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We derive recursively the perturbation series for the ground-state energy of the
D-dimensional anharmonic oscillator and resum it using variational perturbation
theory (VPT). From the exponentially fast converging approximants, we extract the
coefficients of the large-D expansion to higher orders. The calculation effort is
much smaller than in the standard field-theoretic approach based on the Hubbard-
Stratonovich transformation. © 2005 American Institute of Physics.
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I. INTRODUCTION

The properties of nontrivial physical systems can only be calculated via efficient approxima-
tion schemes. Most easily accessible are perturbation expansions, but they are usually divergent
and need resummation. To this end, a variational approach was developed by Feynman and
Kleinert," which has been systematically extended to an efficient nonperturbative approximation
scheme called variational perturbation theory (VPT).Z_5 It allows the conversion of divergent
weak-coupling into convergent strong-coupling expansions and has been applied successfully in
various fields, such as quantum mechanics, quantum statistics, condensed matter physics, and
critical phenomena. In fact, the most accurate critical exponents come from this theory,6 as has
been verified by recent satellite experiments.7

The convergence of VPT has been analyzed up to very high orders for the ground-state energy
of the one-dimensional anharmonic oscillator,

Vix) = %wzx2 +gx*, (1)

and was found to be exponentially fast.*” This surprising result has been confirmed later by
studying other physical systems and was proven to hold on general grounds.3’4 Furthermore, the
exponential convergence seems to be uniform with respect to other system parameters. In this
manner, the variational resummation of perturbation series yields approximations which are ge-
nerically reasonable for all temperatures,m_12 space and time coordinates,'>'° magnetic field
strengths,17 coupling constants,'® etc.

In this paper, we show that the exponential convergence of VPT is uniform with respect to the
space dimension D. To this end, we consider the D-dimensional generalization of the anharmonic

oscillator (1), i.e.,
V(x) = 507 + g(x?)? ()

with x=(x;,--*,xp), and determine its ground-state energy as a function of the coupling constant
g. In Sec. II, we derive the corresponding weak-coupling series by evaluating connected vacuum
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diagrams. In Sec. III, we show how this perturbation series can be obtained more efficiently by
means of Bender-Wu-type recursion relations.” In Sec. IV, we resum the weak-coupling series by
applying VPT and examine the resulting convergence, which is again exponentially fast and
improves uniformly with increasing dimension D. In Sec. V, we show that the latter observation is
not surprising, since the ground-state energy of the anharmonic oscillator (2) can be determined
with the help of a systematic large-D expansion. In Sec. VI, we apply VPT to extract the large-D
expansion to higher orders, which have so far been inaccessible to other methods.

Il. PERTURBATION THEORY

The perturbation series for the ground-state energy of the anharmonic oscillator (2) can be
calculated from connected vacuum diagrams. Up to the second order in the coupling constant g,
the ground-state energy is given by the Feynman diagrams

w 1 1 1 1
E=2_1lim=>{:= il il
- mp{5 0O+ © + 0O +)
with the propagator
— 527' —w|Ta—Ts
TR 4)
and the vertices
g 8
z‘~+ik = _9 (6ij6kl+5ik6jl+6i[6jk)/ drg .
, ’ 0 (5)

The connected vacuum diagrams (3) are derived most easily by an efficient graphical recursion
method.* Evaluating these Feynman diagrams produces the following analytic expression for the
ground-state energy:

Dw D([D+2)g D2D>+9D + 10)g>
E=—+ > - S +o (6)
2 4w 8w

Only low perturbation orders are accessible by this procedure. If we want to study higher orders,
we better use Bender-Wu-type recursion relations.”!

lll. BENDER-WU-TYPE RECURSION RELATIONS

The potential (2) of the D-dimensional anharmonic oscillator is rotationally symmetric.
Hence, the ground-state wave function depends only on the distance x=|x|. We solve the corre-
sponding Schrodinger eigenvalue equation

1(# D-14d)\ 1
[_E(E+ x £)+Ew2x2+gx4]¢/(x)=E¢/(x) (7)
as follows. We write the wave function (x) as
w 1/4 1 ) N
Plx) = (‘) exp| - -8+ ¢(%) |, (8)
T 2

. N o . . . .
with the abbreviation X=xVw, and expand the exponent in powers of the dimensionless coupling
constant =g/’ by using

Downloaded 15 Nov 2005 to 132.252.73.172. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



112105-3 Large-D expansion J. Math. Phys. 46, 112105 (2005)

TABLE 1. Expansion coefficients for the ground-state energy of the anharmonic oscillator (2) up to the fifth
order.

k €

1 D(D+2)/4

2 -D(2D*+9D+10)/8

3 D(8D*+59D%+146D+120)/16

4 —D(168D*+1773D%+7144D+12960D +8840) /128

5 D(1024D° +14325D*+82222D3 +241464D*+360736D+216960) /256

¢(3) = 2 h(@)g" 9)
k=1
The ¢ (%) are expanded in powers of the rescaled coordinate £,
k+1
Bl) = 2 o). (10)
m=1

For the ground-state energy we make the ansatz

E=w<2+2 ekgk>. (11)

2 k=1

Inserting (8)—(11) into (7), we obtain to first order

D+2 1 D(D+2)
c(11)=—T, C(zl)=—Z, 61=T' (12)

For k=2, we find the following recursion relation for the expansion coefficients in (10):

k-1 m
m+1)(D+2m nim+1-n
o DB 0 L33 I g (13)
=1 n=1

with cgf) =0 for m>k+1. The expansion coefficients of the ground-state energy follow from

€=-Dcb. (14)

Table I shows the resulting coefficients €, up to the fifth order. For D=1, they reduce to the
well-known one-dimensional results.”!

IV. VARIATIONAL RESUMMATION

Now we consider the strong-coupling limit of the perturbation series (11). Rescaling the
coordinate according to x—xg~ !¢, the Schrodinger equation (7) becomes

B

Expanding the wave function and the ground-state energy in powers of the coupling constant
yields

W) = PoR) + P (D) + (D) + -, (16)
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TABLE II. Numerical results for the leading strong-coupling coefficient b,
of the ground-state energy (17).

bo(D=2) 1.4771497535779972(31)

bo(D=3) 2.3936440164822970(37)

by(D=10) 10.758265165443755(69)
E=wg"3(bo+ b, g7 +bg™* P+ --). (17)

By considering (15) in the limit g—o°, we find that the leading strong-coupling coefficient b
equals the ground-state energy associated with the Hamilton operator

H=-1A+(x%2 (18)

Precise numerical values for this ground-state energy for different dimensions D are listed in Table
11
The weak-coupling series (11) is of the form

N k
E(N)(g,w)=w[§+2 Ek(%) ] (19)
k=1 @

The alternating signs and fast growing coefficients in Table I suggest that (19) is a divergent Borel
series which is resummable by VPT.>™ In order to perform the variational resummation, an
artificial frequency parameter () is introduced in the perturbation series most easily by Kleinert’s
square-root trick,

w— Q1 + gr, (20)
with
o =02
r= O (21)

One replaces the frequency o in the weak-coupling series (19) according to (20) and reexpands the
resulting expression in powers of g up to the order gV. Afterwards, the parameter r is replaced
according to (21). This procedure has the effect that the power series of order N for the ground-
state energy becomes dependent on the variational parameter (),

N N—k
1-3k)/2 2 !
Ew@@mzzqym%2<( ) X%—Q. (22)
k=0 1=0 [ Q

The influence of ) is then optimized according to the principle of minimal sensitivity,23 the
ground-state energy to Nth order is approximated by

EM =EM(g,0,0W), (23)

where QO™ denotes that value of the variational parameter for which EM(g,®,0)) has an extre-
mum or a turning point.
As an example, consider the weak-coupling series (19) to first order,

Dw D(D+2)
L20+2)

ED === . 24
2 40? § (24)

Inserting (20), reexpanding in g to first order, and taking into account (21), we find
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DO Dw* D(D+2
EV(g,0,0)=— + == . gg.

4 40 402 @5)

Extremizing this and going to large coupling constants, we obtain the strong-coupling behavior of
the variational parameter

Qm:w§1/3(961)+0(11)§_2/3+Q(21)§_4/3+ ), (26)
with

2 4
w w
QY =2p+4)"B, oY= v

T32D+4) b T 108(D+2) @7)

Inserting the result (26) and (27) into (25), we obtain the strong-coupling series (17) with the
first-order coefficients

Dw*
48(D +2)’

3D Do’
bng?(w%)m, P =—=2 _ p-

42D+ )" 2%

For D=1, this reduces to earlier VPT results in Refs. 8 and 9.

In order to determine the strong-coupling coefficient b, in (17) to higher orders, we proceed as
follows. We observe that the strong-coupling behavior of the variational parameter is for any order
N of the form

Q(N) — wé1/3(ﬂ(()N) + Q(]N)g—Z/S + Q(ZN)g—MS I )’ (29)

which corresponds to (26). Inserting (29) into (22), the leading strong-coupling coefficient turns
out to be given by

N N-k
bgv)(ﬂgv)) _ 2 E ((1 - jk)/z

)(— 1) e(Q) '3, (30)
k=0 =0

where the inner sum can be further simplified by using24

m o -1
2(—1)1(l)=(— 1)’"(“ ) (1)
m

=0

Thus, the leading strong-coupling coefficient reduces to

N
WO =3

((1 -3k)/2-1
k=0

Vo )(_ 1)N_kek(ﬂ(()N))l_3k_ (32)

Determining the optimized O™ for which b(()N)(QE)N)) has an extremum or a turning point then
leads to the approximation b(() (ng)) of the leading strong-coupling coefficient by,

By carrying the expansion to high orders, VPT yields approximations whose relative deviation
from the exact value vanishes exponentially.3‘4 In our case, we have for large N

[66"(D) - by(D)|

/3
2o D) exp[A(D) — B(D)N'], (33)

where the exponent 1/3 is determined by the structure of the strong-coupling series (17). Due to
the exponential convergence of VPT, it turns out that the accuracy of our numerical results for the
leading strong-coupling coefficients b, in Table II is not sufficient for a useful examination of the
convergence behavior of VPT in high orders. Therefore, we use our results from the 80th VPT
order as a more precise approximation for b, Table III summarizes our high-precision VPT
results, where in each case the uncertainty of b, has been estimated by examining the deviation
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TABLE III. High-precision VPT results from the 80th order for the leading
strong-coupling coefficient b, of the ground-state energy (17).

by(D=2) 1.477149753577994356(33)
by(D=3) 2.3936440164823030895(77)
by(D=10) 10.758265165443797408091(18)

from the result of the previous order. For D=2 and D=10, the VPT results lie within the error
margins of the numerical results. However, this is not the case for D=3, where the VPT result lies
just outside of the corresponding numerical error margins. We attribute this discrepancy to an
overly optimistic error estimate for the numerical result. The precision of the results shown in
Table III improves with increasing dimension, which already indicates that the calculation con-
verges faster in higher dimensions. Figure 1 shows the convergence of the VPT results for the
three different cases. Fitting the data to straight lines yields for the parameters A(D) and B(D) in

(33),
A(D=2)=598(72), B(D=2)=9.89(23), (34)
A(D=3)=7.43(48), B(D=3)=10.67(15), (35)
A(D=10)=11.89(63), B(D=10)=13.33(20). (36)

Thus, we find that the convergence of the VPT result indeed improves uniformly with increasing
dimension D. This tendency does not come as a surprise, since for D — o the ground-state energy
of an oscillator with quartic anharmonicity can be determined exactly as we will see in the
following section.

V. LARGE-D EXPANSION

Now, we elaborate the systematic large-D expansion for the ground-state energy of the an-
harmonic oscillator (2) based on standard field-theoretic methods (see, for instance, Refs. 3, 25,
and 26).

A. Effective potential

We start with the path integral representation of the quantum-statistical partition function at
finite temperature 7,

165" = bl
bo

In

—45f N3
1 ' 85 T 641/3

FIG. 1. Logarithm of the relative deviation of the VPT result for the leading strong-coupling coefficient by(D) for D=2
(circles), D=3 (diamonds), and D=10 (triangles) plotted as a function of the cubic root of the perturbation order up to the
70th order. The dashed lines represent least squares fits of the data to straight lines.
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7= 5& Dx oA, (37)

where the Euclidean action reads

B
Alx]= f dr{%xz(r) + %wzxz(r) + g[xz(T)]Z}. (38)
0

The paths are periodic in the imaginary time 7 with period S=1/T. Applying a Hubbard-
Stratonovich transformation,

B B
§ Do exp{— f d7'|:§0’2(7') + 2ix2(7')a'(7')] } = exp{— gf dT[X2(T)]2}, (39)
0 0

the x(7)-path integral (37) and (38) becomes harmonic and leads to

Z= f Do ¢ PAL], (40)

where we have introduced the Euclidean action

2

B
A[O-]zDLgf dT(Tz(T)+%TI‘1n|: ;Tz+w2+4i(r(1')] (41)
0

The remaining path integral (40) and (41) over o(7) is then performed in the limit of large D by
regarding the modified coupling constant g=Dg as being independent of D, and by applying the
background method.**"*® Thus, we take into account order by order the effect of the fluctuations
S0(7)=0o(71)— 0y of the paths o(7) from the background o. This determines the effective poten-
tial

1
Veiilop) == —1InZ (42)
B
in the form of the loop expansion
Verr(op) = 20 V(o). (43)
1=0

where the term of loop order [ turns out to be of order D'~

B. Loop orders /=0 and /=1

The leading term is the tree-level and follows from evaluating (41) for the background o,

oy 1 QO
V(o) = D{T‘) + 2 1nf sinn 22 |, (44)
g B 2
with the auxiliary frequency
Q:yw2+4i00. (45)

The one-loop correction is given by

V(eg(o.()) = iTr In G_I(Tlv 7-2)’ (46)

where the operator
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eRTE o (47)
T, T)= —————
72 o (7)) 6o (1) (=0,
turns out to be
-1 2 2
G (1,m)= gb‘(rl - 1) +8G(71, 7). (48)

Here, the correlation function Gq(7;,7,) has the spectral representation

§ e—iwm(fl—fz)
Golm,m)= 2 —5—, 49
a7, 7) o~ ,3(0),2;1 +Q?) (49)
with the Matsubara frequencies w,,=2mm/ 3. Inserting (49) in (48) yields
-1 1 S 1 _—iw,,(11—-7)
G )=t S Glemi, (50
Bin=se
with the coefficients
2 8 « 1
G,l==+— : 51
" g ﬁE_m (0, + (0, + Q%) 5D

For the quantum-mechanical ground-state energy to be calculated we only need the zero-
temperature limit 8— o of the above quantum statistical expressions. Thus, we obtain from (44),

a Q
Vilop) — D(TO +=, (52)
g 2
and the Matsubara sum (51) reduces to an integral,
S flo)— L2 f 4o, f(,), (53)
P 27 ) o
yielding
2 8
Gl=Z4+—F—7. 54
" Qe+ 407 (54)
Correspondingly, Eq. (46) becomes
1 < PR L0
(o) = ﬁmgx InG,' — Erf_w dw, InG,'= 2" Q, (55)

where

N
Q=2/0%+ (56)

denotes another auxiliary frequency.

C. Loop order /=2

The higher loop orders of the effective potential with /=2 consist of all one-particle irreduc-
ible vacuum diagrams with the propagator
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1—2 = G(n,mn)

(57)
defined by the identity
P 1
f d7, G™N(71,1)G(1y,73) = 55(7'1 ) (58)
0
and the vertices
H 8 s 8 8 5" Alo]
1 -3 E—D/dT/dT/dT---/dT 7
.f o 1 o 2 o 3 o n 60’(T1)(50'(72)(5U(T3) .. -50’(7-71) a(r)=00
(59)
For instance, the two-loop contribution is given by the Feynman diagrams
1 1
VD(a0) = = -6 .
eff (00) ] (X) + 12 @ (60)

In order to evaluate (60), we need the third and fourth functional derivatives of the Euclidean
action (41). They are given by

3
& Alo] =-64iG(1,7)G (7, 73)Go(T3, 7)) (61)
So (7)) 8o(1,) 8o (T3) o(D=a,
and
S Al o]
5000730070 | sy LT )G 7 Gl ) Gl )

+ GQ(Tl, Tz)GQ(Tz,T4)GQ(T4,T3)GQ(7'3,7'1)
+ G711, 13)Ga(73,75) G (7, ) G 14, 1) ], (62)

where the explicit form of the correlation function Gg(7,7,) at zero temperature follows from
(49) and (53):

1
Go(m,7y) = —=e =7, 63
a(m.m) = e (63)
Furthermore, we must solve (58) for the propagator (57). Performing at arbitrary temperature the
decomposition
1 < .
amm=52 G,eon(nn) (64)

the coefficient G,, turns out to be

1
- DG,

(65)

m

Using (54) and (65), we evaluate the Matsubara sum (64) at zero temperature according to (53)
and obtain
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- rs -
G(r, 1) = i[ o —m) - ;‘ie_ﬂﬁ_rz] . (66)
2D QO

From (59) we read off that each vertex is of order D, whereas each propagator is of order 1/D due
to (66). Thus both Feynman diagrams in (60) are, indeed, of order 1/D. The first and second
Feynman diagram in (60) lead to the expressions

1 2 23° ~ ~
V2D (o) = —{ g—[zzz(zn) +L,(4Q)] + —Qfﬁ[213(9,9,9 +0)+120,20,0)]

¢ gD| 20*
2g* ~ ~ - ~
- =21, +Q,0,Q,09,0,Q + Q) + 1,(0,Q,0,0,0.0)] ¢, (67)
9602
ngz)(o'o)
1|28 4g* ~
=—| 22 1,20.20,20) - 5 1,(0.0.0.20.0,0)
83° ~ ~ 16g° ~ ~ -
+ ——15(0,0,0,0,0,0,0,0,0,0) - ——1,0.,0,0,0,0,0,0,0,0,0,0,0,0,Q0,0) |,
0302 30903

(68)

respectively. Here we have introduced an abbreviation for multiple integrals with respect to imagi-
nary times,

B B B n "
Qg -, Q4 Qs -, Oy, )ZJ dTlf de"‘f dr, exp(—z E Qij|7'i_7'j|>-
0 0

0 i=1 j=it+l
(69)

Considering the low-temperature limit S— oo, the first three of these integrals read in closed
form®

2
12(912) = 9_1182, (70)

4B8(Q15+ Q3+ Qy3)
(Do + Q13) (D + Qp3) (D53 + Qy3)

I5(Q12,3,Q093) = (71)

L,(212,0243,Q14,Q03,004,054)

1 1 1
=2BX { { + }
Qp+ Qi3+ Qs+ Qag [ Qpp+ Qi3+ Dy Qg+ Qg + Qg

1 1 1
X + +
{912"'923"'924 Q13"'923"‘934] Qi+ Qs+ Qo3+ Q3

1 1 1 1
X + +
{le+923+924 Q14+Qz4+934]{9124‘9134‘914 Q13‘*5123"'934]

1 1 1
+ +
Q13"‘914"‘023"'924{913"'923"'934 Q14"'924"‘934]
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1 1
% + ) (72)
Qp+ Q3+ Qyy Q1z+923+924]}

Furthermore, in order to evaluate (68), we need one particular integral with respect to five and six
imaginary times, respectively,

_ - 30° + 42040 + 2270702 + 5680203 + 65600 + 2880)°
15(9995950»05059»99959) = B( * * i i * )7

2020 + )X O +20)4(Q +4Q)

(73)

1(9,9,9,0,0,0,0,0,0,0,0,0,0,0.0)
3B + 14040 + 730°0% + 1600707 + 13600 + 320°)
Q040 + Q)2(A + 20040 + 40Q) '

(74)

From (44) and (67)—(74) we read off the effective potential for zero temperature up to the order
1/D,

+

o |8,
S e)

Q 1| 582 2(QP+40%Q + 440027 + 128Q°)
Veff((To)=D +_—Q+_ - 5+ —
2 D[ 40 4080(0 +20)
Z'30° + 31040 + 1500302 + 3920°0° + 65600 + 480Q°)

Q°0XQ+ Q) (Q +20)(Q +4Q)

43530 + 42040 + 2270702 + 5680207 + 656000 + 2880°)
+ o~ o~ ~ o~
Q00%(Q + QXA +20)4(Q +4Q)

163°(Q° + 14040 + 730702 + 1600207 + 13600 + 320°) } O( 1 )
— — _ — — + — .
QA + QXA +20)4 (O + 4Q) D?
(75)

The ground-state energy of the anharmonic oscillator (2) is found by extremizing the effective

potential (75) with respect to the background o, while taking into account the auxiliary frequen-
cies (45) and (56).

D. Weak coupling

In order to cross-check our large-D result, we specialize now to the weak-coupling regime
where the extremal background is expanded according to

0'0=—i(S1g+52§2+S3§3+S4g4+S5g5+ ') (76)

Inserting (76) into the vanishing first derivative of (75) and reexpanding in g, we obtain a system
of equations which are solved by

S1=7" (77)

PR (78)

5 45 25
=——+ +—,
40’ 80'D 4w'D?

53 (79)
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o4 » 50
S4=— 00 2,0p " H0p2°
231 19503 9823 275
§5= (81)

+ + + ,
160w 1280"D  160w"D?* 20"D3

Inserting (76)—(81) into (75) and reexpanding in g=Dg yields again the weak-coupling series (11),
where the weak-coupling coefficients €, of Table I are reproduced in the first three terms of order
D! D¥, and D*.

E. Strong coupling

We now derive the large-D expansion for the ground-state energy in the strong-coupling
regime. There, we use for the extremal background the ansatz

oo =—ig (S + 5,87+ 1) (82)

and find for the leading coefficient the expansion

S =L+(21/6X31/2_25/3)L+<27X61/2_E)1/3 1 +O<i) .
T8 6D 2] 18p? D)

From (75), (82), and (83) we then obtain the strong-coupling series (17) where the leading strong-
coupling coefficient has the large-D expansion

o

by= 2, BDY3, (84)
k=0
with
3x2'"
BO = N (85)
8
312 _oli2
B, = T = (0.283 160 794 322 179 118 844 664 604 794 882 036 512 3, (86)
239

By=- 7 7z =~ —0.153 776 055 939 928 491 319 576 108 549 970 570 159 0.
18 X 2°°(25+ 12X 677)

(87)

Figure 2 shows the leading strong-coupling coefficient (84)—(86) up to the first two orders plotted
as a function of the dimension D.

VI. LARGE-D EXPANSION FROM VPT

In this section, we study how the large-D expansion (84) follows from VPT. Thereby, we
numerically determine the large-D expansion coefficients up to By with high precision.

A. Coefficients B, and B,

To first order, VPT gives (28), and we obtain the expansion (84) simply by expanding the
cubic root in (28) in powers of 1/D. The first three coefficients in the expansion (84) read
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12

1 3 3 7 9
FIG. 2. Strong-coupling coefficient by(D) versus dimension D. Solid and dashed lines represent leading and subleading

results of the large-D expansion (84)—(86), respectively. For D=1, the dot represents the earlier result from Refs. 8 and 9;
for D=2,3,10, the dots indicate the highly accurate VPT values obtained from the 80th order, as given in Table III.

3 X 21/3 21/3 21/3
w220 g 20 20

s (88)

The leading coefficient (85) is reproduced exactly, while the next two subleading coefficients B,
and B, are missed by 11.2% and 36.6%, respectively. In the second order of VPT, Eq. (32) yields

3DQY DQ2+D) D(10+9D +2D?)
t S 00e T @y
16 2(Qg7) 8(Qg")

bEJZ)(Q(()z)) — (89)

which must be extremized with respect to the variational parameter ng). Setting the derivative of
(89) to zero, the large-D expansion

) 1/3( (0.2) C(]0,2) C(20)2) )
Q' =D"|Cy""+ ——+ + 90
0 0 D D2 (90)
leads to a system of equations for the expansion coefficients whose solutions read
13 x 2! 113 x 28
C(()Z)=2”3, C(lz)z—, C(22)=— —_— 91)
12 288

Thus, by inserting the optimized variational parameter (90) and (91) into (89) and expanding in
1/D we obtain the first three coefficients in (84) to second order of VPT,

1/3 1/3 1/3
g0 _3X27 g TX27 g T1X27
0 g ! 32 7 2 768

92)

The leading large-D coefficient B remains the same, whereas the error of the subleading coeffi-
cient B(lz) is reduced to 2.67% and the next subleading coefficient B® now comes out with an error
of 24.2%. Figure 3 shows that the VPT approximants B(IN) and B(zN)zconverge exponentially fast to
their exact values B, and B, in (86) and (87). If we had not known the exact analytic result for the
subleading coefficients B; and B,, we could have extracted its value from the VPT approximants
as follows. Figure 3 shows that the VPT approximants for odd and even orders converge towards
the exact value independently. Extrapolating the values of B(IOdd) and B(leven) for N— o leads to the
limiting values

B(l"dd) ~(.283 160 794 322 179 118 844 664 604 794 882 038 08, (93)
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T T T T T T T 20 T T T T T T T T
A (B — B)/107% (a) 5 (BSY — By)/10°% (b)

Y 7 —20
6 9

91 92 93 94 9 96 97 98 99 100 1 92 93 9 95 96 97 98 99 100

FIG. 3. Deviation of the VPT approximants for (a) B(IN ) and (b) B(ZN ) from their exact values B, and B, in Egs. (86) and (87),

respectively. Odd orders are represented by circles; even orders by triangles. The dashed lines represent fits of the data to
exponential functions.

B(leve") ~ (0.283 160 794 322 179 118 844 664 604 794 882 035 75. (94)

Assuming that the exact value lies within this interval, we obtain from this extrapolation method
the result

B(lex"ap) =0.283 160 794 322 179 118 844 664 604 794 882 036 9(24). (95)

An analogous procedure can be applied to extract a numerical value for the subsequent coefficient

B,. Applying the extrapolation method for odd and even orders, we obtain the result

B(zex‘mp) =-0.153776 055939 928 491 319 576 108 549 961(60). (96)

B. Coefficients up to Bg

Figure 4 shows that the VPT approximants for B; and B, rapidly converge towards their exact
values. For the large-D expansion coefficients of higher orders in 1/D, however, the VPT approxi-
mants first fluctuate and then enter the regime of exponentially fast convergence. If we want to
obtain the coefficients of the expansion (84) to higher orders and with good accuracy, we must
therefore drive our VPT calculation to high orders. To this end, we specialize the expression for

20
0
—20
In ‘B,(CN) — B, ‘
By,

—80

1 10 20 30 40 50 60 70 80 90 100

FIG. 4. Logarithm of the relative deviation of the VPT results B;(N) for the coefficients B; through By in the large-D
expansion (84) versus the order N of VPT. The lowest curve (circles) is for B(IN ): the uppermost curve (squares) is for BW,
intermediate curves are for B(ZN> through BgN) (B(ZN), triangles; BgN), diamonds; BZN), pentagons; BfN ), upside-down triangles).
For B(IN) and B(ZN) the exact values from (86) and (87) were used in order to determine the relative deviation. For B(3N)
through BgN ) we used our extrapolation results from Table IV.
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the leading strong-coupling coefficient as given in (32) in such a way that we can read off the
corresponding large-D expansion. The weak-coupling coefficients for the ground-state energy e
can be expanded in powers of the spatial dimension D,

k+1

B S o)
j=1

whereas the variational parameter Q(()N) can be expanded in 1/D,

M
0 =D, cNp, (98)
j=0

Here, M denotes the highest order to which we seek to drive the large-D expansion (84). Further-
more, recall the multinomial expansion

(xp+xp+ -+ +x,)" = 2 2 2 5( E%) PR HX (99)
apay:-

a;=0 a,=0 a,,=0 Ay l—

where 7 is an integer and where the Kronecker delta d;; is written as &(i,j). This multinomial
expansion can be generalized to hold for real exponents and infinite series as follows:

(T4+x;+x,+ - i[E > E (mElal)

m=0 |_a;=0 ay=0 a,,=0

F(a+1) Hx?]. (100)

Na-a,—a,— ~"—a,+ a;lay! -+ a,! 15

Using (97) and (98) in (32) and applying the multinomial expansion (100), we obtain

N ((1 —30)/2-1

bM(QY) = D13 E C(o Mpi+ > )(_ 1)N-kpk(CON))1-3k

j =0 k=1 N-k
k+l M+k Min{j—1,[(M+j—k)/2}-1}
x| 2D+ X > &b KNpimm | e (101)
j=1 j=2 m=1

where the coefficients K%{ are given by

M M m m
Bk-2+a;+a,+ -+ a, COM\a
S,],v])c= 2 2 E 5(”1 2 la,) 1 2 ) ( 1)tll+az+ +amH (W .

=0 =0 a,=0 -1 (Bk=2)lalay! -~ a,,! =1 \ Gy

(102)

The summation boundaries in (101) are determined by the two conditions that (i) e¥=0 for
Jj<lvj>k+1 and (ii) we can neglect contributions containing coefficients C](CO’N) with k> M.
Note that a similar expansion holds for the derivative of the leading strong-coupling coefficient
with respect to the variational parameter dbE)N)/ dQBN). Using (101) and (102) we can efficiently
calculate the VPT approximants to high orders. In each order of VPT, the leading large-D coef-
ficient B, comes out exactly. Furthermore, the expansion coefficients Cﬁ(o’N) for the variational
parameter are found by solving linear equations. Figure 4 shows the convergence behavior of our
VPT approximants for B; through By up to N=100. By extrapolating the VPT results B,((N) for k
=3 in the limit N — %, we are able to determine the coefficients in the large-D expansion to high
accuracy. The numerical results are shown in Table I'V.
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TABLE IV. VPT results for the coefficients in the large-D expansion (84) of
the leading strong-coupling coefficient by,

B; 0.1098507701648367991179224418(38)
B, -0.02886373198599697649759(11)
Bs —0.1695976321261828993(92)

Bg 0.51902738902696(86)

Vil. SUMMARY

We have determined the weak-coupling series of the ground-state energy for the
D-dimensional anharmonic oscillator (2) and used variational perturbation theory to extract the
coefficients of the large-D expansion to higher orders than accessible by standard field-theoretic
methods based on the Hubbard-Stratonovich transformation.
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