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Abstract

We generalize the formalism of open quantum systems to introduce anyon baths. In particular, we
work out a dissipative anyon bath composed of independent pairs of one-dimensional Grundberg—
Hansson harmonically bound anyons, which are characterized by one statistical parameter. Using
a mapping of these anyons to a bosonic bath with rescaled oscillator frequencies, we show that

the original bilinear system-bath coupling assumes a particular non-polynomial form. To deter-
mine the relaxation properties, we use the imaginary-time path integral formalism together with a
generalization of Wick’s theorem in the form of a smearing formula. The latter allows to approxi-
mately calculate the anyon bath spectral density, which acquires a nontrivial temperature depen-
dence. The corresponding relaxation dynamics of the dissipative harmonic oscillator in an anyon
bath is found. Well defined limits are revealed for both low and high temperatures. Anyonic fea-
tures turn out to be most pronounced in the regime of intermediate temperatures.

1. Introduction

When a quantum system is exposed to quantum statistical fluctuations generated by the inevitable phys-
ical environment, it experiences relaxation and decoherence [1]. The nature of the environmental fluc-
tuations, which is often a fluctuating force, and their statistical properties crucially determine how the
system approaches its equilibrium or steady state at asymptotic times. Classical systems exposed to clas-
sical fluctuating forces are investigated since the discovery of Brownian motion. For open quantum sys-
tems, in particular for quantum many-body systems, the relaxation behavior depends on whether the
quantum statistical fluctuations are bosonic or fermionic in nature. The approach to equilibrium is com-
monly described theoretically by taking the source of environmental fluctuations explicitly into account
in the form of typical system-bath models. Models of the environment build on free boson or fermion
baths. Commonly, the interaction between the system and the fluctuations is reduced to a form being
both linear in the system and in the bath degrees of freedom. The fluctuating forces originating from the
environment are commonly characterized by the bath spectral density J(w). The central system of inter-
est assumes a well-defined steady state if the bath spectral density behaves as J(w — 0) — 0, i.e. vanishes
smoothly in the low-frequency limit.

In recent years, the rise of quantum simulators based on ultracold atom gases has revived the interest
in anyons [2]. While systems of many bosons follow the Bose—Einstein statistics and fermions adhere to
the Fermi-Dirac statistics, anyons correspond to any statistics, thereby connecting bosons and fermions
which both represent limiting cases of anyons. The concept of anyons has been initially proposed by
Leinaas and Myrheim in the 1970s [3] and only a few years later, Wilczek coined the term [4]. Anyons
were first observed in two-dimensional (2D) space as excitations within the fractional quantum Hall
effect [5]. Recent results have shown the experimental realization of anyons in one dimension (1D),
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i.e. as low-energy excitations in the fermionic Hubbard model [6]. They even can be created by spin-
charge separation in strongly interacting quantum gases [7]. Hence, anyons have evolved from being
purely theoretical physics constructs to real physical entities.

Since the processes of relaxation and quantum decoherence of a quantum system are crucially deter-
mined by the quantum statistical properties of the environmental fluctuations and the well-understood
bosonic or fermionic fluctuations are in this sense limiting cases, it is natural to ask the question how
a quantum system approaches equilibrium when exposed to anyonic quantum statistical fluctuations.
This is the starting point of the present work, aiming to fill this conceptual gap. A useful starting point
is to investigate—for simplicity—a 1D model, with the quantum harmonic oscillator as the central sys-
tem. Modeling 1D anyons and constructing an environment out of 1D anyons is not unique, since it is
presently an open question whether different known variants of 1D anyons can be unified to a common
root.

A principal property of quantum statistics is the indistinguishability of their constituents. Being clas-
sically counterintuitive, this property has far reaching consequences, e.g. for the exchange statistics of
fundamental particles. In spatial dimensions larger or equal than three, the statistical properties can
be symmetric or anti-symmetric with respect to particle exchange, which corresponds to bosonic or
fermionic statistics [3]. In lower spatial dimensions, the N—particle configuration space may become
topologically non-trivial and anyonic quasiparticles with exotic exchange statistics [8—11] may arise.

It was conjectured that such exotic quasiparticles would emerge exclusively in 2D [3] and their role in
connection with the origin of the fractional quantum Hall effect, topological phase transitions, braiding
schemes of non-abelian anyons and their implications for quantum computing was discussed [12].

In 1D, though, the generic configuration space has rather a trivial topology [9-11] and exchange
statistics and interactions are inextricably intertwined [13], because particles can either move collectively
or can scatter from each other while trying to exchange. It was first realized by Leinaas and Myrheim in
1977 that strictly locally interacting particles are dual to free particles evolving in an ordered space and
the interactions correspond to boundary conditions for the wave function at the interface of two con-
secutive spatial regions [3]. Almost four decades later, an exact quantum many-body formalism for 1D
anyons was derived [14]. The formalism explores the equivalence to the Lieb-Liniger model of locally
interacting bosons, for which an interpretation in the anyonic context has been established, in formal
analogy to the 2D anyons of Wilczek [14, 15]. For a system of two 1D Leinaas-Myrheim anyons in a
harmonic potential, Grundberg and Hansson constructed a coherent state path integral [16]. An su(1,1)-
Holstein—Primakoff transformation yields a coherent states path integral for an ordinary harmonic oscil-
lator with a shifted energy. This shift coincides with the one obtained for anyons by other methods.

In the present work, we use this type of 1D anyon pairs to construct a system-anyon-bath model, see
below.

A further definition of 1D anyons was given by Kundu [17], generalizing the Lieb-Liniger model
by spurious inter-particle interactions, a current-density coupling, and particularly balanced coupling
constants. In analogy to Leinaas and Myrheim, the theory was reformulated in terms of free anyonic
fields [17]. In 2011, 1D anyons were defined on a discrete lattice instead, with deformed commutation
relations [18]. A dual description exists in terms of either bosonic or fermionic parent particles with the
usual commutation relations, where the statistical phase factor appears as a density-dependent Peierls
phase in their kinetic energy in the Hamiltonian. Then, a Hubbard anyon at a site j corresponds to a
boson or a fermion, which then performs correlated hopping [18, 19]. The lattice formulation of anyons
has triggered novel experiments to engineer anyonic models via Floquet driving [18-24], optical wave
guides [25], or Raman-assisted coupling [24]. The dilute lattice anyon model is equivalent to the Kundu
model to first order in the statistical parameter, and to a solvable delta-derivative anyon gas to second
order [26-28]. It generalizes the Kundu model to higher-order current-density interactions and periodic
coupling constants that inherit the topological character of the phases.

This connection relates the continuum limit of the lattice anyon-Hubbard model to the Kundu
anyons and thus to Leinaas’ and Myrheim’s anyons. This categorization was extended to multi-flavored
anyons as well [29]. In such anyonic mixtures, non-standard interactions arise between the constituents
that affect the particle statistics non-perturbatively, thus providing access to fundamentally novel
features.

In this work, we choose Grundberg—Hansson anyon pairs [16] and construct an environment of
an infinite set of mutually noninteracting anyon pairs. As will become clear below, such a constructed
anyon bath can be translated into the common formalism of harmonic system-bath models, apart from
one non-trivial aspect. Usually, one would focus on a bilinear coupling between system and bath degrees
of freedom while studying the dynamical properties of a quantum system in a bosonic or a fermionic
heat bath [1]. When we start from a bilinear coupling between the central quantum system and the set
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of anyon pairs and then perform the su(1,1)-Holstein—Primakoff transformation to construct the coher-
ent states path integral for the anyonic bath and the system-bath coupling term, we obtain an effective
system-anyon-bath coupling operator which is highly non-linear in the transformed anyonic opera-

tors. Such a model with a nonlinear coupling cannot be treated further exactly. To proceed, however,

we can use a smearing formula for bipartite path integrals with non-polynomial interactions between
the constituents [32, 33] which builds on a variant of a cumulant expansion of the effective propaga-
tor to lowest nontrivial order in the coupling strength. As shown in [33], the smearing formula repre-
sents a generalization of Wick’s theorem of decomposing correlation functions involving functions of
the canonical variables. By this, we obtain again an effective bilinear system-bath coupling term, how-
ever, with strongly renormalized coupling constants. In particular, this leads to temperature-dependent
effective coupling constants, which enter in the formalism of quantum dissipative theory, eventually pro-
ducing a system-bath spectral density which becomes depending on the bath temperature. Such cases are
known to arise in different circumstances with non-linear system-bath couplings to bosonic baths [1].
The concept to apply the smearing formula to non-polynomial system-bath interactions is not restricted
to anyon baths and constitutes a general approach.

Hence, starting from a quantum harmonic oscillator, which is bilinearly coupled to a bath of anyon
pairs, we are able to construct a mapping to a quantum harmonic oscillator which is non-polynomially
coupled to a bath of free bosons which have shifted energies. The energy shift depends on the statisti-
cal parameter of the anyons. Aiming to determine the bath spectral density of this anyon-pair bath, we
employ the imaginary-time path integral formalism. A direct integration over the bath degrees of free-
dom is not straightforward due to the non-polynomial system-bath coupling. However, using the smear-
ing formula as a result from a systematic cumulant expansion, a bilinear system-bath coupling operator
can be constructed, however, with a nontrivial renormalization of the initially chosen bath spectral den-
sity. By this, an initially chosen Ohmic anyon bath spectral density is renormalized into a non-standard
effective bath spectral density which even becomes temperature dependent. Nevertheless, the effective
bath spectral density can be employed further in the real-time path integral formalism. As a paradigm
example, we study the relaxation of a dissipative quantum harmonic oscillator in real time induced by
the anyon-pair bath. We find that the relaxation rate is directly proportional to the anyon statistical
parameter.

The paper is structured as follows: We start by introducing the underlying model in section 2, where
a more detailed explanation of the Grundberg and Hansson anyons is given. Through the construction
of the Euclidean action for the system, the bath of anyon pairs, and the bilinear interaction term, we
encounter a non-bilinear coupling between system and bath after the su(1,1)-Holstein—Primakoff trans-
formation, which turns the bath of anyon pairs into a bath of renormalized free bosons. We then analyze
the fluctuation characteristics of the system-anyon-bath model in section 3. To this end we determine at
first the underlying influence functional within a cumulant expansion in section 3.1. To proceed with the
so generated non-polynomial system-bath coupling, we make use of the smearing formula in section 3.2.
The resulting nontrivial effective spectral density is further analyzed in section 3.3. In section 4, we use
this effective spectral density in the real-time formalism to derive the relaxation dynamics of the quan-
tum harmonic oscillator coupled to the bath of anyon pairs. Finally, the corresponding conclusions are
drawn in section 5.

2. The model

We consider a bosonic harmonic oscillator with the frequency of wy as the central system in a system-
bath model and use the imaginary-time path integral formalism to determine the fluctuation characteris-
tics for a bilinear coupling to a bath of anyon pairs. The corresponding Euclidean action of the oscillator
is given by

hp
Ssla(r),a" (1)) = /0 dT{Z [@* (T)a(r)—a* (1)a(7)] + hwoa™ (T)a(T)} . (1)

Here a(7) (a*(7)) denotes the trajectory in imaginary time 7 corresponding to the bosonic annihilation
(creation) operator a (a') of the harmonic oscillator. And 3 =1 /(kgT) stands for the inverse thermal
energy with T being the temperature and kp being the Boltzmann constant.

To construct the anyon bath, we consider 1D anyons as introduced by Grundberg and Hansson [16].
By trapping two anyons in a single harmonic potential, they can only be interchanged with each other
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Figure 1. Scheme of the system-anyon-bath model constructed in this work.

and therefore get rid of the complicated exchange behavior of the anyons. Consequently, the Grundberg—
Hansson anyons are characterized by only one statistical parameter p and can be linked to the well-
known statistical angle in the 2D case [16]. Here = 1/4 recovers the bosonic and = 3/4 the fermion
case, respectively. To construct the bath of anyon pairs, we first start with a single pair of anyons, which
is harmonically bound and construct their Euclidean path integral. To this end the coherent state path
integral, summarized in real time in appendix, has to be Wick rotated. Furthermore, it is shown there
how to use the su(1,1)-Holstein—Primakoff transformation in order to map the path integral to that of

a single bosonic harmonic oscillator with a rescaled oscillation frequency. For a collection of such anyon
pairs, we add up many copies of single harmonically bound anyon pairs and obtain the Euclidean action
of the resulting bath of harmonically bound anyon pairs in the form

Salbw ()05 (] =2 Y [ "’ ar{3 [is b () - b (] + et ()} @)

w

Here, each harmonically bound anyon pair is characterized by its frequency w. The imaginary time paths
b, (7) and b* (7) correspond to the bosonic annihiliation and creation operators b,, and b, respectively,
which result from the corresponding anyonic operators after applying the su(1,1)-Holstein—Primakoff
transformation of the harmonically bound pair with frequency w. Since restrictions to the transforma-
tion apply [16], this mapping is valid only for the anyon statistical parameter p > 1/2. We therefore lose
the ability to recover the purely bosonic case, but still include the fermionic case. We consider the situ-
ation that each of the bath anyon pairs couples individually with the coupling strength ¢, to the central
system oscillator, as illustrated in figure 1. The coupling constant c,, in the coherent state representation
is linked to the coordinate displacement coupling constant ¢/, via

h /
—
2/ mywMuw, ©
where M denotes the mass of the central system oscillator and m,, stands for the mass of the anyon pair

with frequency w. Consequently, the Euclidean action of the system-bath interaction follows in the rotat-
ing wave approximation as

3)

Cy =

hp
Ssp [by, (7),b5 (1) ;a(7),a" (7)] = ZMZCW/O dry/14|by, (1) 2@ (T) by, (T) +a(T) b (7). (4)

As apparent from equation (4), the system-anyon-bath coupling is no longer bilinear in the respective
degrees of freedom, but becomes non-polynomial due to the square root in the anyon degrees of free-
dom. It is this feature, which prevents us from a one-to-one transfer of the results known for a con-
ventional system-bosonic bath model to the case of anyons. As shown below, we develop a non-trivial
approach on the basis of a smearing formula to tackle this non-polynomial system-bath interaction at
least approximately.
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3. Fluctuation characteristics of the system-anyon-bath model

An essential element for characterizing the thermodynamic properties of a quantum system is the under-
lying partition function. When dealing with a system-bath model, attention is focused on the reduced
density matrix, which can be derived from the total density matrix of the system-bath model by elimi-
nating the bath’s degrees of freedom. Within the imaginary-time path-integral formalism, this is achieved
by choosing the periodic imaginary paths of the bath part with equal start and end point and integrat-
ing over these points. To do so, we represent the partition function of the considered bosonic harmonic
oscillator with the Euclidean action (1) as a periodic coherent state path integral in imaginary time in
the form [1]

7= 5157) (a* (1) ,a(7)) e_ss[“*(T)’“(TWh}"[a* (1),a(7)], (5)

where the influence functional is given by [1]
Fla* (r),a(r)] = (e 5/ ")g. (6)

Here, we use Ssp as a short-cut notation for the Euclidean action in equation (4), describing the system-
anyon bath coupling. Moreover, () stands for the harmonic expectation value evaluated over the bath
degrees of freedom:

1 *
(o= 5 D) b (7)) 0 e SEOBN, @)
with the partition function of the bath
Zn= DO () b () SISO, ®)

Thus, the influence functional, equation (6), contains all the information of the bath via equation (2)
and its interaction with the system according to equation (4).

3.1. Influence functional
To evaluate the influence functional, we expand the imaginary-time path integral (6) with respect to the
interaction term and consider only the first non-trivial term. Due to the construction of the system-bath
model, we find that only an equal number of trajectories b, (7) and b,(7) produce a non-zero contribu-
tion to the expansion, which leaves us in lowest order with

1

Fla*(r),a(r)] =1+ e (SspSsp)p + - - - - 9)

As the bath, equation (2), consists of uncorrelated harmonically bound anyon pairs, the first non-trivial
influence of the bath is described by the expectation value

B B
SaSahn =2 [ dn [ dnlaa ()P (i) + (102)] (10)

where we introduced the spectral correlation function

Py (11,72) = (/14 [bo (1) P/ 1+ by (72) [2 b (1) B (72)) 8. (11)

Reexpressing the right-hand side of equation (9) in form of an exponential
Fla* (1),a(r)] = e*Sinﬂ[“*(T)ﬂ(T)]/h’ (12)

we obtain the lowest-order approximation for the Euclidean influence action:

Sinei[@" (1) ,a(7)] = SspSsp)p+ - - - (13)

1
— ﬁ <
At this point, it remains in equation (10) to evaluate the expectation value defined in equation (11).
This is not possible via a straightforward application of Wick’s theorem as the expectation value con-
tains the bath degrees of freedom in a non-harmonic form. This is the consequence of the nonlinear
system-bath coupling, equation (4), reflecting the anyonic nature of the bath.

5
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3.2. Smearing formula

In case of equation (11), where a harmonic expectation value for a non-polynomial function is to be
calculated, a corresponding generalization of Wick’s theorem is needed. This is provided by the so-called
smearing formula [30-32]. The general idea is that the path expectation value boils down to convolute
the non-polynomial functions with an appropriate Gaufl function. This procedure yields for the spectral
correlation function (11)

db,db;db,db
P,(m,m) = /# \/1 + |by |2 \/1 + |b2|? b1 by

2D
2 n+m
—1
X exp — Z (Gt l)) G (Tny Tm) bub, . (14)
n,m=1

Here we have introduced the correlation functions G, (7, — 7,) = (b (7)bw (7)) 5, whose evaluation
yields

Go(rn—n)=[0(n—7) n +0(r—n) (1+ nf))] emw(n—m) (15)
with ©(x) denoting the Heaviside function and the Bose-Einstein distribution being given by

B 1

w = eliBw _ 1 (16)

n

Furthermore, D represents the determinant of the 2x2 matrix of correlation functions G, (7,,7) [32],
yielding

D =G (0) = Gu (1 —72) G (2 — 7). (17)
Inserting equation (15) into equation (17) we find
D=1+ng, (18)

which is independent of the imaginary times 7y, 7.
In order to solve the integral in equation (14), we introduce the polar coordinate representation of
the complex numbers b, = r,e'®" for n = 1,2. With this the integrals with respect to the absolute values

read
7‘17‘2 / / r+r
T1,7'2 / dﬁ/ drz{ 1+ 1+rze 1 7‘177‘2)+[1<—>2]}, (19)

and the remaining angular integrals lead to
27 2w Gw _ .
L(Tl,rz) :/ d¢1/ d¢2 exp{—(¢1 —(]52)-’—71(2 nBTZ) rlrze_l(¢‘_¢2) + [1 HZ]} . (20)
0 0 w

Performing the integral over the phases ¢, ¢, by taking into account [35, 3.937(1), 3.937(2)], we find

Gw (T1 ) 1’15
zﬁll <2r1r2 (1—|—n£)3> , (21)

where I;(x) stands for the modified Bessel function. Using a Taylor expansion of the modified Bessel
function [35, 8.447(2)] and after some substitution of variables, we are able to perform the integral on
the radial parts r; and r, [35, 3.383(4)]. In this way we find that the expectation value in equation (10)
is of the generic form

L(ry,rn) =4r

10 13
SaSah= [ dn [ dnfa(m)a’ (m)K(n - )+ 1 2) (2)
0 0
where the bath influence is effectively described by the kernel

K(r)= (2w & k(hBw) Gy (7). (23)
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It contains the temperature- and frequency-dependent parameter

oo B n 7
k(hﬂw):;(n—&—l) (IJI:W U2 (n+2,n+2,1>, (24)

where U(a,b,x) denotes the confluent hypergeometric function of the second kind. Inserting therein the
Bose—Einstein distribution (16), we obtain concretely

k(hfw) = Z (n+1)2"e 2B (cosh hwfB — 1)" U? (n +2,n+ ; 1> . (25)

n=0

In passing, we note that the series

k() =Y a,=> (n+1) (e +e*—2e7>)"U? (n+2,n+ ; 1) (26)
n=0 n=0

is convergent, which follows from the limit

(n+2) (e +e>— 2e_2’c)n—H U* (n+3,n+2,1)
(n+1)(e ™ +e*—2e2)"U*(n+2,n+1,1)

=le ¥ +eF—2eF| < 1. (27)

Apt1
ap

lim
n— o0

n—o0

3.3. Spectral density

We can now physically interpret our result for the expectation value in equation (22) with the corre-
lation function K(7) from equation (23). Although it describes a harmonic oscillator coupled nonlin-
early to the anyon bath, it formally resembles the corresponding expression for a quantum system, which
is bilinearly coupled to a bosonic heat bath. The only difference is the temperature- and frequency-
dependent prefactor given in equation (25), which roots in the non-bilinear form of the system-bath
coupling. Since this prefactor is independent of the imaginary time, the equilibrium Green’s function of
the known harmonic oscillator G, (7) from equation (15) contains the only imaginary-time dependence.
Therefore, the fluctuation-dissipation theorem for the bosonic harmonic oscillator [1]

G,(—7)=G,(h8—71),0< T <R, (28)
implies a corresponding fluctuation-dissipation theorem
K(-1)=KhB—71),0<7<hp, (29)

for the system-anyon bath model.

Based on this insight we can now read off the anyon bath spectral density. To this end we use the
fact that the correlation function in equation (23) is linked to the bath spectral density J(w) via the
relation [1]

K(r) = / T4 (@) G (7). (30)

where G, (7) denotes the unperturbed thermal Green’s function of a single harmonic oscillator. In the
considered model the system-bath coupling constants and the anyonic bath oscillator frequencies are
assumed to be given by the initial anyon bath spectral density [1]

Jow) = (2u) 326 (w-w'). (1)

Therefore, we find for the spectral density of the effective bosonic bath the general form

with the parameter k(%iSw) defined in equation (25). Because the relation (32) allows us to perform the

continuum limit of infinitely many bath anyons, it represents the major insight of the present work.
Due to the non-bilinear coupling of the anyon bath to the system, the effective spectral density

in equation (32) turns out to depend on temperature. Let us therefore analyze the rescaling factor

7
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— k(hBw)

=== Kknigh(hBw)

- k/ow(hﬁw)

k(hwp)

5.5 T T T T
3 4 5 6 7 8

Figure 2. Temperature-dependent factor, equation (25), of the effective spectral density in equation (35). The red dashed line
indicates the limit /iSw — oo in equation 33, while the blue dashed line marks the limit of iw — 0 in equation 34. The dash-

dotted horizontal line stands for the common constant of both limits.

k(hfw) in the low- and high-temperature limit, respectively. A straightforward analysis yields in the low-

temperature limit
2, 7 2 (s 9 W
k(hpw) =U 2,5,1 +2U 3,5,1 e +..., hfw— oo, (33)
and, correspondingly, in the high-temperature limit

k(hBw) = U? (2,;1) +U? (3,2,1) (Flﬂw)z +..., HhBw—0. (34)

Apparently, the anyonic nature of the bath survives in both limits.
In order to illustrate the impact of the anyonic character of the quantum statistical fluctuations,

we choose an Ohmic bath spectral density Jo(w) = (21)*MAwe ™ = for the initial anyon bath. Here, ~
denotes the damping constant, M is the mass of the system oscillator, and w, is a high-frequency cutoff.
In this work, we consider the (standard) case when w, is the largest frequency in the model. With this

the effective spectral density, equation (32), reduces to

J(w,B) = (21)* Mywk (hBw) . (35)
The functional dependence of the parameter k(ifw) in equation (25) on temperature is shown in
units of fiwg/kp in figure 2. It turns out to be peaked around /ifw = 1. Both in the low- and the high-
temperature limit, the spectral density in equation (35) turns out to converge to the same constant value
(2p1)*MrywU?(2,7/2,1), thus recovering structurally an ordinary Ohmic spectral density.

In figure 3, we show the resulting total spectral density J(w, 3), equation (35), for different choices of
the temperature. We observe the deviation from a pure Ohmic form in the region of the frequency wy
of the system oscillator. Since only a pure Ohmic form leads to Markovian relaxation dynamics [1], we

conclude that the anyon bath induces a non-Markovian dynamics.

4. Relaxation dynamics

The effective spectral density, equation (35), allows us to study numerous dynamical properties of the
central quantum system. For instance, following [1, 34], the relaxation dynamics of a quantum dissipa-
tive harmonic oscillator is determined by the real-time damping kernel ~y(¢), which is directly related to

the bath spectral density J(w, 3) according to

2 J(w,B)

v()=0(1) W/OOO dw » Coswt. (36)
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J(w, B)/Jo(wo)

w/wo

Figure 3. Comparison of the anyonic spectral density J(w, 3) for different temperatures, expressed in units of fiwo, scaled with
the anyon bath spectral density Jy(wo ), as a function of w /wy.

To this end the Laplace transform
i@ = [ e 67
0

of the damping kernel is needed. Inserting the spectral density from equation (35) together with
equation (25) into equation (36) and performing the integral over real time t in equation (37), we
arrive at

(38)

A (z) = 8u2ql§:(n+ 1)2"U* (n+2 nt /oodwe’znww (coshwhf —1)" =~
L 2 0 2+ w?’

Also this damping kernel has well-defined limits for low and high temperatures, respectively. In the low-
temperature limit one can evaluate the appearing frequency integral with the help of [35, 3.542(1)],
yielding

s low T
P (&) =+ et (39)

Here the temperature-independent constant

7
2
contains an anyonic characteristic due to the appearance of ;1. Moreover, the linear temperature correc-
tion in equation (39) is determined by the constant

2

812y 7
=22y (DU <n+2,n+,1>B(”72n+1) = 251711, (41)
m n=1 2

™

where B(x,y) stands for the beta function [35, 8.384(1)]. Correspondingly, the high-temperature limit
leads to a Gaussian integral, which is straightforwardly evaluated to

~hi z
AMEN (2) =, + ?d. (42)

Here, the temperature correction depends on the constant

81177 2 7 ) 2n—2)! py
d= U 2 L) 2 5y 018K 43
T nz:;(n_'_ ) 1’!—|— ,1’l+ 27 (21’!)2”_1 T ( )

Note that also the damping kernel converges to the same constant in equation (40) in the limits of both
low and high temperatures. Based on the Laplace transform of the damping kernel in equation (38)
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14+ = Thigh(y), #=10.55
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== Tiow(y), u=0.60

8t == Tiow(y), u=0.70

T(y)

Figure 4. Phase diagram of the coherent-incoherent dynamical regimes in the temperature T-damping constant -y plane for
various anyonic parameters p as indicated. The separation lines are defined by the roots of the radicand of equations (45) [low
temperature, dashed lines] and (46) [high temperature, solid lines]. The shaded region represents the coherent regime for y1 =
0.55 case (shown in red). The exact separatrix for a general value of T cannot be evaluated analytically.

the dissipative real-time dynamics of the oscillator displacement is determined by the roots of the
equation [34]

Z4wi+5(2)z=0. (44)

In the limit of low temperatures, inserting equation (39) into equation (44) yields the two roots

2
Aﬁ‘j‘;:-%ii\/wﬁc —%“. (45)

Correspondingly, in the limit of high temperatures, solving equation (44) by taking into account
equation (42), we find the roots

- 1 Vi d\
A Tey g 2 (1 L) e 16
v =g |2 Ut T) T (46)

As mentioned above, we consider the standard case of a large cut-off frequency w. > wy. Here, we
exploit the fact [1] that the expectation value {gq), of the oscillator displacement is independent of w,
and therefore justifies to take the limit w, — co. In contrast, this does not hold for the expectation value
(p); of the momentum, which depends sensitively on w,, but is not considered here. Thus, in both lim-
its, the relaxation dynamics of the displacement (g), is of the form

(@) = (q)oe " cos Ot (47)

where (g)o denotes a given initial preparation of the displaced system oscillator. Moreover, I" and
stand for the corresponding damping rate and shifted frequency. In the low-temperature limit, we get

I‘\IOW — ’yi

o QY =\ fwd +cT— £ (48)

while the high-temperature limit yields

I\high _ Tu thgh _ OJ% _ Pylzl ) (49)
2(1+4d/T)’ 1+d/T  4(1+4d/T)

Noticeably, in both cases these parameters have a similar structure as for bosonic system with Ohmic
damping [1]. But the striking difference is that relaxation rate and oscillation frequency become generi-
cally temperature dependent, which can be traced back via equations (41) and (43) to the anyon param-
eter [.
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Finally, we investigate the transition between coherent dynamics, with a decaying oscillatory behavior,
and incoherent dynamics, with a purely exponential decay. The two regions are separated by the condi-
tion that the imaginary parts of the eigenvalues in equations (45) and (46) vanish. This can be evaluated
analytically only in the mentioned limits. We find a resulting phase diagram for the coherent/incoherent
dynamical regimes, shown in figure 4 for different values of the statistical parameter 4 as indicated.

5. Conclusions

The spectral characteristics of environmental fluctuations crucially determine the nonequilibrium dynam-
ics of open quantum systems. While bosonic and fermionic environments are well established, anyon
baths have not been considered before. In this work, we introduce a specific system-anyon-bath model
in which the bath is composed of Grundberg—Hansson harmonically bound anyon pairs. We use the
appealing property of a Grundberg—Hansson 1D anyon pair that it can be mapped to a single bosonic
harmonic oscillator with a rescaled frequency. The rescaling depends on the anyon statistical parameter.
For the conventional bilinear system-bath coupling to the displacement of the anyon pair, the mapping
to effective boson modes leads to a particular effective system-bath coupling in the bosonic framework
which is non-polynomional in the anyon degrees of freedom.

To determine the anyon bath spectral density, we use the paradigmatic example of the harmonic
oscillator as the system and employ the imaginary time path integral formalism. The non-polynomial
system-anyon bath coupling prevents us from a direct integration over the bath degrees of freedom.
Instead, we use a smearing formula as a generalization of Wick’s theorem and evaluate approximately
the fluctuation effects of the non-polynomial coupling. This leads to an unconventional environmen-
tal spectral density which, in particular, becomes temperature-dependent. Interestingly, the temperature
dependence has well defined limits for low and high temperatures.

Having derived the anyon bath spectral density, we use it to study the real-time relaxation dynam-
ics of the dissipative harmonic oscillator for the case of an initial Ohmic anyon bath. We show that
the anyon bath induces a temperature dependent enhancement of the fluctuations as compared to the
bosonic case. The model allows us to derive analytic results for the relaxation rate and the oscilla-
tion frequency of the dissipative harmonic oscillator. We also obtain a parameter-dependent separatrix
between the regimes of coherent and incoherent relaxation of the oscillator.

The model of the bath consisting of Grundberg—Hansson harmonically bound anyon pairs is partic-
ular and could be modified in various directions. For instance, one could also construct an anyon bath
starting from the 1D anyon-Hubbard model [26] and obtain a different model of the bath. Interesting
questions arise, e.g. about the equivalence and the universality of such anyon bath models which are left
to future investigations.
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Appendix. Coherent state path integral of a Grundberg—Hansson anyon pair coupled to
a bosonic ocillator

Here, we demonstrate how to construct the coherent state path integral for the Grundberg—Hansson
anyon pair as introduced in [16] and relate it to that of a bosonic harmonic oscillator by means of an
su(1,1)-Holstein—Primakoff transformation. Moreover, we explicitly show this transformation also for a
Grundberg—Hansson anyon pair coupled to another harmonic oscillator.
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A.1. Algebra su(1,1)

We begin with a concise overview of the su(1,1) algebra underlying the SU(1,1) symmetry group and
how to construct the associated coherent states which form the basis for the Grundberg—Hansson anyon
pairs. For more technical details, we refer to [36]. We start from the three generating operators of the
su(1,1) algebra, i.e. K, Ky, and A, which are defined by the commutation relations

Ky, K] = —iA,  [Ky,Al=iK;,  [AK]=iK,. (A.1)

By introducing the creation and annihilation operators K; and K_ as linear combinations of K; and K,
in the form

K. = +i (K, +iK;), (A.2)
the commutation relations (A.1) become
AKi]=+Ky, [K_,Ki]=2A. (A.3)
They act on a number state |n, 1), with u being the statistical parameter, and n € Ny according to

Alnp) = (ntp)lnp), (A4)
Kilnp) = (n+1)(n+2p)n+1,p), (A.5)
_lnyp) = n(n—142p)|n—1,u). (A.6)

Next, one defines the su(1,1) coherent states
¢) = Ce* 0, ), (A7)

where ¢ denotes a complex number and C represents a normalization constant. By performing a Taylor
expansion of the exponential function and repeatedly applying equation (A.5), one obtains

ZC TLG+1) G+ 200) ) (A.8)
j=0

Using the Pochhammer symbol [35], this expression can be rewritten as

RN FeTES)
O =Cd> /= mn) (A.9)
n=0
or in terms of the Gamma function I'(x),
I'(2u+ n)
n
CZ§ T2 [, ) - (A.10)

Apparently, the scalar product of two distinct coherent states, equation (A.10), is non-zero and becomes

iy =3 Bt D (A1)
n=0 :
Evaluating the series yields
CZ
<<|<>:7(17|<‘2)2H. (A12)

To ensure normalization of the coherent states, the normalization constant must be chosen as

=(1-1¢)", (A.13)
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which finally gives

L'(2p+n)
Zc AT ) (A.14)

These coherent states of equation (A.14) form an overcomplete basis and have the completeness relation

ded¢r 2u—1
1= (A.15)
/||<1 ™ (1—|¢? ) 710l

which restricts the applicability to statistical parameters 1 > % In the basis of the coherent states,
equation (A.14), the basis generators of the su(1,1) algebra turn out to have the matrix elements

(L=1¢P)" (1=1¢")" 14 ¢7¢

(€lal¢) = NG e (A.16)
a (=) a=-yt ¢

(CIK[¢) =2p I o (A.17)
_ 2\ M o 112\ M %

(€K ¢y = 2 LT IR) O ICF) ¢ (AL8)

S

A.2. Coherent state path integral
Equipped with these ingredients, we can now construct the imaginary-time path integral of the propaga-
tor ((ele ™H4/7|¢;) between two coherent states, where the Hamiltonian is given by

H=2hwA. (A.19)

After the usual procedure of constructing a path integral, see, e.g. [31], we arrive at

e—iHE/ Ry ex ¢ ()¢ = (¢ M)
(¢l 1Gi) /|<2<1 (¢*0) p{h/dt{ RO 1§*(t)<(t)}’ (A.20)

where the time-sliced path integral measure reads

. Yldcrde, 2u—1
D(¢ 7C)=1;[1 CWC (1_M|Cn|2)2. (A.21)

By employing the su(1,1)-Holstein—Primakoff transformation

¢
IRV

we recover from equation (A.20) the path integral of a harmonic oscillator with a rescaled frequency for
the Grundberg—Hansson anyon pair in the form

(A.22)

{gle M4/ — / D(H*Jﬁ)exp{i: /O "dt [t () () — i (t)/e(t)—l—Ziwm*(t)H(t)]}. (A23)

Moreover, the time-sliced path integral measure, equation (A.21), assumes the form

N-1 5
K)= H dk;dk, a
n=1

Furthermore, we consider the case of a Grundberg—Hansson anyon pair with frequency w coupled to
a bosonic oscillator with frequency wy, which represents the basis of the considered system-anyon bath
model. To this end, we consider a bilinear coupling between the Grundberg—Hansson anyon pair with
the anyon operators K1 and the bosonic harmonic oscillator with operators a, at. Thus, the resulting
model Hamiltonian reads

(A.24)

H = hwpal a+2hwA+c (aT—i—a) (K_+Ky), (A.25)
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where ¢ denotes the strength of the bilinear coupling. The propagator for system and bath variables then
reads

(g™ 6ha) = [ DD Qe {55 0.C0 @} 420

Next, we split the action into two parts according to

S[C*(1),¢(1),a* (t),a(t)] = Ss[a* (t),a ()] +S[C* (£),C (£) ,a* (£),a(1)], (A.27)
where the action depending on the bosonic harmonic oscillator degrees of freedom reads

Sla* (1), a(6)] = /0 dt Bl " (0 (t) — & (f)a ()] — Fwoa™ (Da(s)| - (A28)

The other part then contains the information about the Grunberg-Hansson anyon pair and its coupling,
ie.

¢ OO -E W, 16 0

SO0 = ¢ (¢
O+ )

=)

Using the su(1,1)-Holstein—Primakoff transformation, equation (A.22), the action in equation (A.29)
becomes

acwxmﬂwmwm=mA%t

—cla(t) +a" (1)] (A.29)

~ "ok
S[¢*(1),¢(1),a" (1) ,a(r)] = 2/1/0 dt{2 (K" () (1) = K™ () K (1)] + 2ihwk™ (1) £ (1)
—c/1+ k5 () k() [a(t) +a" (D] [&" (1) + & (t)}} . (A.30)

Hence, the anyonic character leads to a non-polynomial coupling between the bosonic oscillator dis-
placement and the anyon pair. This forms the basis of the system-anyon bath coupling term and can
readily be generalized to the case of many anyon pairs forming a bath.
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