. Instead, as shown Fig. 3b, spontaneous emission leads to
partial ground-state occupation already below N.. To address this issue, the large-photon-number behavior of the
ground state is linearly fitted, and N, is extracted from this fit by determining the zero crossing. The results of
both approaches are shown in the inset of Fig. 3b, which turn out to be consistent. The inset further demonstrates
that the critical particle number N, increases with the inclusion of additional photon modes, but saturates for
liotal = 1500. This saturation corresponds to the fact that higher energy modes are not occupied, which results
to a numerical convergence, and yields the critical particle number N, ~ 45052. This value lies well within the
error bars of the original experiment [11]. In addition, this critical particle number can also be compared with the
closed-system case, where all open-dissipative parameters vanish. Considering the thermodynamic limit together
with the first finite-size correction, one obtains for a two-dimensional Bose gas confined in an isotropic harmonic
trap with frequency €2 the expression [40]

N(closed) — (1)2C(2)
c h3Q

Here, the Riemann zeta-function has the value ((2) = 72/6 and v = 0.5772... denotes the Euler-Mascheroni
constant. By inserting the trap frequency Q2 = 27 - 40 GHz, the critical particle number is obtained at room tem-

perature to be N{“***Y ~ 40976. This finding for the standard Bose-Einstein distribution of a closed system differs
significantly from the critical particle number N, ~ 45052 determined from the open-dissipative Bose-Einstein
distribution. Thus, this comparison provides clear evidence that the additional term in (7) is important and should
not be neglected. However, this presents a paradox that must be resolved. In experiments, the additional term
is typically neglected, and results are compared directly to the standard Bose-Einstein distribution [21, 30-34].
These comparisons show good agreement, suggesting, in contrast to our claim, that the additional term has a neg-
ligible influence. This paradox can be resolved by considering the experimental measurement uncertainty, which
is currently on the order of 10% [41, 42]. This level of uncertainty is large enough to obscure the subtle effects
predicted by the open-dissipative Bose—Einstein distribution.

Although the open-dissipative nature of the system strongly affects the critical particle number, it is necessary to
verify whether the same holds also for the chemical potential. For this purpose, ground- and excited-state molecule
populations are considered first. As shown in Fig. 4a, the ground-state population decreases with increasing total

1+ (24)

2

v — 1 —In(nBQ)
<

—~

) _ 1
mEQ T 2

100 106
1.0000 ¢
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0-99991 | — Lot = 500 — fygga = 2500 ol /
‘ — i = 1000 ,
= 0.9998 =2 Sl
| 78|
0.9997 a
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Fig. 4 Panel (a) and (b) show the occupation of the ground state and excited state molecules, whereas panel (c) depicts
the chemical potential, calculated via Eq. (8)
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photon number and then saturates at the critical particle number. Due to the conservation of molecules in Eq. (4),
the excited-state population increases correspondingly until it also saturates; see Fig. 4b. Note that it is evident
that here no laser behavior is achieved. Since the ground-state population is significantly larger than the excited-
state population for all pump parameters, the relative population inversion (14) remains negative. According to
Sect. 2.3, therefore, the lasing regime never occurs. The resulting chemical potential (8), shown in Fig. 4c, increases
with increasing photon number and saturates once the critical photon number is reached. In the condensed phase,
the saturated chemical potential follows

L.

= hBwens —In |1 - ——< |
fn Bedcuy Boi (weut) Ma

(25)

which yields Bu. ~ 80.08, corresponding to the numerically found value in Fig. 4c. Nevertheless, the chemical
potential still reflects the influence of the open-dissipative nature of the system. Taking the closed-system limit

el 1; ((:closed)
yields 2 CITO B

by the dpen—dissipative character of the system.

= hfwent =~ 79.98. Thus, the chemical potential turns out to be only marginally influenced

4.2 Cavity influence

In the previous subsection it was shown that the open-dissipative character of a photon BEC has a pronounced
effect on the critical particle number N., while its influence on the critical chemical potential p. is small. To explore
this contrast in more detail, the present section studies how both N, and . vary with cavity losses I'c. To isolate
this dependence, the non-radiative losses are neglected again. Moreover, the number of thermal photon modes is
chosen to be #iota1 = 2000, ensuring numerical convergence, as established in the previous subsection.

The solution of the steady-state rate Egs. (7) and (11) for varying cavity losses I'c, shown in Fig. 5a, reveals
clear trends. As cavity losses I'. increase, the number of condensed, i.e. coherent, photons decreases, while the
thermal, i.e. incoherent, occupation increases. Consequently, the critical particle number N, increases linearly with
the cavity losses I'¢, as illustrated in the inset of Fig. 5a. In particular, a tenfold change in I'; results in a change
of a similar order of magnitude for N.. This confirms that the equilibrium BEC distribution is insufficient for
photon condensates, which exist in non-equilibrium and must therefore be described by the open-dissipative BEC
distribution of Eq. (7). In the limit I'; — 0, the value N, ~ 40985 is obtained, which is in excellent agreement with
the prediction of the closed system from Eq. (24). It should be noted, that for the smallest loss rate in Fig. 5a,
the ground state appears to be slightly occupied even far below the threshold. This apparent occupation, however,
can be attributed to the numerical precision.

The chemical potential, shown in Fig. 5b, exhibits a much weaker dependence on cavity losses. However, although
its variation is small, the inset highlights that in the condensed phase, u. follows the logarithmic dependence
predicted by Eq. (25), in contrast to the linear scaling of N.. Moreover, the behavior diverges markedly from the
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8 I 8 . “' 80 I -
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Fig. 5 Panel (a) depicts the photon occupation of ground state and thermal states for varying cavity losses I'c. The inset
illustrates the corresponding dependence of the critical particle number. Panel (b) presents the chemical potential. Its inset
highlights the value in the condensed phase, where dots indicate numerical results, the red curve depicts the exact expression
of Eq. (25), and the dotted black line shows the expansion of Eq. (25) valid for small cavity losses according to Eq. (26)
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Fig. 6 Panel (a) shows the occupation of ground-state and thermal-state photons for different non-radiative loss rates.
Panel (b) presents the dependence of the total photon number on the pumping strength for the same loss rates. The inset
highlights that the critical particle number does not change with varying non-radiative losses

linear approximation for small cavity losses:

I.
Boi (weut) M2(Te = 0)

Bliec = hfBweut + +0(T%). (26)

Taken together, these results indicate that the appropriate statistical description of photon condensation is provided
by the open-dissipative BEC distribution (7), rather than by the standard Bose-Einstein distribution.

4.3 Influence of non-radiative losses

Finally, the analysis focuses on the impact of the non-radiative loss rate I'y,;. To isolate this effect, the cavity loss
rate is fixed to I'c = 3.5 GHz, while £, = 2000 photon modes are included to guarantee numerical convergence,
as established in Sect. 4.1.

Figure 6a demonstrates that the non-radiative losses do not alter the occupations of ground-state or thermal-
state photons. As a consequence, both the molecular occupations and the chemical potential remain unchanged.
The influence of the radiationless loss rate ', appears instead in the total photon number Niia1, as is shown
in Fig. 6b. With increasing non-radiative loss rate I',;, the pumping strength p required to achieve condensation
increases, since a larger fraction of molecules is lost and cannot contribute to condensation. In contrast, the critical
particle number N is not affected. Note that the minimal changes in V., as shown in the inset of Fig. 6b can be
attributed to the numerical precision. All these findings justify a posteriori having neglected non-radiative losses
in the previous two subsections, as the dependence of all examined quantities on the total photon number is not
affected.

5 Summary and outlook

This work introduced a rate-equation framework for describing the thermalization of photon Bose—FEinstein conden-
sates. Solving the model in steady state yields the open-dissipative Bose—Einstein distribution, which provides the
appropriate statistical description of photon condensation. This distribution extends the standard Bose—Einstein
form by including an additional term that accounts for the open character of the underlying system. Numerical
simulations with experimentally realistic parameters show that numerical convergence is reached once a sufficiently
large number of photon modes are included. Moreover, a variation of the cavity loss rate reveals a larger and a
smaller effect on the critical particle number and the chemical potential, respectively. These findings establish that
photon Bose—Einstein condensates are correctly described by the open-dissipative rather than by the standard
Bose—Einstein distribution.
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It would be worth measuring this difference between the open-dissipative and the standard Bose—Einstein dis-
tribution in an experimental set-up. As the difference in the critical photon number N, can amount to 10 % or
more for experimentally realistic parameters, this seems to be a realistic goal.
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