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Abstract

The crossover from the Bose-Einstein condensation (BEC) regime to the Bardeen-Cooper-
Schrieffer (BCS) regime is realised in many systems in nature. This ranges from the
superfluidity of heavy nuclei, over superconducting electrons in metals and cold atomic
gases slightly above absolute zero, to stellar remnants like neutron stars. All these sys-
tems share one common property, namely that they exhibit, at least partially, the BEC to
BCS crossover. For this reason, ultracold Fermi gases represent an important experimen-
tal platform, serving as quantum simulators of systems far beyond laboratory setups. In
order to guarantee a transfer of knowledge and results between different physical systems,
a deeper theoretical understanding of ultracold Fermi gases is indispensable. Against this
background, the goal of this thesis is to develop a theoretical framework for consistently
describing ultracold Fermi gases. To this end, the present thesis works out two genuine
improvements to the already well-established theory of the BEC to BCS crossover.

In the first part, we point out an ambiguity in the standard field-theoretical description
of the BEC-BCS crossover, which is rooted in an arbitrary choice of interaction processes.
Any two-particle interaction can be exactly expressed as three different virtual processes,
known as Hartree (direct), Fock (exchange) and Bogoliubov (pairing) channels. The choice
of channels decides the qualitative set of effects explained, and most theories rely either on
selecting exactly one channel or an arbitrary mixture of multiple channels. To resolve this
ambiguity, we partition the interaction and let the system decide, by minimising the energy,
how likely each process is in every scattering event. The resulting Weighted Hartree-Fock-
Bogoliubov theory turns out to include effects beyond the standard universal Fermi gas.
Namely, it becomes necessary to introduce the effective range as a new system parameter in
order to solve another long-standing issue related to divergent ground-state energies due to
the Hartree channel. With this, we find in a mean-field description for a three-dimensional
Fermi spin mixture that the superfluid phase splits into two phases, one supporting and
the other not supporting the Hartree channel. This is an important advancement, since we
are now able to glimpse beyond the simplified description with vanishing effective range,
which has been known so far for ultracold gases. This is certainly relevant in extreme
environments like nuclei or neutron stars, as there the mean-particle distance is of the
order of the effective range.

In the second part of the thesis, we present another improvement where we include,
for the sake of simplicity, only the Bogoliubov channel. There, we consider two-point cor-
relation functions to explain recent experimental breakthroughs by developing a quantum
gas microscope in the continuum. By imposing general symmetry requirements like the
Pauli principle for Fermi systems, we obtain basic constraints on fermionic density-density
correlation functions. Those constraints lead to an equation of state which differs from the
thermodynamic equation of state. We apply the resulting theory to a two-dimensional
Fermi spin mixture in the ground state, closely resembling experimental setups. With
this, we verify that our beyond-mean-field description not only agrees with the Pauli prin-
ciple, but also explains experimentally observed anti-correlation effects of opposite-spin
fermions. This effect lacked a physical explanation so far, which we provide by tracing
them back to the contributions of irreducible Feynman diagrams on the correlation func-
tions, which emerge naturally within our theory.

In conclusion, this thesis presents formal improvements for the theoretical description
of the BEC to BCS crossover in ultracold Fermi gases. In particular, we suggest two
generalisations of the standard approach which are, in principle, straightforward to apply
to any system exhibiting BEC to BCS crossover physics. Furthermore, we show that our
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findings not only provide a consistent description but that they are also explain recent
experimental findings.
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Kurzzusammenfassung

Der Ubergang von einem Bose-Einstein-Kondensations (BEK) Regime in ein Bardeen-
Cooper-Schrieffer (BCS) Regime findet sich in vielen unterschiedlichen Systemen in der
Natur. Diese erstrecken sich iiber die Suprafliissigkeit schwerer Atomkerne, iiber supra-
leitende Elektronen in einem Metall und kalte atomare Quantengase nahe am absoluten
Temperaturnullpunkt bis zu den Uberbleibseln schwerer Sterne wie beispielsweise Neu-
tronensternen. All diese Systeme haben die gemeinsame Eigenschaft, dass sie, zumindest
teilweise, einen Ubergang von dem BEK- zu dem BCS-Regime erlauben. Aus diesem
Grund stellen ultrakalte Fermi-Gase eine wichtige experimentelle Plattform dar, da sie als
Quantensimulatoren im Labor dienen, um die zuvor genannten Systeme zu simulieren.
Es ist daher von enormer Wichtigkeit, ein tiefes Verstindnis dieser Systeme zu besitzen,
um einen reibungslosen Transfer von Erkenntnissen zwischen den einzelnen Systemen zu
ermoglichen. Vor diesem Hintergrund ist das Ziel der vorliegenden Arbeit, einen theore-
tischen Rahmen zu entwickeln, um ultrakalte Fermi-Gase konsistent zu beschreiben. Um
dies zu erreichen, prasentiert die vorliegende Arbeit zwei originelle Erweiterungen der
bereits seit langem etablierten Theorie des BEK-BCS-Ubergangs.

Im ersten Teil wird daher zunichst auf eine willkiirliche ad-hoc-Annahme verwiesen,
die in der Literatur iiblich ist und eine Wahl von Streuprozessen beinhaltet. Jede Wech-
selwirkung zweier Teilchen kann exakt durch drei virtuelle Prozesse beschrieben wer-
den, welche als Hartree (Direkt), Fock (Austausch) und Bogoliubov (Paarbildung) Kanile
bekannt sind. Die Wahl eines Kanals schrinkt die Menge an qualitativ beschriebenen
Phénomenen einer Theorie drastisch ein. Allerdings beruhen die meisten Ansitze darauf,
mit physikalischer Intuition einen Kanal auszuwihlen, oder Kanile willkiirlich aufzuteilen.
Um diese Willkiirlichkeit zu eliminieren, wird in dieser Arbeit die Wechselwirkung zwi-
schen den Kanilen aufgeteilt, wonach das System durch Minimierung der Energie selbst
entscheidet, wie relevant jeder Kanal im Einzelnen ist. Die so resultierende gewichtete
Hartree-Fock-Bogoliubov Theorie beinhaltet physikalische Eftekte, die iiber das bekann-
te, universelle Fermi-Gas hinausgehen. Es erweist sich als notwendig, die sogenannte ef-
fektive Reichweite als neuen Systemparameter in Betracht zu ziehen und damit ein lange
bekanntes Problem der divergenten Grundzustandsenergie durch den Hartree-Kanal zu
16sen. In Molekularfeldniherung stellt sich heraus, dass sich die suprafliissige Phase in
zwei neue Phasen aufteilt, wobei eine Phase den Hartree-Kanal erlaubt, die andere jedoch
nicht. Diese Erkenntnis ist von Bedeutung, da so der Einfluss von Effekten untersucht
werden kann, die iiber die naive Beschreibung mit verschwindender effektiver Reichweite
hinausgehen. Dies ist sicherlich fiir die Beschreibung von Neutronensternen und Atom-
kernen relevant, da dort die mittlere Distanz zwischen den Teilchen von derselben Gro-
SSenordnung wie die effektive Reichweite ist.

Im zweiten Teil der Arbeit wird eine weitere Verbesserung vorgestellt, die sich der Ein-
fachheit wegen auf nur den Bogoliubov-Kanal beschrinkt. Es werden Korrelationsfunk-
tionen untersucht, um so kiirzlich gewonnene, experimentelle Erkenntnisse zu erkldren,
die durch die Entwicklung der Quantengasmikroskopie im Kontinuum gewonnen wur-
den. Durch die Forcierung von allgemeinen Symmetrieregeln wie des Pauli-Prinzips fiir
Fermionen werden bestimmte Einschrinkungen fiir fermionische Dichte-Dichte Korre-
lationsfunktionen etabliert. Dies fiihrt zu einer Zustandsgleichung, welche sich von der
thermodynamischen Zustandsgleichung unterscheidet. Die so entwickelte Theorie wird
auf eine zweidimensionale Fermi-Spin-Mischung im Grundzustand angewandt, was der
experimentellen Realisierung nahe kommt. Damit wird die Beschreibung jenseits der
Molekularfeldndherung verifiziert, was zeigt, dass die hier prisentierte Theorie in der
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Lage ist, die beobachteten Antikorrelationen von Fermionen unterschiedlichen Spins zu
erkldren. Bisher wurde keine theoretische Erklarung dieser Antikorrelationen vorgestellt,
was in dieser Arbeit durch eine Analyse der zugrunde liegenden irreduziblen Feynman-
Diagramme jedoch erstmalig gelingt.

Zusammenfassend stellt die vorliegende Dissertation formale Erweiterungen der Theo-
rie des BEK-BCS-Ubergangs in ultrakalten Fermi-Gasen dar. Insbesondere werden zwei
Verallgemeinerungen der bereits etablierten Theorie vorgestellt, welche prinzipiell einfach
auf andere Systeme anzuwenden sind, die ebenfalls den BEK-BCS-Ubergang erlauben.
Ferner zeigt diese Arbeit, dass die zugrunde liegenden Verallgemeinerungen nicht nur in
sich konsistent sind, sondern auch in der Lage sind, jiingste experimentelle Erkenntnisse
korrekt zu beschreiben.
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Chapter 1

Introduction

It is important to do everything with
passion, it embellishes life
enormously.

Lev Landau in a letter to his niece
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In this chapter, we present a detailed introduction into the topic of this thesis. First, we
briefly summarise two key topics of macroscopic quantum phenomena, namely supercon-
ductivity and superfluidity. Following this, we present a concise outline for Fano-Feshbach
resonances, which enables us to directly tune interactions in quantum many-body systems.
This mechanism allows the two effects of superconductivity and superfluidity to culminate
in the emergence of the crossover between Bose-Einstein Condensate (BEC) and Bardeen-
Cooper-Schrieffer (BCS) regimes, which is the main topic of this thesis. Following this,
we discuss Fermi superfluids in extreme environments. Although this thesis deals with
the BEC-BCS crossover in the context of cold quantum gases, the end of this chapter pro-
vides a broad overview of fermionic superfluids over all scales. Lastly, we will outline the
further content of this thesis.




CHAPTER 1. INTRODUCTION

1.1 Superconductivity

Even though this thesis deals with superfluids, a historical overview of the topic should
nevertheless start with the theory of superconductivity. This is because many concepts
developed for superconductors were later transferred to Fermi superfluids.

1.1.1 Discovery of superconductivity

At the turn of the 19" century, J. Dewar and J. Fleming speculated that 'the electrical
specific resistance of all pure metals will probably vanish at the absolute zero of temper-
ature’ [1]. Even though later measurements made them revoke this statement, the idea of
a vanishing electric resistance was in the world. About two decades later, in 1911, H. K.
Onnes managed to cool a mercury sample below the boiling point of liquid “He, observing
that the resistance of the probe abruptly dropped below the accuracy of his measurement
device. He baptised this phenomenon ’supraconductivity’, which later was adapted to be-
come the familiar terminus of superconductivity. As such, Onnes disproved the rule of
Matthiessen that the resistance of a metal at low temperatures should be of the form

p(T) = po+ Ap(T). (1.1)

He not only showed that, for mercury, we have py = 0, but also that Ap(T") has to abruptly
jump at a critical temperature 7. ~ 4.2 K. In a subsequent experiment, Onnes showed
that currents, once started in a superconductor, do not vanish when the voltage is switched
off, a phenomenon which is known as persistent current. Onnes was awarded the Nobel
Prize in physics in the year 1913 ’for his investigations on the properties of matter at
low temperatures which led, inter alia, to the production of liquid helium’ [?]. From a
viewpoint over 100 years in the future, it seems odd that the discovery of liquid helium was
awarded rather than that of superconductors. At the time, the Nobel Committee thought
differently.

The discovery of superconductivity led to a surge of interest in the theory of electric
conduction, where people began to doubt the established explanations. Even A. Einstein
speculated, shortly after developing the general theory of relativity, that superconductors
are caused by closed chains of molecules [3]. This idea seems at least unconventional
now, but at the time, without any knowledge of quantum many-body theory, it seemed like
a reasonable explanation. Many ideas were proposed, even before it was discovered that a
superconductor is not just an ideal conductor.

In 1913, lead was shown to be superconducting with a critical temperature of 7 K.
Based on this discovery, W. MeiSSner and R. Ochsenfeld investigated the magnetic prop-
erties of a lead sample in 1933. They realised that below the critical temperature, the
lead sample completely expelled the magnetic field [4], rendering it a perfect diamagnet.
In analogy, this is sometimes called superdiamagnetism. It turned out that this so-called
MeiSSner-Ochsenfeld effect only occurs for sufficiently low magnetic fields H. In fact,
there is a critical magnetic field above which a given metal is in a normal conducting state,
which depends on the temperature in a generic form [5]

H(T) = H0l1 - (%)2] (1.2)

with 7, being the critical temperature when no magnetic field is applied. Already the fact
that all of those conventional low-temperature superconductors obey this basic rule tells
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1.1. SUPERCONDUCTIVITY

us that there must be a universal cause for superconductivity, which is independent of the
material. A fundamental understanding of superconductivity emerged in the 1950s, but
some previously developed phenomenological theories proved surprisingly accurate.

In 1935, the brothers F. and H. London developed a phenomenological theory based
on extending Maxwell’s equations of electrodynamics, including a superconducting cur-
rent [6—8], which was in 1953 expanded towards a non-local theory by A. Pippard and W.
Bragg [9]. The most important consequence of the London-Pippard theory is the devel-
opment of the penetration depth Ay, describing how deep a magnetic field leaks into a su-
perconductor before the total magnetic induction diminishes to zero due to the movement
of superconducting electrons. The London-Pippard theory is applicable to homogeneous
type-I superconductors, but fails to describe inhomogeneous type-II superconductors.

To tackle type-II superconductors, we have to discuss the Landau theory. It was de-
veloped by L. Landau and phenomenologically describes phase transitions by an order
parameter and a minimisation prescription for the free energy in a system. The Landau
theory was able to describe basic properties of the phase transition, even though it was a
static approach, i.e. only applicable to type-I superconductors. It was later extended by
V. Ginzburg in order to include also spatial variations, i.e. the kinetic energy of the order
parameter [|0]. Thereafter, A. Abrikosov used this Ginzburg-Landau (GL) theory to de-
scribe also inhomogeneous type-II superconductors [ 1], resulting in the Nobel Prize in
2003 ’for pioneering contributions to the theory of superconductors and superfluids’ [17]
for Ginzburg and Abrikosov.

The resulting theory predicts a second characteristic length-scale in the system, the
GL coherence length 1. As the name suggests, this length describes the typical distance
at which electronic correlations are exhibited. It is thus the scale of possible thermal fluc-
tuations in the superconducting state. With this approach, Abrikosov was able to derive a
condition on the ratio of A;, and £, in order to distinguish between type I and type II super-
conductors. The latter type of superconductors exhibit a variety of 4 different phases, some
of which are spatially inhomogeneous. A few years later, L. Gor’Kov also contributed to
this approach by deriving the resulting equations from a more microscopic approach to
superconductivity [!3], namely the Bardeen-Cooper-Schrieffer theory discussed below.
For this reason, the GL theory is sometimes referred to as Ginzburg-Landau-Abrikosov-
Gor’Kov (GLAG) formulation. In the following, we will outline this more fundamental
theory of superconductivity used by Gor’Kov.

1.1.2 Bardeen-Cooper-Schrieffer theory

In the mid-1950s, there were several groups trying to develop a microscopic theory of su-
perconductivity. One approach, which would become important decades later, was the idea
that a superconductor is a Bose-Einstein condensate of charged bosons. First suggested by
R. Ogg [15], it was then extended by M. Schafroth [ 16]. This approach of charged bosons
was afterwards refined by Schafroth, S. Butler and J. Blatt in 1957 in the sense that two
electrons in a superconductor form a tightly bound, molecular-like state [!7]. They did
show that, as soon as the spatial extent of the di-electrons becomes less than the average
distance between electrons, a Bose-Einstein condensate of composite bosons is formed.
The pairing is necessary because electrons are fermionic particles and cannot occupy the
same quantum state. Schafroth, Butler and Blatt showed that this mechanism explains the
MeiSSner-Ochsenfeld effect and the vanishing of the electric resistance [17]. In the end,
the attractive interactions mediated by phonons in most solids are too weak to form such
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Figure 1.1: Illustration of various superconductors. The x-axis shows the year of their
discovery, the y-axis depicts the critical temperature 7. in K. The BCS superconductors
are represented by the green circles.

Reprinted from [14] with permission from World Scientific Publishing Co., Inc., permission con-
veyed through Copyright Clearance Center, Inc. Copyright © 2016, World Scientific Publishing
Co., Inc.

tightly bound pairs. Thus, at least in conventional superconductors, this mechanism is not
the source of superconductivity. In the end, J. Bardeen, L. Cooper and J. Schrieffer found
the solution. Also in 1957, but after the publication of Schafroth et al., they published the
famous paper, titled Theory of superconductivity [ 18] following an earlier publication on
the same topic [19], in which they explained superconductivity as an effect of large, de-
localized pairs of electrons in momentum space, the so-called Cooper pairs. This theory
could explain all experimentally observed effects, ranging from the Meissner-Ochsenfeld
effect to persistent currents due to zero electrical resistance. This milestone was awarded
the Nobel Prize in physics in 1972 ’for their jointly developed theory of superconductiv-
ity, usually called the BCS-theory’ [20] and is one of the most important developments in
many-body quantum theory.

Since the development of the BCS theory, a lot has happened in the field of supercon-
ductors. First, every few years, then, since the 1980s, basically every year, new supercon-
ductors are discovered, see Fig. 1.1 for an incomplete list. Soon after, so-called high-7.
superconductors were discovered, the first one in 1986 by J. Bednorz and K. Miiller [21].
This discovery earned them the Nobel Prize in the subsequent year, 'for their important
breakthrough in the discovery of superconductivity in ceramic materials’ [22]. In the same
year, their discovery was refined by another group, further increasing the critical temper-
ature to almost 100 K [23]. It turned out quite fast that those high-7, superconductors
are not BCS superconductors. Until today, a theoretical explanation is still missing. Most
of those high-7; systems are complicated oxide systems, so-called cuprates, see the blue
diamonds in Fig. 1.1, in contrast to the green circles illustrating BCS systems. The hunt
for superconductors with critical temperatures at room temperature subsequently started,
driving much of condensed matter physics for decades. It was found that, in general,
high pressures allow higher critical temperatures, which reduces the technical applicabil-
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ity. Since the 1990s, the highest 7, at atmospheric pressure superconductors are mercury
superconductors based on HgTiBaCaCuO with critical temperatures above 130 K [24].
The current record-holder at atmospheric pressure is Hg;,TizBagyCagoCuys0197, with a
critical temperature of 137K [25, 26]. At extremely high pressures of 170 GPa critical
temperatures of up to 250 K were reached [27]. Irrespective of the pressure, no room
temperature superconductor with 7, > 273 K has been found, and until today it remains
unclear whether such materials can even exist.

In the view of conciseness, we will proceed now with a similar concept, which was
discovered 26 years after superconductivity: superfluidity.

1.2 Superfluidity

A phenomenon directly linked with superconductivity is superfluidity. In fact, a supercon-
ductor is a special version of a superfluid, namely a charged superfluid of electrons. The
topic of this thesis is neutral superfluids. Thus, we now outline the history of superfluidity
as well as the discovery of fermionic superfluids.

1.2.1 Discovery of superfluidity in liquid Helium

When “He is cooled below its boiling point
of T' = 4.22 K, it becomes liquid, ex-
hibiting the so-called A-point when look-
ing at the specific heat [29]. An illustra-
tion of this is seen in Fig. 1.2. At atmo-
spheric pressure, this happens at approxi-
mately 7\ = 2.1768 K. Below this temper-
ature, one commonly speaks of Helium-II,
above this temperature of Helium-I. In the
year 1938, first P. Kapitza [30], then later
in the same year A. D. Misener and J. F.
Allen [31] were able to make a peculiar ob-
servation. When Helium enters the state of
Helium-II, the viscosity of the liquid sud-
denly drops below the precision of the mea-
surement device. Even though hints of this TK]
sudden reduction of the viscosity were al-
ready known since at least 1935 [32], only
with Kapitza, Misener and Allen did the temperature in K, the so-called A-point.

consensus arise that the viscosity of lig- Reprinted from [28] with permission from

uid “He vanishes for 7' < T. In his pa- Oxford Publishing Limited through PLSclear.

per, Kapitza called Helium a superfluid, Copyright © 2016, Oxford Publishing Limited.
thereby imprinting the modern name for

this phenomenon in 1938. Furthermore, he

proposed a connection to superconductors 20 years before the development of the BCS the-
ory of superconductivity [ | 8]. Kapitza ultimately received a half-share of the Nobel Prize
in physics in 1978 ’for his basic inventions and discoveries in the area of low-temperature
physics’ [33], which is undoubtedly connected to his discovery of superfluidity. Later
on, several follow-up experiments were performed [34-36], studying the quite intriguing
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Figure 1.2: Heat capacity of “He against the
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properties of “He, which at the time was the only known superfluid. Still today, almost 90
years after its discovery, superfluid *He is a material of research interest [37—41]. Simulta-
neously with those experimental discoveries, theoretical investigations tackled the mystery
of Helium-II. First proposals included a diamond-like structure of *He atoms below the A-
point [42, 43]. However, this was quickly dismissed by F. London [44] and L. Tisza [45] in
1938. They proposed that superfluid “He shows a macroscopic occupation of the quantum
mechanical ground state, a phenomenon described by S. Bose and A. Einstein earlier in
1924/25, now entitled Bose-Einstein condensation [46—48]. As “He is a bosonic particle,
meaning a particle with integer spin, it follows the Bose-Einstein statistics. This means
that the average number of particles with energy E is described by

1
(ne(E)) = BED 1 (1.3)

with 5 = 1/(kgT') being the inverse temperature and y the chemical potential.

This consideration of the superfluidity appearing in “He being rooted in a BEC of
the bosonic atoms originates from the observation that the critical temperature of a BEC
of *He turns out to be Tggc ~ 2.7 K, which is of the order of T\ ~ 2.17 K. It did not
take long until L. Landau developed the phenomenological two-fluid model to explain
the properties of superfluid *He. In 1941, Landau published a set of works in which he
introduced the phenomenological two-fluid model to describe the superfluidity of Helium-
I [49]. The essential idea is that Helium-II consists of two types of atoms, those that are
normal fluid and those that are superfluid. He described the superfluid as an ideal liquid
without viscosity, and the normal fluid governed by the NavierStokes equations.

Having discussed the early history of superfluid physics, we continue to characterise
superfluids in general.

1.2.2 Properties of conventional superfluids

As already mentioned in Sec. 1.2.1, the basic and most known property of superfluids is
the loss of internal viscosity. However, the more defining properties, separating it from
ideal liquids, are the persistent flow, analogously to the persistent current in a superconduc-
tor, and the absence of dissipation, irrespective of the size of the capillary. As outlined in
the previous part, Landau described a superfluid phenomenologically using the two-fluid
model. He also discovered the Landau criterion, which states that as long as a superfluid
flows with a velocity smaller than the Landau critical velocity vy, it cannot absorb en-
ergy through excitations. Hence, it retains its velocity, preventing the fluid from slowing
down. Furthermore, this is the phenomenological reason a superfluid flows without any
viscosity, internal or external. This has been verified on numerous occasions and leads
to peculiar phenomena such as the famous fountain effect, in which superfluids flow up a
barrier wall [43]. A second important property of superfluids is the quantisation of circu-
lation in the form of quantised vortices. In a classical fluid, the circulation of a vortex can
be chosen continuously. So any amount of circulation inserted into the system can lead
to a vortex. In a classical fluid, friction dissipates energy, leading to turbulent flow and
dissolving the vortex. In a superfluid, this is different. These can only absorb quantised
packets of circulation, which leads to the formation of quantised vortices. Those vortices
are stable under ideal conditions, as there is no friction in the fluid. Quantised vortices are
an important tool to verify superfluidity, as they form a benchmark property of superfluids.

Those properties were all observed in bosonic “He, which was the only known super-
fluid at the time. It took another 35 years from the discovery of superfluid He until, in
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Figure 1.3: Phase diagrams of “He in panel (a) and ®He in panel (b) in the temperature-
pressure plane. Note that the temperature axis is scaled logarithmically in panel (b). Figure
produced with data from Refs. [28, 52, 53].

1972, D. Osheroft, R. Richardson and D. Lee showed that also the fermionic counterpart,
3He, possesses a superfluid state [50, 51]. We provide a concise introduction to superfluid
3He in the next part.

1.2.3 Superfluid >He: A fermionic superfluid?

“He is a bosonic atom, meaning it follows the Bose-Einstein statistics (1.3) due to its integer
spin. A phase diagram of “He is presented in Fig. 1.3 (a), showing the two types, I and II,
as well as the high-pressure solid phase of *He. In contrast, 3He is a fermion. It follows
a different statistics, namely the Fermi-Dirac statistics, due to its half-integer spin. Pauli
argued [54] that indistinguishable fermions can not occupy the same quantum state. A
decade later, M. Fierz derived this property of fermions and bosons mathematically, known
as the spin-statistic theorem [55]. In contrast, bosons can occupy identical states which,
in the most extreme case, forms a BEC, where a macroscopic number of atoms are in the
same quantum state. Therefore, fermions can not form a BEC, and hence the explanation
of He’s superfluidity can not be applied to *He.

Although electron superconductivity in a solid had already been known and, since
1957, explained by the BCS mechanism [1&], a direct connection to superfluid helium
was not drawn. However, some theoreticians speculated that similar physics occurs in
fermionic *He, making it superfluid [56, 57], analogously to a BCS superconductor. The
experimental issue was cooling the sample to the required temperature to test this hypoth-
esis. Compared to the critical temperature of bosonic Helium, which is at 7 ~ 2.18 K,
the critical temperature of fermionic Helium turned out to be just 7; ~ 2.419 mK, which
is four orders of magnitude lower. As mentioned at the start of this section, this was fi-
nally possible in 1972 [50, 51], when for the first time knowingly a Fermi superfluid was
observed. Lee, Osheroff and Richardson were awarded the Nobel Prize in 1996 ’for their
discovery of superfluidity in helium-3’ [58]. In the same year, A. Leggett explained the
superfluidity of 3He based on the BCS theory of superconductors [59]. Due to strong in-
teractions, He forms triplet pairs rather than standard BCS singlet pairs. This facilitates
two superfluid phases, called A and B phases, shown in Fig. 1.3 (b), one of which also
shows magnetic order. Thus, unlike conventional superconductors/Fermi superfluids, *He
is an unconventional superfluid. Together with Abrikosov and Ginzburg, Leggett won the
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Nobel Prize in 2003 ’for pioneering contributions to the theory of superconductors and
superfluids’ [12].

The discovery of Fermi superfluids sparked new interest. Only a few years later,
Leggett made one of the most striking developments, based on the works of BCS and
Schafroth/Butler/Blatt, which is the BEC-BCS crossover. Before we discuss this phe-
nomenon, we have to address how to tune the interaction strength in the next section.

1.3 Fano-Feshbach resonances

In both “*He and 2He, the interaction properties are fixed and can not be tuned externally.
Therefore, it was a remarkable discovery that atomic Fano-Feshbach resonances allow
controlling the interaction strengths of cold quantum gases experimentally. Thus, in the
following, we describe the mechanism by which this is possible.

1.3.1 Atomic scattering

In order to understand the mechanism behind the BEC-BCS crossover, we first need to un-
derstand how to modify the interaction strength of two-particle scattering in a quantum gas.
The tool for this is the so-called Fano-Feshbach resonance, developed by H. Feshbach [60]
and U. Fano [61], originally used to describe nucleon scattering in atomic nuclei. In cold
atomic gases, Fano-Feshbach resonances are described considering two scattering chan-
nels, commonly denoted as open and closed channels, corresponding to different internal
states of the two-particle wavefunction. Those could be, for instance, different spin con-
figurations, such as singlet/triplet states. The open channel has only scattering states of
positive energy compared to two free particles. The closed channel can host at least one
bound state with a given energy €. Since we define the zero of the energy with respect to
the open channel, this bound-state energy can be positive or negative. For the two channels,
an interaction potential is assumed, often a Lennard-Jones potential, but also simplified
box potentials are possible [62]. The splitting 6 £ between the two channels in modern
quantum gas setups is changed by applying a magnetic induction B, which causes a Zee-
man splitting of the two channels. This is why alkali atoms are especially susceptible to
tunable interactions via Fano-Feshbach resonances, as they have one electron in the outer
shell. Therefore, approaching particles in the open channel couple to the closed channel
and, in particular, the bound state, depending on the energy offset £ and on the sign of
ep. This ultimately changes the scattering length a depending on the applied magnetic
induction B which reads [63—-67]

A
a(B)—abg(l B—Bo)' (1.4)
Here ay,, is the background scattering length for far detuned B, A stands for the width of
the resonance, and B, represents the resonant magnetic induction when the bound state
crosses the closed channel’s asymptotic energy. At B = By, the incoming particles couple
resonantly to the bound state, leading to a divergent scattering length. We illustrate the
channels in the left column of Fig. 1.4, where the open (solid blue line) and the closed
(solid red line) channels are shown versus the distance of the two atoms. The horizontal
red line represents the closed-channel bound state. The upper row shows the case when
the magnetic induction is so far detuned that the bound state lies above the free state of the
scattering particles. During a scattering event, the dressed bound state of this system is
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Figure 1.4: Illustration of the concept of Fano-Feshbach resonances. The left column
shows the interatomic scattering potentials of open (solid blue line) and closed (solid red
line) channels together with the closed-channel bound state for different values of the ap-
plied magnetic induction B. The right column depicts the respective regions (grey shaded
region) of the scattering length versus the magnetic induction, in which the scattering po-
tentials look schematically as shown to the left. Illustration inspired by Ref. [67]

close to the incoming particle energy and can be populated, thereby forming a bound state.
The scattering length, hence, is positive, as shown in the grey region of the right panel.
This seems counterintuitive, as a positive scattering length typically indicates a repulsive
interaction. This is only partially true, as a positive scattering length also indicates the
presence of a true two-body bound state [68]. The middle row shows the situation close
to resonance, where B ~ B,. Here, the incoming particles couple strongly to the bound
state in the closed channel, leading to a divergence of the scattering length as shown in the
middle-right panel. This is due to the resonance being right at the offset of the emergence
of a bound state. The divergence can be positive or negative, depending on the bound
state energy relative to the asymptotic energy of the open channel. The lower row shows
the case where the bound state energy is smaller than the asymptotic energy of a particle
in the open channel. In this situation, the particles are off-resonant to the bound state,
as the dressed bound state energy is far detuned from the scattering energy. Thus, the
bound state is accessed only virtually, leading to weak attractive interactions. Hence, the
scattering length is negative as shown in the right panel. The above two-channel model
provides a good description of ultracold scattering events, but is challenging to apply. In
most practical applications, however, the closed channel is disregarded, and an effective
one-channel model is introduced. There, the magnetic induction effectively tunes the depth
of the interatomic potential. If no bound state is supported, we have a < 0, and conversely,
if a bound state appears, there is a sign switch and we find a > 0.
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Atom States |F, mp) ByinG | AinG | apginag | apg/R*
6Li [69, 70] 11/2,1/2) - [1/2,-1/2) 832 -262 | -1593 27
OLi [65, 71] 11/2,-1/2) - 13/2,-3/2) | 690 -122 | -1727 29
OLi [65, 71] 11/2,1/2) - [3/2,-3/2) 811 -222 | -1490 46
6Li [65, 70] 11/2,1/2) - |1/2,-1/2) 543 0.1 59-60 | 8 x 104
40K [65, 72,731 || 19/2,-9/2) —|1/2,-7/2) | 202 8 174 2.2

Li [65] I1,1) - |1,1) 736 -52 -25 0.8
39K [65, 74] 11,1) —1,1) 402 ~192 -29 2.1

Table 1.1: Literature values for some known magnetic s-wave Fano-Feshbach resonances,
including the scattering states as well as position By, width A and background scattering
length apg, and broadness parameter ap,/R* of the Fano-Feshbach resonances. We un-
derline the resonances relevant for this thesis in the first column.

Before continuing with the many-body physics, we will briefly discuss the different
cases of broad and narrow resonances.

1.3.2 Broad and narrow resonances

We characterise the width of a Feshbach resonance with a parameter R*, which describes
the strength of the coupling between open and closed channels. For ay,,/R* > 1 we speak
of a broad Feshbach resonance, which means that a(B) changes slowly when changing
B, essentially decoupling the closed channel. In those cases, the aforementioned single-
channel model is applicable. Such resonances are favourable experimentally because they
are easy to control and stable over time scales usually seen in experiments. The opposite
case occurs for apg /R* < 1. Here, the closed channel has to be taken into account ex-
plicitly as it strongly couples to the closed channel [67]. Such resonances in general pose
a large imaginary value of the scattering length a(B), leading to huge atom losses in an
atomic trap, which appear on time scales much shorter than typical timescales found in
an experiment. This makes narrow resonances extremely difficult to tackle experimentally
and theoretically. Thus, for the remainder of this thesis, we assume a broad resonance
and as such a(B) € R. We mention some prominent resonances in Table 1.1, where we
show the element and the respective hyperfine states scattering in the form of |F, mp),
with F' denoting the total spin quantum number and m; the magnetic quantum number,
whose energy is addressed by the Zeeman field. Two resonances are in particular inter-
esting for us, i.e. the 832 G resonance of °Li and the 202 G resonance of 4°K, as they
have a relatively large resonance width ay,,/R*, making them a broad resonance. Both of
those resonances are underlined in Table 1.1. The other two broad resonances of SLi at
690 G and 811 G might also seem experimentally favourable, however, due to the quantum
states used, especially the high total spin quantum number F' = 3/2 of the first state, makes
them impractical. Scattering events here can dissipate energy and lead to spin flips. This
changes the state of the excited atom, giving both particles kinetic energy and ejecting
them from the trap. Therefore, we will omit them from now on in the discussion. We also
show the data for the narrow resonance of Li at 543 G as well as for some resonances of
bosonic Li and K isotopes.

Having mentioned the basics of Fano-Feshbach resonances, we continue the discussion
with the BEC-BCS crossover in the next section.
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Figure 1.5: Illustration of the BEC-BCS crossover. Left panel depicts the BEC side of
closely bound molecules, middle panel represents the crossover, where the size of the
Cooper pairs is approximately the mean particle distance. Ultimately, the right panel shows
the BCS state, in which large Cooper pairs form.

Figure reprinted from [64] with permission from Springer Nature. Copyright © 2008, Nature Pub-
lishing Group.

1.4 BEC-BCS crossover

Building on the two works of BCS [ 18] and Schafroth, Butler, and Blatt [17], D. Eagles,
in 1969, developed a theoretical approach predicting Cooper pairing without the effect of
superfluidity [75]. Around a decade later, A. Leggett developed a similar idea concern-
ing liquid 3He [76]. This so-called BEC-BCS crossover should become a vital part of
condensed matter physics within the next few decades. The key idea is that, using Fano-
Feshbach resonances known from the previous section, atomic interactions can be tuned
from weakly to strongly attractive. Weak attractive interactions do not support a two-body
bound state but can facilitate a BCS state of many-body bound states, known as Cooper
pairs. Tuning the interactions to strong attraction, a two-body bound state emerges. Those
bound states, either singlet or triplet states, are energetically favourable and, as such, the
fermionic atoms form bosonic molecules. These follow a Bose-Einstein statistic and can
form a molecular BEC [77-79]. Since the interaction strength can be tuned continuously,
the transition from the BCS to the BEC regime is not an abrupt phase transition, but rather
a crossover. Those two asymptotic regimes are separated by the unitary regime, where the
scattering length diverges. It exists close to the threshold magnetic induction B, where the
Feshbach resonance is located. This region is of great theoretical and experimental inter-
est due to the scale invariance occurring when the scattering length diverges. We illustrate
the concept in Fig. 1.5, where in the left panel we see the BEC side, where opposite spin
fermions, visualised by different colours, pair together to form molecules. There, the av-
erage distance between the particles is much larger than the extent of the molecules. In the
right panel, we see an illustration of the weakly interacting BCS state, where opposite-spin
fermions form pairs with a large spatial extent that exceeds the average distance between
the particles. The crossover superfluid is shown in the middle panel, where the size of the
fermionic pairs is of the order of the average particle distance. This regime is also denoted
as the unitary regime, which we will discuss more at a later point. Over the crossover,
the superfluid phase transition happens below a critical temperature, which, from weak
to strong interactions, first increases monotonically, after which it stagnates at the critical
temperature of a molecular Bose gas.

After Leggett’s findings, numerous theoretical investigations were undertaken to un-
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derstand the properties of the BEC-BCS crossover. Intensive research efforts were focused
on the critical temperature 7, of the superfluid-normal fluid phase transition. Leggett’s ini-
tial approach, as a mean-field theory, predicts a qualitatively wrong behaviour of 7, away
from the BCS regime. This problem was solved in a diagrammatic T-matrix approach by
P. Noziéres and S. Schmitt-Rink in 1985 [80], by including beyond-mean-field effects in
the form of a resummation of certain types of Feynman diagrams, the details of which are
beyond the scope of this introduction. They predicted the correct qualitative trend of the
critical temperature throughout the whole crossover by preventing the divergent behaviour
of T on the strongly interacting Bose-Einstein side. Diagrammatic approaches like this
have been further developed to date [81-85]. The critical temperature resulting from such
an approach is shown in Fig. 1.6 as the solid blue line, in contrast to the Leggett prediction,
which is depicted as the solid pink line. The region between those two curves is known as
the pseudogap, where incoherent pairs are already formed, but do not lead to a coherent
superfluid.

A more formal approach, and

the main formalism used in this 0.6 v

thesis, was developed at the be- e

ginning of the 1990s by C. Sa 0.5

de Melo, J. Engelbrecht and M.

Randeria [87, 88]. In the first 0.4 Unbound ® g‘ﬁx‘;irs R

publication, they introduced a & oal fermions o liquid
= 0.2

formal field theoretical approach
based on functional integration
in order to reproduce the re-
sults of Nozieres and Schmitt-
Rink (NSR) and, following the
work of Gor’Kov, derived a time- 0
dependent Ginzburg-Landau the-
ory of the phase transition itself.
In the second publication, they

0.2

0.14;.

1/’]\'[:115

Weak attraction Strong attraction

tackled another important prob-
lem, the T' = O crossover and col-
lective excitations. They found
two distinct modes that decou-
ple at small energies and mo-
menta into pure amplitude and
phase modes of the order param-
eter. This gives rise to a gapless
phase mode in agreement with
the Goldstone theorem [89-91].
Hence, the mode is sometimes re-
ferred to as the Goldstone mode.
The second mode is a gapped am-

Figure 1.6: Phase diagram of the BEC-BCS crossover.
The z-axis denotes the interaction parameter 1/kpas,
with kp as Fermi momentum, from weak (left side) to
strong (right side) interactions. The y-axis shows the
dimensionless temperature 7'/ Tf, where Ty stands for
the Fermi temperature. The purple line shows the pair-
ing temperature obtained by a BCS mean-field theory,
while the blue line shows the actual superfluid phase
transition temperature, obtained by including Gaus-
sian pair fluctuations.

Reproduced from [86], with the permission of the Ameri-
can Institute of Physics. Copyright © 2008, American In-
stitute of Physics.

plitude mode lying inside the pair-breaking continuum. This means that the energy of this
mode is so large that it already exceeds the energy needed to break up a pair. Due to the
similarity to a Mexican hat potential, this is sometimes called a Higgs mode. However, this
is a misnomer, as there are fundamental differences to a Higgs-like mode, like the damping
caused by the breaking of Cooper pairs [92] and the absence of a gauge field in a neutral
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superfluid. Further, for finite momenta, those modes mix, and no pure phase or amplitude
mode exists. The formalism in the second publication did not include a depletion of the
order parameter due to changes in the density/chemical potential, which was added a few
years later in the context of the BEC-BCS crossover in polariton systems [93].

Another important aspect of the theoretical description, especially in the weakly in-
teracting regime, is the change in the interaction strength acting on the order parameter
due to the interactions not associated with pairing. This idea was originally intended for
superconductors long before the development of the theory of the BEC-BCS crossover
by Gor’Kov and T. Melik-Barkhudarov in 1961 [94], following a work on the excitation
spectrum [95]. This is called the Gor’Kov Melik-Barkhudarov (GMB) theory. Including
those so-called particle-hole fluctuations reduce the critical temperature of a superconduc-
tor by a factor of 2.2, which also applies to the weakly interacting regime of the crossover.
Even though some efforts were made to unify GMB and NSR approaches for the whole
crossover by diagrammatic means [96—100], no formally consistent field-theoretical so-
lution is yet available. In any case, several aspects of the BEC-BCS crossover were sub-
ject to extensive theoretical studies over the last decades, including the two-dimensional
crossover to study Berezinskii-Kosterlitz-Thouless (BKT) physics [ 101-108], population-
imbalanced Fermi gases [109—119] leading to Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)
physics, the excitation spectrum already pointed out earlier [92, , —130], hydrody-
namic properties [131, ], and vortices [133, ]. Even superfluids with more than
two distinguishable particles, so-called colour superfluids, were investigated [ 135—138].

Experimental realisations accelerated in the 2000s since reaching the extreme low-
temperature regime required to observe the BCS state was not possible earlier. At the
beginning of the 2000s, this was finally experimentally achieved due to advances in the
control of magnetic fields, tuning the Fano-Feshbach resonances and more efficient cool-
ing methods [73, —146]. Those advances led to first publications, claiming to see a
superfluid on the BEC side of the crossover in cold atomic gases [ 147, 148]. Experimen-
tal setups were at first limited to inhomogeneous trapping potentials [149—152]. Thus, in
those setups the critical temperature including beyond mean-field effects were therefore
calculated [153, ]. In recent years, the use of a Digital Mirror Device (DMD) became
more common and easier to implement, therefore also homogeneous traps for Fermi and
Bose systems could be realised experimentally [155—159]. This led to a more profound
understanding of the BEC-BCS crossover, independent of the trapping potential. In 2010,
the first realisation of a two-dimensional (2D) BEC-BCS crossover was achieved, also
opening the path to experimentally investigate low-dimensional quantum effects and BKT
physics. In this context, in both 2D and 3D, the study of the excitation spectrum provides
a vital tool to compare experiment and theory, further strengthening the understanding.

The experimental study of the critical temperature is of particular interest in order
to test the predictions of the functional integral/diagrammatic NSR theories as well as
the GMB corrections [94]. However, a reliable direct thermometry is not yet generally
accepted by the community, although some ideas were put forward, most of which are
model-dependent thermometry methods [160—-163]. Recently, model-independent ma-
chine learning algorithms to determine the 7. were developed in Bonn [164, ]. How-
ever, their training still relies on adiabatic sweep methods [ 166, ] and hence might be
biased by the sweep itself. A concept worth mentioning is the idea of a quantum engine
that utilises quantum statistics to generate work, exploiting the BEC-BCS crossover. This
is deeply connected to a quantum theory of thermodynamics, which was experimentally
realised as a Pauli engine [168] at the University of Kaiserslautern-Landau. All those
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experimental setups deal with locally homogeneous systems, where the spatial potential
changes slowly compared to the de-Broglie wavelength.

Furthermore, the internal structure of the BEC-BCS crossover is routinely investigated.
Just to mention two prominent examples, the experimental studies of quantum vortices
proved to be a quite fruitful playground for investigating degenerate Fermi systems [ 169,

], the first undeniable proof of superfluidity in Fermi gases was the observation of
lattices of quantised vortices [148]. Moreover, theoretically modelling those quanta of
angular momentum has been the subject of intense study [124, , , , ]. The
second selected field of the local structure of the BEC-BCS crossover are /N -point correla-
tion functions, with a particular focus on 2-point correlations. Correlation functions yield
information about the likelihood of measuring /V particles of given internal structure (like
spin) at different relative positions. In the case of two-point correlation functions in a ho-
mogeneous system, they yield a measure of how likely it is, given a certain particle, to find
another particle at a given distance. The theoretical study of correlation functions in the
BEC-BCS crossover has been sparse, although some analytical [106, —175], purely
numerical [176] or QMC calculations [177-179] exist. At the same time, most experi-
mental setups have been limited to the indirect measurement of spatial correlations [ 150,

—182] due to a lack of a continuous measurement device which was able to resolve
the spatial structure precisely enough. Recent developments of continuous quantum gas
microscopes are altering this [183—188], as real-space correlation functions on arbitrary
distances are becoming quantitatively accessible.

Having discussed the literature regarding the BEC-BCS crossover in ultracold systems,
we continue by exploring the possibility of finding the BEC-BCS mechanism in extreme
environments.

1.5 Fermi superfluids in extreme environments

The topic of degenerate fermions is not only related to ultracold quantum gases but also oc-
curs widely in other setups. As such, they pose as excellent quantum simulators [ 1 89—192].
The concept of a quantum simulator was first proposed by R. Feynman at a conference in
1981 [193]. The idea is that a quantum system, such as quantum gases, represents a highly
controllable setup, which can be used in order to emulate systems that are not easy, or even
impossible, to investigate in the laboratory. A system in question are superheavy nuclei,
which are, in most cases, unstable and decay too fast to investigate them. A second exam-
ple are astrophysical objects, including neutron stars, where the crust is believed to form a
neutron superfluid. The core is thought to form a so-called colour superfluid, where three
different internal species, here the colour charges of the quarks, form pairs in a mechanism
similar to a BCS superconductor. The same might happen in the cores of white dwarfs.
Slightly more exotic, there exist theories which even hypothesise that dark matter or cos-
mic inflation might be rooted in Fermi superfluids. All those concepts will be discussed
briefly because broad information about them might be gathered in a cold quantum gas
setup. An important development, indispensable for investigating the upcoming systems,
was the theoretical description of relativistic superfluids and superconductors [194].

1.5.1 Superfluids of subatomic particles

Shortly after the publication of the BCS theory, people realised that this mechanism might
not be restricted to electrons. Even before Leggett’s discussion regarding the possibility
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Figure 1.7: Panel (a): Schematic phase diagram of QCD matter, using data from
Refs. [199-203]. The phase diagram shows the plane spanned by temperature 7" and bary-
onic chemical potential pg, both in MeV. The light blue region depicts the hadron fluid,
dark blue characterises the quark-gluon plasma. The solid line in between represents a
discontinuous phase transition separated from the dotted line as a smooth crossover by a
critical point. The pink region is the hadron superfluid, where nucleons become super-
fluid. The orange and red regions for large baryonic chemical potential and low tempera-
tures represent the Colour superconductor (CSC), with the Colour-Flavour locking (CFL)
sub-phase shown in red. Panel (b): Illustration of generic neutron star structure, using data
from Refs. [204-206]. Region 1 is the neutron star core, reaching from 15 to 12 km depth,
possibly hosting a CSC phase. Region 2 extends from 10 to 0.5 km, known as the outer
core, filled with superconducting protons. Region 3 represents the inner crust, stretching
from 0.5 to 0.1 km, where there exists a lattice of iron ions, surrounded by superfluid
electrons, followed by the outer crust, region 4, up to the surface, where the electron gas
surrounding the iron lattice is normal fluid. Region 5 is a thin atmosphere of mainly hy-
drogen and helium, with a width of only a few centimetres.

of superfluid Fermi gases, the first approaches to superfluidity in nuclear systems were
developed, going back to the end of the 1950s [195]. The key aspect here is that the
hadrons, i.e. particles made from three valence quarks, are composite fermions. At the
time, the scientific community mainly thought about protons and neutrons. Unlike the
later idea of the BEC-BCS crossover, tuning the interaction in nuclear systems is not as
straightforward as for cold gases and in general, the only way to address the interaction
strength is to modulate the density. Therefore, the dimensionless scattering parameter can
not switch sign, and hence no true crossover is possible. Instead, by varying the density,
the unitary regime is approached asymptotically, never truly reached or crossed. Since
neutron-neutron scattering does not permit a bound state, clean neutron setups are only
ever in the BCS regime and have a negative scattering length of a,, = —18.5 fm [196—
198]. The same is true for proton-proton scattering, although they can not form a clean
system due to their electrostatic repulsion and as such, their scattering length varies from
system to system, sometimes exhibiting a bound state and having an opposite sign. Super-
fluidity in clean neutron systems has been studied over time [207]. In a realistic atomic
nucleus, protons and neutrons are mixed, so their scattering must be taken into account.
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Fortunately, the proton-neutron scattering does allow for a bound state: A Deuterium ion.
Thus, the scattering length in most setups is positive, meaning 2H is on the BEC side of
the BEC-BCS crossover. This is the main reason the initial interest in those systems was
larger [208-210]. Systems with mainly protons and neutrons are called hadron fluids [ 199,

, 203, 211] and are generally seen for low baryonic chemical potentials' and low tem-
peratures, compared to the typical scales of subatomic systems. They are seen in the light
blue region of Fig. 1.7. The superfluid states are shown in the pink region for low tem-
peratures. These hadronic superfluids eventually give rise to quantised vortices similar to
ultracold Fermi gases [212-214].

If the temperature is increased, the hadrons melt, giving rise to the hypothetical quark-
gluon plasma, shown as the dark blue region in Fig. 1.7. The gluons are the force-carrying
bosons of the strong force. This is a high-temperature region not of interest in this the-
sis. However, when the baryonic chemical potential is increased, and the temperature is
decreased, we eventually reach a phase, which gained a lot of interest, also in the field of
ultracold quantum gases, the colour superconductor (CSC). This is a variant of the quark-
gluon plasma, where the three colour charges of the strong force serve as internal states to
form Cooper-pair-like structures, giving rise to a superconducting state [ 199, 215-220]. In
the CSC, the SU(3) symmetry of the strong force is spontaneously broken, which leads to
the superconducting properties. This phase is depicted in Fig. 1.7 (a) as the orange region.
Using ultracold gases like SLi, it is possible to also describe states similar to a Quantum
Chromodynamic (QCD) CSC by using three hyperfine states of Li instead of the standard
two states used in a typical BCS setup [135-138]. When the temperature is further re-
duced, or the chemical potential is increased, flavour (or spin) pairs can also form. Thus,
in addition to the colour pairs, regular spin Cooper pairs might form, strongly coupling
the colour and flavour symmetries, leading to the hypothetical phase of a colour-flavour
locking (CFL) superfluid [221, ], illustrated in Fig. 1.7 (a) as the red region.

Hadron superfluids are thought to show up in nature in heavy but finite nuclei, as
investigated in Refs. [223, ]. Additionally, they are also thought to be present in the
crusts and outer cores of neutron stars [225-227] as well as white dwarfs. CSC phases
are more speculative, but there is a consensus in astrophysics that they should show up in
extreme setups like the cores of neutron stars. In the next section, we will have a more
detailed look at the topic of astrophysical Fermi superfluids.

1.5.2 Astrophysical superfluids

Fermi superfluids are generally thought to exist in extreme circumstances in astrophysical
objects. This may be surprising, as a typical neutron star is relatively hot compared to tem-
peratures normally found in the proximity of the solar system. After its formation neutron
stars can have temperatures up to 10! K [228-230], with densities from 10! gcm=3 in the
outer crust up to 10'5 gem=3 in the core [206, 23 1], being one order of magnitude higher
than the average density of a nucleus. Those high densities increase the Fermi temperature
to values between 106 K for the neutron star crust and 10'? K for the neutron star core.
This means that neutron stars are, compared to their Fermi temperature, low-temperature
objects after cooling down from their extremely hot initial state. Fermi superfluids are now
believed to follow the universal phase diagram shown in Fig. 1.6 [86], ignoring the CSC

I'The baryonic chemical potential is a measure of how many excess baryons are in a system. In subatomic
systems, a quark sea might arise, causing baryons and anti-baryons to exist simultaneously. The baryonic
chemical potential quantifies how large the imbalance of baryons and anti-baryons is.

16



1.6. SUMMARY OF SUPERFLUID SYSTEMS

for now. This means that, after cooling down, neutron star crusts and cores should undergo
a phase transition to a superfluid state. Due to the varying density of those objects, there
might be spatially modulated crossovers from a BEC to a BCS regime, depending on the
constituent particles. An illustration of the interior of a neutron star is presented in Fig. 1.7
(b), where the outer core is region 2 and the crust spans region 3-5.

In nuclear systems, the effective range of particle scattering is of the order of the av-
erage distance between them, a feature commonly neglected in the literature on ultracold
atomic systems. Therefore, this thesis will put a great emphasis on the concept of the in-
teraction range in ultracold atomic gas setups. First theoretical ideas were put forward at
the end of the 1960s [232], but the theoretical investigation of both the crusts [233-240]
and cores [241-244] of neutron stars turned out to accelerate within the last decade.

An observation that supports the idea of superfluidity in these extreme objects was
the observation of glitches in the rotation of neutron stars. Rapidly spinning neutron stars
with strong magnetic fields spill out jets of high-energy particles and ~-radiation along
their poles. If the ~-radiation jet crosses the Earth within a rotation, such objects are
known as pulsars. The frequency of pulsars is extremely precise, as there are no outer
processes to alter them, making them more accurate than most atomic clocks. A glitch is a
sudden increase in the frequency of a pulsar, followed by a slow decrease to the pre-glitch
frequency. They were first observed in 1969 [245, 246], and since then, over 700 glitches in
around 250 pulsars have been observed until 2023 [247]. Glitches are thought to be directly
related to the superfluid property of the neutron star, especially from its outer core to the
crust. In the outer core, the superconducting protons can form quantised vortices that store
angular momentum. Those vortex lines, in general, are pinned to their position, but there
are processes going beyond the scope of this introduction that allow those vortex lines
to unpin. This unpinning ultimately transfers their angular momentum from the rapidly
spinning core to the slower, but nevertheless fast, spinning surface, increasing its frequency
in the process [230, 248-253]. This is a direct effect of the charged superfluid in a stellar
remnant having an impact on astronomic objects of the size of a small city. Therefore,
studying Fermi superfluids in atomic clouds provides insights way beyond the laboratory
where the experiment is performed.

It should be mentioned that Fermi superfluids are also present in the more speculative
field of physics beyond the standard model, where some exotic types of Cooper pairs are
also a potential candidate to explain dark matter [254—262] and cosmic inflation [258, ]
by extensions of the basic idea of Leggett’s BEC-BCS crossover.

We have seen in this section that the study of superfluids in a laboratory on Earth can
serve as a playground for studying objects that are beyond the reach of any experiment on
Earth. In doing so, we are able to obtain an in-depth understanding of the complicated
physics of some of the most extreme environments in our universe.

1.6 Summary of superfluid systems

To summarise, the fermionic superfluids discussed so far appear in a wide range of sys-
tems in nature. We illustrate those in Fig. 1.8, ranging more than 30 orders of magnitude
in density and 20 orders of magnitude in temperature. At low temperatures and low densi-
ties, one generally finds quantum fluids, depicted in the figure as the blue region, including
6Li, as well as “°K and heteronuclear mixtures. Those are commonly known as ultracold
quantum gases. In this region, we also include liquid *He, which has a density of classical
liquids and hence a much higher Fermi temperature. For densities comparable to liquid
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Figure 1.8: Illustration of various system categories of fermionic superfluids. Blue re-
gion: Quantum gases with circle as low density °Li, square as high density °Li and dia-
mond as liquid 3He [53, , ]. Orange region: Superconductors with circle as heavy-
fermion, square as high 7, and diamond as conventional superconductor [265]. Green
region: Astrophysical superfluids in various stellar objects, depicted as circles for white
dwarfs, squares for neutron star crust and diamonds for neutron star cores [206, -231].
Lastly red region shows subatomic superfluids, the circle represents heavy nuclei and the
square quark-matter superfluids [266].

Helium we find the superconductors as orange region. Due to the lower electron mass com-
pared to atomic masses, their Fermi temperature is above room temperature and, as such,
much higher than that of liquid 3He, despite similar densities. Increasing the temperature
further, we find the astrophysical realisations of fermionic superfluids at densities at least
7 orders of magnitude larger than that of diamond. Those are found mostly in the remnants
of stellar objects, white dwarfs and neutron stars, and span a large range of densities and
temperatures. Those systems are represented as green region. Lastly, the red region incor-
porated in the green one are the subatomic superfluids, which only appear for extremely
large temperatures and densities and are impossible to prepare in any experimental setup.

1.7 Outline of thesis

This thesis is organised as follows. In Chapter 2, we summarise the basic theoretical tools
that are necessary to develop and apply the formalism established in the thesis. In Sec-
tion 2.1, we briefly review the phenomenological development of theories of superconduc-
tivity and their generalisation to neutral superfluids. Afterwards, Section 2.2 outlines the
main framework in which this thesis works, the Bardeen-Cooper-Schrieffer theory of su-
perconductivity and the BEC-BCS crossover in ultracold Fermi gases. As a consequence,
in Section 2.3 we discuss the modern, quantum field-theoretical approach to neutral su-
perfluids by discussing the functional integral approach to the BEC-BCS crossover, the
development of the mean-field theory and tools to go beyond mean-field. As a follow-up,
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we present an alternative formulation of the BEC-BCS crossover by diagrammatic means
in Section 2.4, dealing not only with Cooper pairing, but also with the so-called particle-
hole sector. Because of this, Section 2.5 discusses the issues arising from the formulations
discussed in the previous sections. We point out a certain degree of arbitrariness in the
field-theoretical description, arising from the choice of a Hubbard-Stratonovich channel,
as well as in the diagrammatic approaches, rooted in the selection of Feynman diagrams
included in the theory.

The following Chapter 3 addresses exactly this arbitrariness of both approaches. We
present an extensive discussion of the method we developed in Ref. [P ], going way beyond
the content of the original publication. In Section 3.1 we discuss the need for a systematic
extension of the standard single-channel description of the BEC-BCS crossover in ultra-
cold Fermi gases. Following this, in Section 3.2, we show how this is practically done. By
self-consistently partitioning the interaction, it becomes possible to include more than one
of the three different two-body interaction channels, which are called after Hartree, Fock
and Bogoliubov. In doing so, we formulate a self-consistent framework by applying sep-
arate Hubbard-Stratonovich transformations in all three channels and call it the weighted
Hartree-Fock-Bogoliubov method. We then proceed in Section 3.3 by using the formalism
developed for a spin-mixture of two hyperfine-states of fermionic atoms in thermal equilib-
rium and with equal populations in the framework of a saddle-point approximation. The
resulting self-consistency equations are discussed, and it is shown that the partitioning
lowers the ground-state energy compared to a single-channel approach, which is a special
case included in the presented approach. Additionally, in Appendix 3.A we discuss the
mathematical details of the underlying transformation and a way to generalise the appli-
cation to arbitrary systems.

Next, in Chapter 4 we discuss the implications made by the previously developed for-
malism considering a balanced Fermi spin-mixture in three spatial dimensions and thermal
equilibrium. The original results are discussed in Ref. [P 1], but we present additional find-
ings here that further support the necessity of the developed method. In Section 4.2, we
have to establish an improved two-channel scattering renormalisation, introducing the ef-
fective range as an essential system parameter. This will show that corrections to a truly
universal gas are needed in order to include the particle-hole sector, which is described by
the Hartree and Fock channels. In Section 4.3, we use this renormalisation prescription to
investigate the new ground state of our multi-channel theory by looking at the emerging
Hartree-superfluid region, where, besides the standard superfluid order parameter, also a
Hartree self-energy becomes important. We discuss the weak and strong coupling regimes
and their asymptotics. Thereafter, in Section. 4.4 we investigate the thermodynamic prop-
erties of the ground state by looking at the free energy and its thermodynamic response
functions. In particular, we outline possible experimental fingerprints for testing this find-
ing of a newly emerging Hartree-superfluid phase. As a last part in Section 4.5, we briefly
outline the finite-temperature implications of the developed multi-channel theory. We see
that the Hartree-superfluid will prove to be an intermediate step between a normal fluid
and a conventionally known type-I superfluid. At the end of this chapter, we present two
appendices that contain mathematical details not directly needed to fully understand the
approach presented. In Appendix 4.A we present an explicit calculation that allows for the
first analytic solution to the Cooper pair size in three spatial dimensions. After this, in Ap-
pendix 4.B we explicitly work out the weak- and strong-coupling approximate solutions to
the multi-channel theory, deriving the analytic limits found in the main body of Chapter 4.

After this, we have an in-depth look at correlation phenomena in ultracold Fermi
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spin mixtures in Chapter 5, representing an extended discussion of our original publi-
cation [P2]. We provide introductory comments in Section 5.1, motivating the need for
a precise method to calculate spatial correlation functions due to recent experimental de-
velopments in the realm of continuous quantum gas microscopy. Following this, in Sec-
tion 5.2, we establish a set of basic constraints that any theory dealing with spatial cor-
relations has to agree with, in order to be able to describe an experimental outcome. We
do so by considering only fundamental principles of many-body quantum mechanics. In
order to comply with these restrictions, in Section 5.3 we perform a linear response theory
for Fermi spin mixtures, which explicitly takes the U(1) gauge freedom into account. To
this end, we consider quantum fluctuations of the superfluid pair field, ultimately coupling
collective modes to the density-density response. Following this, we present the results of
our approach in a simplified model system at 7" = 0 and in two dimensions in Section 5.4.
There, we evaluate various density-density correlation functions in real space, yielding
good qualitative agreement with recent experimental data and providing an analytical ex-
planation for the observed anticorrelations between opposite-spin fermions. To finalise our
approach, we go beyond the measured data in Section 5.5, where we make quantitative pre-
dictions for the depth and width of the emerging anti-correlation region. Afterwards, we
present in Appendix 5.A explicit analytical expressions for the loop functions used in the
main text, before we establish in Appendix 5.B the set of Feynman diagrams relevant in
our approach.

We summarise our findings in Chapter 6 concisely by referring explicitly to central
equations and figures. After this, in Chapter 7 we discuss further research directions, some
of which are already work in progress. In Section 7.1, we briefly outline how to extend
the weighted Hartree-Fock-Bogoliubov method from Chapters 3 and 4 to two-dimensional
systems. We discuss the challenges and show first numerical results for the ground state.
Furthermore, we discuss whether the Fermi liquid theory can emerge naturally from our
approach. In Section 7.2, we then discuss the path to a beyond saddle-point description
of the weighted Hartree-Fock-Bogoliubov method. We outline how simultaneous fluctu-
ations in the channels arise and how they couple. We strengthen our discussion by show-
ing how particle-hole fluctuations affect the low-energy Goldstone mode of the broken-
symmetry superfluid phase and how a naive standard procedure from the literature would
fail when trying to include the particle-hole sector. We then take this a step further in
Section 7.3by illustrating how the weighted Hartree-Fock-Bogoliubov framework can be
merged with the Pauli principle condition established in Chapter 5. This is about com-
bining all the findings in this thesis and extending it to a full theory of superfluid Fermi
gases in a mathematically clean, unambiguous framework. Finalising this, in Section 7.4
we briefly discuss non-singular interaction potentials and how to alter our findings in this
spirit, before closing with Section 7.5, where we mention a few other questions, which we
open by the research presented throughout this thesis.

After this, we finalise the thesis with two appendices. In Appendix A, we set up the
mathematical framework in which this thesis is set. In particular, we explain the formal
definition of the quantum statistical field theory we work in. In Section A.1, we work out
the idea of second quantisation. We follow standard textbook procedures in introducing
many-body quantum mechanics from an operator perspective to form a common foun-
dation. We finalise this by introducing the Fermi coherent states. Those states are then
used in Section A.2 to work out the concept of functional integration. In particular, we
define the functional integral in a discrete form to avoid mathematical difficulties. This
becomes important in Appendix B, where we explicitly show how we calculate Matsubara
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sums. There, in Section B.1, we introduce formally the concept of Matsubara summa-
tions, for which we present the most common solution strategy in Section B.2, which is
the contour integration. This method, however, has limited application because it relies
on an ill-defined version of the functional integral. Therefore, we use the discrete func-
tional integral defined in Appendix A.2 and, in Section B.3, develop a new way of solving
Matsubara sums as finite products rather than infinite sums. This comes from the fact that
interchanging operations for formally divergent objects is an ill-defined mathematical op-
eration which obscures the ordering of the coherent states. We avoid this issue with the
new calculation method. Ultimately, we present in Section B.4 a numerical strategy how
to evaluate zero-temperature Matsubara sums.
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Chapter 2

Previous theories of superfluids and
superconductors

If I have seen further, it is by standing
on the shoulders of giants

Isaac Newton, 1675, in a letter to

Robert Hooke
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2.1 Phenomenological theories for superfluids

In the first part of this chapter, we briefly outline two phenomenological descriptions of
superfluidity that are still widely used today. We first focus on the two-fluid model estab-
lished by Landau, describing a superfluid as a two-component system, where one is an
ideal fluid, while the other is a standard fluid having internal friction. After this, we dis-
cuss the Ginzburg-Landau theory, describing the superfluid phase transition, which was
initially developed for superconductors.
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2.1.1 Landau’s two-fluid model

Landau developed the two-fluid model by assuming that superfluid He consists of two
separate fluids with different properties. One fluid would be a standard viscous system,
which represents the normal-fluid parts described by a standard Navier-Stokes equation.
The second, and arguably more important, component is an ideal fluid without internal
viscosity, described by an Euler equation. This is the superfluid part. The respective mass
densities of the two fluids add up to the total density that is p = p, + ps, and their flow is
characterized by their respective velocity vectors v, and vs. The resulting mass current
density in the fluid is then given by

j = PnUn + PsVs, (2.1)

where the superfluid velocity field is usually assumed to be curl-free, i.e. V x vy = 0.
Furthermore, the conservation of particles demands a continuity equation, which is rear-
ranged into a second-order partial differential equation coupling the mass density p and
the pressure p via the Newton-like equation of motion

_ Pp(t,x)
S0
The following results are obtained by standard procedures and are well known in the liter-
ature. Using the GibbsDuhem relation, introducing entropy per unit mass and particle as
s and linearising the continuity equation leads to first, second, and third sound in super-
fluids [267]. Here, we do not perform the derivation directly, but in order to gain a better
understanding, it is worth discussing the results for different sound modes. The first sound
propagates with

0 - V2p(t,x). (2.2)

Ip
op|y
and describes the propagation of pressure modes when the density is altered. The speed
of sound is the isothermal sound velocity. The second sound is always slower than the first
sound, hence the name, and describes temperature waves for constant densities, propagat-
ing with

(2.3)

& -

c2=22T. (2.4)
Pn C
The quantity c stands for the specific heat per unit mass at constant volume. The third
sound velocity is not associated directly with a propagating wave but is a measure of the
coupling of first and second sound. It is a vital quantity in calculating the adiabatic sound
velocity [267].

The two-fluid model was quickly accepted at the time, leading to various applications,
including predictions of first and second sound [268], hydrodynamic and collisionless ap-
plications [269], and much more [270]. Furthermore, microscopic theories were also de-
veloped showing how the phenomenological model arises from a more fundamental the-
ory [271, ]. In this context, it is not surprising that Landau solely won the Nobel Prize
in 1962 ’for his pioneering theories for condensed matter, especially liquid helium’ [273].

2.1.2 Ginzburg-Landau theory

In this section, we focus on a phenomenological approach to describing neutral superfluids,
namely the Ginzburg-Landau (GL) theory. The GL theory for superconductors is rather
complicated. To provide a concise formulation, we focus directly on neutral superfluids.
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T/T.

Figure 2.1: Tllustration of broken U(1) symmetry in Landau theory. Panel (a) shows free
energy functional (2.5) for various temperatures (see legend inset). Panel (b) shows the
value of ¢ which minimizes the free energy for various values of v, versus temperature in
terms of critical temperature 7.

We start with the static Landau theory of phase transitions, as outlined in several text-
books [274-278], which this section concisely summarises. It is based on the concept of a
complex order parameter, which we subsequently call ¢). The idea is to consider the free
energy F’ as a function of 1), which for small values reads

FLy] = algP + ot + (). @5

The simplest assumption is now that 3 > 0, i.e. the free energy has a minimum. The
properties of the actual order parameter depend on the sign of the parameter «. For o > 0,
only the trivial solution ¥» = 0 minimises the free energy. It becomes interesting once
a < 0 since there the previous energy minimum at ¢ = 0 becomes unstable and a whole,
continuous set of solutions emerges, described by |¢)| = \/—«/S. One speaks of sponta-
neous symmetry breaking, since the field acquires a non-vanishing vacuum expectation
value with a different symmetry than the underlying Lagrangian. In this special case, the
symmetry which is spontaneously broken is the U(1)-symmetry of multiplication with a
complex phase. The breaking of U(1) announces a phase transition from a disordered
phase (1) = 0) to an ordered phase (¢ # 0). In a superconductor, the parameter 3 is essen-
tially a constant. However, for « it is assumed that o = a(T" - T¢.), where 7. denotes the
critical temperature of the phase transition. A generic illustration of this is seen in Fig. 2.1
(a), where the free energy (2.5) is shown versus the real part of ¢ = ¢, + i1);. We see
that for temperatures below 7, separate minima develop, while for 7" > ;. only the trivial
minimum 7 = 0 exists. Under those circumstances, the order parameter becomes

T
Y=oy /1~ T (2.6)

where the prefactor is given by 1y = \/T.ag/3. This is illustrated in Fig. 2.1 (b), which

shows various values of 1y over T'/T., sometimes referred to as reduced temperature.
Considering spatial and temporal variations promotes 1) to a complex field ¥ (¢, r).

The dynamics of this field are understood in the framework of the Ginzburg-Landau La-
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grangian density
- 1
Lon =00~ 5 VU —alg? - ot ex)
2m 2

The Euler-Lagrange equation associated with this Lagrangian density reads

O = [—ﬁvQ +a+ 5|¢|2] 0. (2.8)

In order to solve this equation of motion, it is advantageous to decompose the field ¢/ into
the static and homogeneous result 1)y obtained by the Landau free energy functional (2.5)
as well as an amplitude and a phase fluctuation part, reading

»(t,7) = [tho + h(t, )] eXtm), (2.9)

Performing a Taylor expansion for small 4 and x and eliminating the phase x as a dynam-
ical Degree of Freedom (DoF) yields a residual equation for the amplitude 5, which is of
the form
vt [l
0=|0f + — - —V*|h(t, 7). 2.10
Going to momentum space then leads to the dispersion of the amplitude fluctuations £,
which turns out to be a standard Bogoliubov dispersion

w(k) = clk|\/1+~2k?, (2.11)

2 _ aOTc
= _ﬁm

and 72 = /[4may(T. - T')]. For small momenta, this dispersion approaches the regular
Bogoliubov sound mode w ~ c|k| while for large momenta, the free particle dispersion
is approached w ~ k?/(2m). It has to be noted that the phase mode  obtains the same
dispersion (2.11). Only in a relativistic setup, using the relativistic Ginzburg-Landau La-
grangian

with the speed of sound being
(T.-T) (2.12)

£=(0"°) (0u) - ol - S1ol @.13)

two separate dispersion branches for amplitude ~ and phase x occur. There, the phase
fluctuations follow, in a first approximation, a linear sound dispersion due to the Gold-
stone theorem, while the amplitude fluctuations follow a gapped Higgs dispersion. In a
superconductor, electric charge conservation prevents explicit breaking of U(1) symme-
try, and, as such, the Goldstone theorem is circumvented. Regarding the ground state, this
is closely related to the impossibility of a spontaneous breaking of local symmetries, com-
monly known as Elitzur’s theorem [279]. Therefore, a superconductor does not exhibit a
massless and gapless Goldstone mode. Even though the notion of relativistic superfluids
is not further considered in this thesis, the notion of a Goldstone (phase) and a Higgs (am-
plitude) mode often appears in the literature regarding non-relativistic superfluids and also
in this thesis. This is the reason we introduce the concept here in a much simpler setup.
After having discussed the phenomenological GL theory, we continue with the first
true microscopic description of superconductivity, the Bardeen-Cooper-Schrieffer theory.
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2.2 BCS and Leggett BEC-BCS crossover theories

In this section, we investigate the mathematical properties of the Bardeen-Cooper-Schrieffer
theory, describing type I superconductors. Afterwards, we outline Leggett’s version of the
crossover between a BCS and a BEC state for alkaline atoms.

2.2.1 Bardeen-Cooper-Schrieffer theory of superconductivity

Here, we discuss a toy-model description of the BCS theory, which simplifies the com-
plicated phonon-mediated attractive interactions between electrons [280]. The toy model
considers two distinguishable electrons of opposite spin directions 1 and |, described by
the fermionic creation and annihilation operators ¢; g, é: i+ fulfilling the anti-commutator
relation {¢; k., é:,’ k,} = 0ss Opr’ - Only opposite spin fermions interact attractively via a sim-
plified model potential V}, ,» = —g6(kp — |k — k'|), with kp as Debye wavenumber and
g > 0 as interaction strength. This is due to the Debye momentum describing the maxi-
mum wavenumber a phonon can have in a lattice, due to the wavelengths being restricted
via the lattice constant. This is known as the Frohlich model. We follow the presentation
of Refs. [14, 18, , ], using the Hamiltonian

Hpcs = ) Eaklhploe + Y Vi G nl _uly ks (2.14)
sk koK

where & . = k*/(2ms) - 11 denotes the free particle dispersion with 7 = 1. What Schrieffer
realised was that the four fermion operators in the interaction could be wrapped up as
two bosonic operators. Those are associated with the creation and annihilation of pairs
of fermions, which will be denoted by bj, = ¢f €] _j, and its hermitian conjugate. This
introduces the reduced Hamiltonian

Hpes = ), &snll wlore + D View by (2.15)
s,k kK

Bardeen, Cooper and Schrieffer applied a Hartree-like method to approximate the ground
state of this Hamiltonian. Introducing complex modes with the property |ug|* + |vg|? = 1
gives rise to a so-called Bogoliubov transformation, allowing a variational ansatz to the
BCS ground state, which is generated from the vacuum state |0) as

IBCS) = [ (ux +vib}) [0). (2.16)
k

Minimizing the ground state energy Ey, = (BCS|H|BCS) leads to a solution for the modes
u,v in terms of the free particle dispersion &, = k*/(2m) — u and the energy gap of the
superconductor, conventionally denoted as A. The resulting quasiparticle and quasi-hole
amplitudes are

1 ke
Jug|* = 5 (1 + _Ek:) , (2.17a)

o 1, &
[kl = 5 (1 _Ek)’ (2.17b)

respectively. The quasiparticle dispersion used here is

Ep =/ +|A]2. (2.18)
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Element | Mercury [283] | Thallium [283] | Lead [284-286] | Niobium [287]
Op in K 71.9+0.2 78.5+0.2 105 271 +£5
T.in K 4.16 2.38 7.22 9.16 +0.02
T./©p 0.06 0.03 0.07 0.03

Table 2.1: Typical values for Debye temperature Op, critical temperature 7. and relative
temperature 7./Op of some pure metal superconductors.

The energy gap has to be determined self-consistently by the gap equation

1 1 1

-—== —. 2.19
g V kSk)D 2Ek ( )

Furthermore, BCS and later authors worked at 7" = 0, as in a metal the critical temperature
T is small compared to the Debye parameter Op, that is 7./Op <« 1. Some typical values
are shown in Table 2.1.

The BCS mechanism describes weak interactions. It was soon realised that the idea of a
BEC of charged molecules, introduced by Blatt [ 7], is capable of describing the strongly
attracting limit of an electron system. For neutral superfluids, this is more prominently
known as the BEC-BCS crossover, which we discuss next.

2.2.2 Leggett’s BEC-BCS crossover

In this section, we review the basic steps in order to obtain Leggett’s theory of the BEC-BCS
crossover and discuss some fundamental properties. We follow the operator approach out-
lined in Refs. [66, , ], applying a variational perturbative approach in a mean-field
approximation, inspired by Ref. [289]. The starting point is the second quantised Hamil-
tonian

R o B P O O T CTEYO) NCES

being a real-space version of the BCS toy-model (2.14) in continuous space. Here, the
field operators follow an anti-commutation relation {1[15(7“), I;SI(’I"')} = 0sg0 (T — 7) With
all other anti-commutators vanishing. We replace the four-field product in a mean-field
approximation by the anomalous terms, as they lead to superfluidity

Wl@l@i@/}? N (IZWD%Q@T + @M/A)T)l/;WI - WA}WI) (i)
dropping the 7 arguments. Here (o) corresponds to a currently unknown ensemble ex-
pectation value. This approximation neglects particle-hole contributions since they are
thought to be largely irrelevant in mean-field descriptions of superfluids or superconduc-
tors [290]. A great part of this thesis will deal with the question of whether this is really

the case or too large an oversimplification. Defining the superfluid order parameter as
A = g(1,7)y) and treating it as static and homogeneous we obtain

(2.21)

N n v2 R . R R . Al2
Hyr = / d3r {Z Wi(r) l—% - ,u] Us(r) + Ay (r)y (r) + AP ()Y (r) + %} ,
(2.22)
With the above Hamiltonian and the inverse temperature 3 = 1 /T using kg = 1, we cal-

culate the grand-canonical partition function Zyp = It exp(—/BHMF). This gives rise to
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Figure 2.2: Crossover from BCS to BEC regimes at 7' = (. Panels (a) and (b) depict
superfluid order parameter and chemical potential versus 1/kpas. In both panels dashed
orange line represents the BCS solution for weak couplings, while the dotted green line
corresponds to BEC approximation.

the free energy Fyir = —1'In Zyr, whose minimisation amounts to a semi-classical solu-
tion. In short, we replace (o) by the mean-field expectation value (o)yr. To evaluate the
trace, Eq. (2.22) has to be diagonalised. This is done in momentum space, introducing the
fermionic ladder operators

L e kTl (2.23)
VV %

We then diagonalise the system by introducing new Fermi operators in momentum space,
which are

Q&S(r) =

dk = ukém - vkél—k (2243.)

'%c = uk&l;k + ’UkCAL}r’k. (224]3)

This is the Bogoliubov transform also found in the standard BCS approach of the pre-
vious section, using the quasiparticle and quasi-hole modes established in Eqs. (2.17a)
and (2.17b). The diagonalised Hamiltonian reads

2 Y Ko’

Hur =Y Ex (&, 4}) (’“) . (2.25)

k Yk

Its minimisation with respect to the superfluid order parameter and evaluating the trace in
the «, v basis leads to the superfluid order parameter equation

A = gl Z Uy Uk tanh (éEk) ) (2.26)
V% 2

This equation is sometimes referred to as the gap equation. This terminology is not accu-
rate in the BEC-BCS crossover setup as the energy gap in the BEC limit, obtained by the
quasiparticle dispersion (2.18), is given by /2 + |A]2. Hence, the superfluid order pa-
rameter is only equal to the gap in the BCS regime, when p > 0. Furthermore, we obtain
the equation of state via nV = —(0Fyr/0p)r,v, leading to the result

e V2 + upe Pl
n= V Z(@L@k + ]17k>MF = — Z L B (227)

T V4 1+eBB
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The solutions to this at 7" = 0 are shown in Fig. 2.2, where panel (a) and (b) show the
solution of the superfluid order parameter and chemical potential, respectively. For weak
interactions, the chemical potential approaches the Fermi energy, that is u(7" = 0,9 —
0) = ep. In both panels, the z-axis represents the renormalized interaction strength, which
is 1/kpas, where kp = \/2mey is the Fermi momentum. The s-wave scattering length is
the renormalised interaction strength and obtained via the Lippmann-Schwinger Equation
(LSE) [87] as

1 m m
—=- +y —. 2.28
g 4mas Zk: K (2:28)

Instead, evaluating the two self-consistency equations at 7" = 7. requires setting A = 0.
With this, we obtain the critical temperature approximately as

T, w LB o™ Tl (2.29)
8 e2
using g ~ 0.577 as the Euler-Mascheroni constant [66].

This mean-field approximation is only valid for the weakly interacting BCS side. To
achieve the crossover towards the BEC side and to make reliable predictions, we need a
beyond-mean-field theory. This is difficult to accomplish in an operator approach, although
Refs. [66, ] outlined an idea on how to perform this. The more established approach
in the literature is the functional integral approach, which is discussed in the next section.

2.3 Functional integral approach to BEC-BCS crossover

In this section, we discuss the basis of this thesis, the functional integral approach to the
BEC-BCS crossover. It was first developed by S4 de Melo, Randeria, and Engelbrecht in
1993 and 1997 [¢7, 88] and is based on the mathematical many-body description presented
in Appendix A. The modern theoretical description of the BEC-BCS crossover starts with
the Lagrangian density of a contact interacting spin-mixture of two distinct states of the
same atom with mass m, which reads

Loy {wx) G5 (.2 () - gwx)%(x)m(x)wm)}, 230

with 1,1 as fermionic coherent states that are eigenstates of the field operators &T,zﬂ.
Here, both pseudo-spin states also have the same chemical potential 1, indicating identical
spin populations. Furthermore, = = (7, ) denotes the joint space-time position and

2
Gol(x, ) :—8T+2V—m+u (2.31)

represents the inverse single-particle Green’s function. The action of this system reads
S = [ dzL with dz = d7d3x being the joint space-time measure. The partition function is
defined by

o DT ST
zZ- i@w,w]e | (2.32)

Here, ¢, stands for the anti-periodic functional integral and @ represents the functional

measure. We go deeper into the details of the underlying field quantisation in Appendix A.2.
To evaluate the partition function, we invoke a Hubbard-Stratonovich (HS) transforma-

tion that couples the fermions 1, to the complex pair field A, A. Thus, we decouple the
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fermions, making the functional integral executable. This is a standard procedure seen in
many textbooks, see for instance Refs. [274, , ]. To perform the functional integral
end, we go to momentum space (7,x) = z - k = (ik,, k) with k being the momentum
and k, = (2n + 1)7T, for n € Z, defining the anti-periodic Matsubara frequencies. This
results in the effective action

_ _ AA
SHS[A;¢,¢]=ZZ{¢kq/z[—G‘l(k,kw)]wM/g+5V ‘fg } (2.33)
kE q

using the Nambu-Spinor
T —
Progz = (Vregp Vikos2) (2.34)

and the inverse Nambu-Gor’Kov Green’s function

= _(Cikn =€) g0 -A-
G (k,k +q) _( ey 5%0). (2.35)

This gives rise to the grand-canonical partition function

_ " N -Sus[Asth,ah]
2~ § D[] § DA, AJe , (2.36)

with §, denoting the periodic functional integral over the bosonic degrees of freedom.
The action is now quadratic in the fermions, and hence they can be integrated out, leading
to an effective action depending solely on the bosonic auxiliary field

See[A] = -Trln [—ﬁé’l] +BVY %. (2.37)
q

We use the basis-less version of the Green’s function as an operator, as established in the
Appendix in Eq. (A.81), and Tr denotes the full trace.

We perform a Saddle-Point (SP) approximation since for any partition function, the
classical path has the largest contribution in the functional integral, as the action appears
with a negative sign in the exponent. We obtain the classical path as the solution of the
Euler-Lagrange equation by extremising the action. To this end, we perform the decom-
position

Ay =Agdg0+ g, (2.38)

where A stands for the static and homogeneous classical field and 7, the quantum fluc-
tuation around it. We separate the fluctuations by writing the inverse Green’s function in
momentum space as

A =1 A =1 A~
G (k, k') = (KIG [K') = (k|Gsp ~ EIK'), (2.39)

with the inverse SP Green’s function being

_ , o1, ik, — -A
Gt = (Gl - (5% 70 o 2:40)
and the fluctuation matrix
— / _—07./ 0 -k’ —
=) WE) = () o st @aD
Nir i
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where we use the spin-raising and lowering matrices o, = (o, +i0,)/2 with o, and o,
as first and second Pauli matrix, respectively. Expanding the action in Eq. (2.37) up to
second order in 7 results in

Serr = Ssp + Svin + SGauss + 0(77)3. (2.42)
We call
o 2
Ssp = -Trln (—5GS;) + 5v& (2.43)
g

the SP action, giving rise to the SP conditions, which is the superfluid order parameter
equation. It arises from minimizing 0Ssp/0Aq = 0. This is an equivalent derivation of
the Leggett theory derived in Eq. (2.26). As a result, it is straightforward to show that the
linear terms of the action

AOﬁq + ZOT]Q

Stin=-Tr{-GspE} + BV Y (2.44)
q

vanishes as it obeys Spi, < 0Ssp/IAg = 0. Therefore, the effects of quantum fluctuations
arise on a Gaussian level, of which the action reads

1 . A R 2
SGauss = 5Tr {GspEGspE} + 8V Y. @. (2.45)
q

It is known that the SP description is flawed and qualitatively fails when evaluating the
critical temperature of the superfluid to normal fluid phase transition. For comparison, see
the pink curve in Fig. 1.6. This is rooted in the resulting grand-canonical potential

Qsp(ViT,p) Ao 1 2 -
sp(V )=|;I _V;[Ek_ngrEln(lJreﬁE’“)] (2.46)

and the corresponding Equation of State (EoS). There, the contribution of the composite
bosons is neglected, and only the unbound fermions are included. For weak interactions,
where most fermions are unbound, this is an appropriate approximation. However, for
stronger interactions, this is no longer valid, as most fermions are found in bound states.
To correct the SP grand-canonical potential (2.46), either diagrammatic means are needed,
as was worked out in the 1980s in Ref. [80], or, like in this section, one has to go up to the
Gaussian order as shown by Refs. [87, 88].

2.3.1 Gaussian Pair Fluctuations

To improve the SP partition function, we approximate (2.36) up to second order in 7. The
result is the so-called Gaussian Pair Fluctuations (GPF) partition function

Zwn e—SSp ﬁ @[ﬁ’ n]e_s(}auss[ﬁvn] = ZSPZGPF' (247)

This causes the SP grand-canonical potential from Eq. (2.46) to be extended to

K Qsp + QGPF- (248)
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Let us consider in more detail the trace term in Eq. (2.45). We evaluate the trace in the
plane wave basis, yielding

Tr{GspEGspE} = . tr(k|GspEGspE[k) (2.49a)
k
= > tr(k|Gsplp) (pIEIK) (K |Gselp) (1 |E|F) (2.49b)
k,k",p,p’
= > tr{Gsp(k)E(k, k') Gsp (K )E(K k) }, (2.49¢)
kk'

where tr stands for the trace over Nambu (Spin) space. Further, we used Eq. (2.41) for the
fluctuation matrix and the Green’s function representation

. 1 ik, — A
(k|lGsp|k') = R - F (Z Zogk i f{k) Ok = G'sp (k) O, (2.50)
n k2 n

with the quasiparticle dispersion from Eq. (2.18). To continue, it is advantageous to intro-
duce some more terminology in expressing the Green’s function (2.50) as

" Tl
G -(G8) FD).

where the diagonals (off-diagonals) are called the normal (anomalous) Green’s functions.
With this, the Gaussian action is of the form

Lo Yg-x+-(0)  ~x—(0) \(m
Sams = 505 (7, %)( xer(@) 1/9—X_+(Q))(ﬁq)’ 222

with the fermionic loop functions (susceptibilities)
1
Xexr(0) =5 D tr{Gsp(k)7.Gsp(k +q)v.} - (2.53)
e

Here v, = o, and «v_ = o_ denote spin raising and lowering matrices, denoted as vertices.
We further introduce the renormalised loop functions

v
Lan(q) = Eéab - Xab(q) (2.54)

which then yield the GPF action to become

SGauss =

N

>.1,L()n, (2.55)
q

We integrate out the fluctuations as they constitute a Gaussian functional integral, resulting
in the GPF partition function
1
Z = _— F_l 2.56
apr = | | et T(q) [1T7(9), (2.56)

q q

with T'(¢) = detT'(¢) as pair vertex function and det as determinant in Nambu space.
With this, we obtain the GPF part of the grand-canonical potential as

Qcpr =T Y InT(q). (2.57)
q
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To obtain the EoS we make use of Eq. (2.48). Being careful with the partial derivatives,
including the depletion of the order parameter, as was first described by J. Keeling et
al. [93], we find

0Qapr
o

_ Qcpr
04

0o (1)
o

Vngpr = - (2.58)

T,V,Ag T.V,u TV

We now briefly discuss the consequences in two cases: collective excitations and the GPF
critical temperature.

2.3.2 Collective modes

To investigate the collective modes, we restrict the discussionto 7" = 0 [88]. We decompose
the pair fluctuations according to 7, = A, + i6,. For small fluctuations, A, is associated
with the amplitude and ¢, with the phase fluctuations. Performing this basis change results
in the pair propagator

(2.59)

0+ .
Fcon(w+i0+,q) — (Fxx(w"'ZO aQ) ny(w+20 ,q))’

[ye(w+i0%,q) T'yy(w+1i07,q)

this time using 7, , = 0, in the definition of the renormalized loop functions (2.54).
Here we used the analytic continuation ¢q, - w + ¢0*, ensuring time order and, as such,
causality. The action of the collective modes becomes, up to irrelevant constant terms,

Seoll = %ij [ : dw (A_q(-w) O_g(-w)) Leon(w +i0*, q) (2;1((;“’))) . (2.60)

A collective mode exists for (w, q) if and only if det T'cop(w + 70, @) = 0. Evaluating the
collective modes in general is a numerically hard task, as for frequencies larger than the
pair breaking Epp = ming{ Ej, + Ej.q}, detI'(w +i0*, g) has a branch-cut identified with
the continuum of broken pairs. However, for small energies w << Fpp and small momenta,
approximate solutions can be found analytically. For instance, Refs. [88, 122] showed that
amplitude and phase decouple at zero frequency, i.e. the matrix T, (0 + 70", ) becomes
diagonal. Only here can one speak of pure phase (Goldstone) or amplitude (Higgs) modes,
while for |w| > 0 these modes mix. Further, at zero momentum, we find
I,.(0+i0%,0) 0)

(2.61)

A _
I‘COn(O +10 ,0) = ( 0 0

where ', (0 +70*,0) # 0 is the gap of the amplitude mode. This means the phase fluc-
tuation propagator has a pole at zero energy and momentum, indicating a gapless mode.
This is the broken U(1) sound mode found in neutral superfluids due to the Goldstone

theorem [90, 91]. For small momenta, the Goldstone dispersion becomes
W (q):c|q| 1-}—1(@)24-&(@)44_0(@)6 (2 62)
@8 8 \me 16 \mc me) |’ ’

for some expansion parameters v,n which are functions of the interaction parameters.
The Goldstone speed of sound ¢ was calculated in 3D [88] and 2D [107] using the above
outlined formulation. The amplitude fluctuations also exhibit a collective mode, which is
gapped by Epg, thus being located in the pair-breaking continuum, damping it.

After discussing the collective excitations in the ground state, we focus on the critical
temperature for the superfluid to normal-fluid transition.
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2.3.3 Ciritical temperature

When approaching 7' — T, we have |Ao| - 0 so the off-diagonal elements of I'(¢) van-
ish [87]. This leaves only the diagonal entries I',_ = I'_, = I'y. Thus, we find the pair
susceptibility in the normal state, which reads

| o L=nr(k) — nr(Eriq)
Xpalr(Q) - Zk: (gk: + fk+q) — ZQe )

with g, as bosonic Matsubara frequency and ng denoting the Fermi-Dirac distribution.
With this, the vertex function in the normal state becomes

(2.63)

1%
[o(q) = s Xpair(¢)- (2.64)

Eliminating the bare coupling g by using the Lippmann-Schwinger equation (2.28) we
obtain the regularized vertex function

Lo(q) =

(&k + Ekrq) — 10 K (2.65)

ll (k) —nr(Skig) ™

k

To evaluate the critical temperature, we first convert the summation over the bosonic Mat-
subara frequencies in Eq. (2.57) into a real frequency integral by a Kramers-Kronig like
relation known as the trick of Noziére [292]

o demF w + 107,
oliaa)= [ OZ(qe +ira) (2.66)

using analytic continuation iq,, — w + ¢0*. The derivation of the above expression is
straightforward, but for the sake of conciseness, we do not demonstrate it here. Evaluat-
ing the Matsubara summation in Eq. (2.66) using the residue theorem results in a Bose
distribution, yielding the GPF grand-canonical potential in the form of

1 oo
Qapr = - > / dw np(w)ImInTy(w +i07, q). (2.67)
q —00

Physically JmInTg(w + i0*, q) represents the phase of the retarded inverse pairing T-
matrix, connected to the scattering resonances in the system. This phase consists of two
separate contributions. The first contribution is related to the pair-breaking continuum,
where the energy w is larger than twice the gap of the quasiparticle dispersion and hence
breaks the pairs. The second one only arises when the scattering length becomes positive.
This announces the emergence of a true two-body bound state, in contrast to the Cooper
pairs already found in the SP description, which are many-body bound states. For strong
interactions, the two-body bound states contribute significantly to the pair vertex func-
tion and, as such, greatly affect the GPF grand-canonical potential in Eq (2.67). One can
evaluate the critical temperature using two equations. The first is the Thouless criterion
corresponding to the Cooper instability. It is defined as the vanishing of the pair vertex
Eq. (2.65) for zero momentum and energy

k9
43 [tanh(”c) - ﬁ] ~0. 2.68)

r 0)
ol0: 28k K

47ras
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Figure 2.3: Feynman diagrams of pair fluctuations in normal state. Panel (a) represents
bare two-particle interaction as a dashed line. Panel (b) depicts SP Green’s function of
momentum k = (ik,, k) as a solid line. Panel (c) visualises pair susceptibility via propa-
gation of two pairs with centre of mass momentum ¢ = (iq,, g). Those are used in ladder
summation of panel (d), where a geometric series generates pairing T-matrix I'. All inter-
nal fermionic momenta are denoted by p rather than .

This corresponds to a pole in the many-body T-matrix I';'(¢), showing the emergence of
Cooper pairs at zero momentum. The second equation determines the chemical potential
at the critical temperature and formally reads

1 0Qgp

B 1 0gpr
V. o

v ol

n= =Ny + NGFP, (2.69)

TV

TV

where the second term arises from Eq. (2.58). There, the order parameter derivatives
vanish in the normal state due to A, = 0. Solving Egs. (2.68) and (2.69) self-consistently
leads to the critical temperature depicted as the solid blue line in Fig. 1.6, improving the
SP result, shown as pink curve. This evaluation is restricted to the 3D case since only the
collective modes arising from small quantum fluctuations are relevant. In contrast, when
fluctuations are not assumed to be small, quantised vortices also arise. Those are of great
importance in 2D due to the BKT mechanism.

Having discussed the effects of quantum fluctuations in the functional integral ap-
proach, we switch gears and discuss the diagrammatic technique.

2.4 Diagrammatic approach to BEC-BCS crossover

A different formalism for incorporating beyond mean-field effects and describing the BEC-BCS
crossover is based on Feynman diagrams. They also serve as a powerful tool, since they
offer a straightforward physical interpretation. However, their application relies heavily on
physical intuition about the relevance of certain diagram types, while functional integra-
tion provides a more structured way of calculating, but lacks a direct physical interpreta-
tion. In this section, we first discuss the idea of describing pair fluctuations using diagram-
matic methods. We mostly follow the idea of NSR [80] and some follow-up works [81,

]. After this, we review particle-hole screening, known as the GMB extension, which
relies on a different choice of diagrams.
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2.4. DIAGRAMMATIC APPROACH TO BEC-BCS CROSSOVER

2.4.1 Pair fluctuations from diagrammatic theories

As the name suggests, pair fluctuations include the description of pairs of two opposite-
spin fermions. These pairs are described by the propagation of the two fermions with
a fixed momentum relation. Diagrammatically, we describe the propagation of a single
fermion by a solid line with an arrow depending on the propagation direction, a spin index
and a momentum. This is seen in Fig. 2.3 (b), coming from the normal state. We use
certain Feynman rules here. First, the interaction g is denoted by a dashed line without an
arrow, see panel (a). Connecting fermionic lines is only possible either at an interaction
vertex g, connecting four fermion lines, or a direct fermionic vertex, connecting only two
lines. Atany vertex, momentum and spin have to be conserved. Therefore, the propagation
of a singlet pair, consisting of an 1 and a | line, can not be a closed loop because of the
spins. Thus, the pair susceptibility has to be constructed of two parallel lines, see Fig. 2.3
(c). Since k is a free parameter in this diagram, not constrained from the outside, we sum
over k. Furthermore, we suppress the spin index here, as for balanced populations in the
normal state, we have a perfect SU(2) symmetry. This indicates that the pair susceptibility
in Eq. (2.63) is constructed as a ladder of Green’s functions

Xpair(q) = —5 Z Gsp(—k)Gsp(k’ + q) (270)
k

The pairs can also interact, so we have to combine two pairs susceptibilities via an interac-
tion vertex g. The full vertex function is then the geometric series of all interaction events,
as illustrated by the box in Fig. 2.3 (d). This is known as the Ladder summation [78, 80,

, 4] and reads
- X air(Q) X air(Q) X air(q)
VI q) = g+ g=2 + g2 E o 2.71
0 (D) =9+9=——"9+9=— 9=, 9 (2.71)
This geometric series is solved analytically to reveal
VI5i(q) = 7 2.72)

1= gXpair(q)/V’

which, when inverted, leads to Eq. (2.64) already found in the functional integral approach.
Further rearranging the pair vertex function reveals

VT (q) = g[1+ xpair ()T (q)], (2.73)

showing that the geometric series obtained in Fig. 2.3 (d) and Eq. (2.71) is the ladder
approximation of the Bethe-Salpeter equation [81]. We note that in most diagrammatic
approaches, the volume factor V' is defined in the pair susceptibility (2.70). To stick to the
convention used throughout this thesis, we do not do this, at the cost of the volume factor
appearing in Egs. (2.71) and (2.72).

After discussing the diagrammatic approach to the pair fluctuations, we continue by
considering a different set of diagrams, leading to the particle-hole screening known as
the GMB mechanism.

2.4.2 Particle-hole screening

Particle-hole screening was first introduced by GMB [94] for superconductors. The basic
idea is that the presence of particle-hole processes screens the interaction and, as such, re-
duces the superfluid order parameter. This leads to a reduction of the critical temperature
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Figure 2.4: Feynman diagrams of particle-hole induced interaction screening. Panel (a)
depicts particle-hole susceptibility of opposite spin. Panel (b) represents screening of in-
teraction in ladder diagram by particle-hole pairs being created and annihilated. Panel (c)
shows a different type of screening used in the generalised GMB theory, where a particle
converts into a hole and back. Panels (b) and (c) show the infinite summation of diagrams
of the same type, both known as bubble summations.

by a numerical factor of 2.2 in the weakly interacting limit. Here we discuss the mod-
ern implementation of the GMB mechanism for neutral superfluids, which goes beyond
the original idea, see Refs. [78, 97, 99]. The emergence of particle-hole interactions, in
its most fundamental form shown as the particle-hole susceptibility in Fig. 2.4 (a), screens
the bare interaction appearing in the ladder summation, shown in Fig. 2.3 (d), by replacing
g with g.g. The respective summation is shown in Fig. 2.4 (c) and represented as the thick
dashed line. GMB [94] initially only considered processes up to O(g?) as corrections to
the ladder summation found in the pair fluctuation theory, compare the first two diagrams
used in Fig. 2.4 (c¢). The modern approach discussed here takes into account the full re-
summation of all diagrams up to infinite order. As such, the total effective interaction

reads
g

L+ gxpn()/V"
with ¢ denoting the centre of mass momentum. The particle-hole susceptibility in the
normal state is given by

Uett (q) = (2.74)

Xon(9) =B Gsp(p+q)Gsp(p), (2.75)

where Ggp stands for the saddle-point Green’s function. Again, since the two spins obey a
SU(2) symmetry, we neglect the spin indices when dealing with the Green’s function. At
low temperatures and weak interaction, only s-wave interactions take place, which happen
exactly at the Fermi surface, meaning that the effective interaction can be approximated
by a constant

g
Jeff ¥ T 75 (2.76)
l-g (Xph)/ 4
Here, the angular average of the particle-hole susceptibility is approximated by [97, 98]
(Xpn)  In(4e) mky
N — . 2.77
V 3 272 @.77)

Using this, we replace the inverse bare interaction in the Thouless criterion (2.68) by

11 . In(4e) mkg

P o+ 09): (2.78)
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In combination with the SP EoS (2.27) this leads to a reduced critical temperature, reading

GMB 2\7/3 y o
T N (—) —Tre Zkrasl, (2.79)
e s
Comparing this with the mean-field critical temperature seen in Eq. (2.29), we find that it
is reduced by a numerical factor of (4e)/3 ~ 2.2. It is also possible to extend this beyond
weak coupling, which has been done, for instance, in Refs. [97, 99]. However, this is
beyond the scope of this introduction.

This finishes the discussion of the three distinct formulations of the BEC-BCS crossover
used in modern condensed matter theory. Those three approaches, while able to success-
fully describe the crossover, all share one major flaw: a certain degree of arbitrariness. We
elaborate on this issue in the next section.

2.5 Arbitrariness of approaches

In this chapter, we have discussed so far how to develop a theory of the BEC-BCS crossover
from first principles. Furthermore, we presented its mean-field approximation, as well as
extensions based on pair fluctuations and the GMB mechanism. However, the choices
made here intrinsically possess some degree of arbitrariness. In an operator-based ap-
proach, when using an Hartree-Fock-Bogoliubov (HFB) approximation, all three interac-
tion channels can be accounted for. However, this has the possibility of overestimating
the energy as a variational approach is done on the level of the Hamiltonian, potentially
assigning the same state to several scattering events. Conversely, in a functional inte-
gral approach using a HS transformation, only one channel can be chosen. Although the
transformation is exact, when performing explicit calculations, the ambiguity of the trans-
formation causes issues, as on any level of approximation, the choice of the interaction
decomposition has a massive impact on the outcome. This is best seen if, instead of the
pair field, the density fields, i.e. for charged systems, the plasmons, are considered. In
such a case, no superfluid or superconducting properties can be described. Lastly, in di-
agrammatic approaches, the choice of diagrams has the same effect. For instance, when,
instead of choosing the GMB type diagrams, we would apply a different type of particle-
hole screening, for instance, by the diagrams seen in Fig. 2.4 (b), we would find an entirely
different critical temperature. Although this process is thought to be strongly suppressed in
ultracold s-wave systems [97], the choice of neglecting those diagrams has to be made arbi-
trarily, or out of physical intuition, both of which lack systematics. The choice of diagrams
has the potential of strongly altering the theoretical outcome, analogously to the choice of
the HS decomposition. In an experiment, however, all diagrams contribute, even though
with different relevance. Hence, a systematic approach of sorting the numerous families
of processes is needed. This arbitrariness will be addressed in the next chapter, where we
develop the weighted Hartree-Fock-Bogoliubov method as a self-consistent field theoret-
ical approach of sorting competing processes in a quantum many-body system. We will
base the method on the functional integral formulation of quantum field theory to avoid
the ambiguous choice of diagrams.
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CHAPTER 3. WEIGHTED HARTREE-FOCK-BOGOLIUBOV THEORY

3.1 Introduction

The functional integral theory of superfluidity was established by the work of Sa de Melo,
Randeria, and Engelbrecht, published in 1993 and 1997 [87, 88]. Those approaches mostly
focus on short-range s-wave interactions, even though generalisations to p- and d-waves
were subsequently worked out [293, ]. All functional integral approaches have in
common that they include only the Bogoliubov channel, responsible for the emergence
of Cooper pairs. Other approaches work in a diagrammatic framework [80, 81, 84, ,
], where the choice of included diagrams poses a bias. Typically, only the diagrams
responsible for pairing are included, and no Hartree shift emerges on a mean-field level.
It is known that for weak interactions, particle-hole processes play an important role
in renormalising the critical temperature of superfluidity and superconductivity, known
as the GMB mechanism [94]. On a mean-field level, those particle-hole processes are
associated with the Hartree shift of the chemical potential. As such, they are treated in
most approaches as a constant shift of the chemical potential and hence they are formally
absorbed into it or even neglected [28]. The value of the chemical potential with respect to
the band minimum, however, determines the number of particles in a system. Therefore,
an exact quantitative prediction of the chemical potential is crucial for any experiment.

Some recent publications included the Hartree channel into the framework [ 154, ,

]. Those approaches lack a controlling mechanism to prevent overcounting the quan-
tum states involved. They impose an arbitrary decomposition of the interaction, which
introduces another bias into the theory. As such, a more fundamental treatment is needed
to remove this arbitrariness.

A second source of problems arises when performing the standard regularisation of the
interaction. The energies associated with particle-hole processes generally scale with the
bare interaction strength, which any regularisation scheme must account for. A widespread
strategy in the literature is to extend the weak coupling approximation of the bare interac-
tion strength to stronger interactions, which causes unphysical divergences of, for instance,
the chemical potential and ground-state energy [28, ]. This led to the wrong conclu-
sion that the Hartree shift has to be neglected in cold atomic Fermi gases to avoid these
divergences.

In this chapter, which is a more detailed version of Ref. [P 1], we show that the common
approach of including the particle-hole sector in the mean-field theory of the BEC-BCS
crossover is problematic. We show how to partition the interaction consistently and how
minimising the action, as a fundamental principle, solves all the problems listed above.
Further, we demonstrate that the Hartree shift is an essential ingredient when describing
weakly interacting Fermi gases and investigate how its relevance decreases as interactions
grow stronger, until a gas of composite bosons is reached.

3.2 Decomposing interactions

In this section, we review the action of s-wave interacting fermions in a continuum. Sub-
sequently, we decompose the interactions into all possible channels, i.e. the Hartree, Fock
and Bogoliubov channels. We perform separate Hubbard-Stratonovich (HS) transforma-
tions in each channel to eliminate the quartic interaction term in the Lagrangian in favour
of bosonic auxiliary fields.
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3.2. DECOMPOSING INTERACTIONS

3.2.1 Action of interacting fermions

We start the discussion by analysing the Euclidean
action! of a Fermi spin mixture. The action func-
tional is the integral of a Lagrangian density £ over
the D-dimensional spatial coordinate  and imagi-

nary time 7, which we express as We use aunit system with 5 = 1

and kg = 1. This means that

— D B frequency is equivalent to en-
Sl v] = /dxﬁ:[d .’1:/0 dr £ @G.D ergy (h = 1) and temperature
(kg =1).

Here 3 = 1/T denotes the inverse temperature. In- |
stead of deriving and solving the Euler-Lagrange
equations of the fields associated with £, we take
the thermodynamic approach. Thus, we introduce the partition function

Z=Tr {e-ﬁﬁ } , (3.2)

where H is the original Hamiltonian operator and Tr represents the operator trace. In
the following, we calculate Z, using the second quantised version of the Feynman path
integral [298, 299]. The path integral approach is a formulation of quantum mechanics
equivalent to the operator-based formalism developed by Schrodinger, Heisenberg, and
Bohr, which we review in Appendix A.

The Lagrangian density in Eq. (3.1) consists of a kinetic energy term and an interaction
term. The kinetic Lagrangian density of a set f of |f| = M different species of fermions
in a grand-canonical ensemble reads

Lo=Y () [aT - % . us] V(). (3.3)

sef

Here v, 1) are the fermionic

Grassmann fields, J, stands

inary time, V the gradient
in real space, ms the mass
of the species s, and s the
chemical potential, control-
ling the number of particles
N of each species. Hence-
forth, we consider the dif-
ferent species s € f as in-
ternal degrees of freedom
of the fermions, which are
throughout this thesis mostly given by their pseudo-spin. The object in the brackets is
the negative, inverse free particle Green’s function of the species s

Two-particle scattering is an approximation, valid
when the timescale ¢;,; of an interaction is much
smaller than the time between two interactions t.
When t;,¢/to << 1, we assume that most interactions
involve exactly two particles. In experimental setups,
higher scattering processes create loss channels which
become important on longer timescales [300-307].

G (aa) = -0, 4 Vo (3.4)
s,0 ) T 2m ;U/s- .

S

IFor convenience, we will, from now on, refer to the Euclidean action simply as action.
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CHAPTER 3. WEIGHTED HARTREE-FOCK-BOGOLIUBOV THEORY

In order to describe any interesting physical system, we also have to include interac-
tions between the particles. In the remainder of this thesis, we will restrict ourselves to two-
particle interactions as a powerful theoretical idealisation. This interaction is described by
a bi-local potential U (x, '), where @, x’ are the positions of the two particles. Because
the timescale of the interaction is small compared to the other timescales in the system, we
assume instantaneous interactions, so the potential U does not explicitly depend on time.
Furthermore, we care for translational invariant systems, yielding U(x, ') = U(x - =').
The interaction Lagrangian density then reads

Lint = / da’ Z () (U (2 - )5 (1 = 7" )by (2" ) (2). (3.5)

ss’ef

The full Lagrangian density is just the sum of those two terms
L=Lo+ Lo (3.6)

In the functional integral approach, the partition function results from an integration over
all possible anti-periodic field configurations of the Grassmann fields, reading

- b =S[¥] - b ~S[y.]
z-  § DS - § D[ yle T, (37)
P(0,2)=-¢(8,z)

where, after the second equality, the A subscript of the integral sign is an abbreviation for
anti-periodic. Conversely, for bosonic integrals, where the coherent states are complex-
valued functions periodic in imaginary time, we use a P subscript. The partition function
encodes all the thermodynamic information of a system.

3.2.2 Contact interaction

For the remainder of this thesis, we deal with low-energy s-wave interactions. This means
that, when decomposing any interaction potential into partial waves, only the leading-
order contribution will be of interest. The scattering channel of lowest energy, the s-
wave channel, has no angular momentum ¢ = 0 For higher angular momenta, the potential
obtains the so-called centrifugal barrier, scaling as Ecg ~ (2.
The typical energy scale

of the scattering events is of

T'. For temperatures typical
in quantum gas experiments,
we have T' << Ecg. Further-
more, quantum gas setups in
general deal with dilute sys-
tems. This means that the
typical distance between par-
ticles d ~ n=1/P is at least an
order of magnitude smaller than the interaction range. Henceforth, we approximate the
interaction as contact-like. This strong restriction makes calculations much easier, as mi-
croscopic details can be disregarded, giving rise to the concept we will call strong uni-
versality. In this thesis, however, we will find out that strong universality is theoretically
impractical, as its very founding idea that the thermodynamic properties of a quantum gas

Strong universality means that all the properties of a
system are expressed by a single internal length scale,
the s-wave scattering length as. Furthermore, we have
two external length scales, associated here with the
density n and the thermal wavelength Ay ~ /7.
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depend only on two length scales and not on the microscopic details of the potential, pre-
vents us from incorporating important physical effects. In any case, contact interaction is a
useful tool to describe the general behaviour of a dilute ultracold system and consequently
is used excessively, though with some caution. For contact interactions, we use

Ug (- 2') = +g0P (2 - x') (1 - by, (3.8)

where the sign determines the nature of the interaction. We use the convention g > 0,
meaning a positive sign represents repulsive while a negative sign stands for attractive
interactions. The final bracket ensures that equal spins do not interact in a contact-like
manner due to the Pauli exclusion principle. In the literature [28, , ] one often
finds a replacement rule of the bare interaction in favour of the s-wave scattering length,
g o< ag. This is an approximation valid for weak interactions only, where the range of
the interaction is larger than the scattering length and should not be used for arbitrary
interaction strengths. Using Eq. (3.8) we find the action to simplify to

S[o.vl= [do ¥ {m) [-Gab(e, )] ) - 0 zas(xms,(wwy(x)ws(x)}.

s/+s

(3.9)
This is the standard action used in many functional integral approaches to the BEC-BCS
crossover [87, 88, , , , ] with great success. However, the model quickly

reaches its boundaries due to the aforementioned singularity of the interaction. However,
as long as those validity regions are respected, it can predict many physical observables
with great accuracy. In the following, we introduce the standard procedure of the Hubbard-
Stratonovich transformation and its ambiguity. Following this, we present the Weighted
Hartree-Fock-Bogoliubov (WHFB) method as a resolution of this ambiguity, which gives
name to this chapter.

3.2.3 Ambiguous interaction decomposition and its cure

In this section, we apply the Hubbard-Stratonovich (HS) transformations in various inter-
action channels. It is an exact method to deal with interacting systems, first published by
R. Stratonovich [308] and shortly after by J. Hubbard [309]. The transformation involves
introducing a bosonic auxiliary field that couples to quadratic fermion terms. However,
the transformation is ambiguous, which was already pointed out in Ref. [289]. Since two
Fermi fields are eliminated in favour of a bosonic field, the choice of which two fields to
eliminate has a physical meaning. Those choices are referred to as channels, which are
better understood in the operator-based HFB approximation.

Context: Hartree-Fock-Bogoliubov approximation

In a HFB operator approximation [310, 311], the quartic interaction decomposes like
dizﬁ;’zﬁsﬂﬁs N+ (@;&Q@;zﬁs’ + (di’?ﬁs»z&;lﬁs - <T$§¢s>(¢s’d}g’>
- (1[];‘772)5’ )1&2’&5 - (@@ZJS)@@/@' + <77Z)§7J}s’ ) (&;%ﬁs) (3- 10)
+ (&i&i’)&s’&s + (&s’@s)&l&i’ - (&;&i’)(lzs’&S)

Here we used t(z) as the respective field operator associated to y(x).
Furthermore,(o) denotes the operator expectation value.
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In Eq. (3.10), the first line stands for the Hartree, or direct, channel. Itis associated with
a shift in the chemical potential proportional to the density. The second term is the Fock,
or exchange, channel. It involves spin flips and acquires an overall negative sign because
the fields describe fermions. Those two terms are commonly known as the Hartree-Fock
approximation, which is widely used in solid-state physics. One seminal application is the
Jellium model of conductivity, where both Hartree and Fock energies are necessary for an
adequate description [274]. Those two channels are particle-hole processes. The last term
is vital for superconductivity, the Bogoliubov or pairing channel. It is, in contrast to the
former two, a particle-particle process in which the associated quasiparticles are Cooper
pairs. Note that Bardeen, Cooper and Schrieffer did not explicitly use this decomposition
in their original work [ 18], although it became common later.

Interaction channel decomposition

After this short foray, we focus on the anal- Definition: Particles and holes

ogous formulation within a functional in-
tegral approach. Here, the ordering of the
fields in the Lagrangian is associated with
one channel. The Lagrangian density present
in the action in Eq. (3.9) is in normal order,
such that the vacuum has no energy. In-
cidentally, this is already the order fitting
the pairing channel. When doing the HS
transformation, the bosonic field is associ-
ated with the first or last two fields in the
interaction Lagrangian. Since performing a HS transformation eliminates the interaction
term, most authors choose one channel by physical reasoning. Describing plasmons or any
density-like excitations in a normal fluid typically relies on the direct channel [312—-314],
leading either to charge waves or longitudinal spin waves. The exchange channel is
relevant in order to describe trans-
verse spin waves and magnetisa-
tion. In theories dealing with
superfluidity or superconductivity,
the pairing channel is used, see
for instance Refs. [80, , ,
, , -295].  There are
some approaches dealing with mul-
tiple interaction channels [ | 54, ,
], where direct and pairing

We follow the conventions of solid-state
theory here and refer to 1), as parti-
cles and 1, as holes. Therefore, (1))
is associated to a particle-hole process,
while (i1)) denotes a particle-particle
process.

The elements of f correspond to different
hyperfine-states written in the basis |F,mp),
with F' = [+J as total angular momentum of the
atom and m g as the magnetic quantum number.
Prime examples for those spin-mixtures are the
two hyperfine-states of °Li, prepared in the two

channels are used in a HFB ap- states |1) = [1/2,1/2) and |}) = [1/2,~1/2) [144,

proximation. Applications are ’ ’ ’ ’ ’ I} Doy et i iz
atomic [321] or nuclear superflu- hbach resonance at 832 G, see Table 1.1. The

ids [322]. or the aforementioned second most prominent example is ‘°K, where
Jellium m’o del [ I. In the hyperfine states are usually |1) =19/2,9/2)

those cases, an arbitrary partition- and |}) =(9/2,7/2) 317, IE
ing, if any, is used. An inter-
esting approach is worked out in
Ref. [296], where a multi-channel HS transformation is applied. However, the partition-
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ing of the interaction is arbitrary and, due to an invalid approximation of the scattering
strength g ~ ag, the conclusion there is that the direct channel can not contribute.

In the following, we show that, in fact, the direct channel is a vital ingredient in describ-
ing Fermi gases on a more fundamental and consistent level. To do so, we restrict ourselves
to a Fermi spin mixture with two hyperfine-states in pseudo-spin notation f = {1, |}. Fur-
thermore, we assume that the system is in thermal equilibrium and has perfectly balanced
populations n; = n; = n/2. This has important consequences which will arise when the
exchange channel is discussed.

To describe Hartree, Fock and Bogoliubov channels, our ansatz is to write the interac-
tion strength ¢ as a sum of three channel-specific interactions

g=gH t gr + 0B ~ Lint = ﬁint,H + Eint,F + Eint,Ba (3.11)

in each channel, rearranging the anti-commuting fields to become

Lint 1 = —QHET(m)QﬂT(Jc)El(Q?)M(I), (3.12a)
Lingr = +grty (2), (), ()b (), (3.12b)
Line = gt (@), (2) 1, (2) 11 (2). (3.12¢)

This means associating a global weight to each interaction channel, which is a natural
consequence of a time and translational invariant system, i.e. gy = hg, gr = fg, and
g = bg such that h + f + b = 1. We do not assume the specific domain for &, f, b and their
value can be whatever minimises the energy. Using the interaction decomposition from
Eq. (3.11) and the definition of the interaction actions

Si[v,v] = [ dz Ling,s (3.13)
the action from Eq. (3.9) becomes

S[E? ¢] = Skin [E: ¢] + Sint,H [E? 77Z):| + Siﬂt7F [E) 77/}] + Sint,B [E? 77/}] (3 14)

Here, we set the kinetic part of the action to be
Sinl. 0] = [ do ¥, (o) [-Gib(w, )] (@), (3.15)

In the following, we discuss the three different HS transformations using the contact inter-
action. A discussion for general interactions is found in Appendix 3.A. Our restriction to
contact interaction yields one large simplification: The Lagrangian is SU(2)-symmetric.
This means that the Lagrangian density is invariant under a rotation of the spin basis,
which leads, due to Noether’s theorem [323], to a conserved quantity, namely the spin po-
larization [324, 325]. Because the system is initially unpolarized, it remains without spin
polarisation. Since the Fock term causes spin flips, this would inevitably lead to a sponta-
neous breaking of SU(2), which is something we do not consider here. It follows that the
Fock term has to be zero, leading to gr = 0. It should be noted that the imbalanced Fermi
gas was intensively discussed in the literature, see for example Refs. [109, , —119,

, , ]. Those results will also be affected by the partitioning method outlined in
this thesis.

Therefore, in the following, we take g = gy + g and subsequently perform the HS
transform in detail.
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a) b)
LK Lk —q LK T k+q

bR Tk Tk LK g

LK

> —  —»
T,k TE+q

Figure 3.1: Feynman diagrammatic representation of the three interaction channels. The
single thin lines represent the many-body Green’s functions, the double lines the HS fields.
In a), one sees the normal Green’s function coupled to the Hartree field, while in b), it
couples to a complex spin-flip Fock field. Figure c) shows the anomalous Green’s functions
coupling to the Cooper pair, that is, the Bogoliubov HS field.

Hubbard-Stratonovich transformations

In this section, we perform the direct and pairing HS transformations and derive the full
effective action of the system. We present diagrammatic representations of the three chan-
nels in Fig.3.1. Panel (a) represents the Hartree, panel (b) for completeness the Fock, and
panel (c) the Bogoliubov channel. We start with the pairing channel before adding the
direct channel, and hence removing the arbitrariness in the standard procedure.

As the pair field is associated with anomalous expectation values, it must be a complex
field. We introduce the auxiliary fields Ag (), Ag(z) € C and couple them via sources to
the anomalous terms. In a functional form, this means introducing the pairing Lagrangian

density
1

Ly = S MEA(2) Ap(x) + jp(2) Ap(x) + Ap(2)jn (), (3.16)
where My is the field theoretical "mass" of the field. The complex source terms are
e(@) = Py ()i (x) : Jp(@) =y (2)0, (2). (3.17)

This Lagrangian is quadratic in the bosonic fields A, Ag and, hence, the functional inte-
gration for its generating functional can be performed, leading to

- — - [dz 2 (z)jp(x —
Zs[jg. jBl =NBj§®[AB,AB]e-fd$‘B o gl @n® sy (3.18)
P

The last equality comes from identifying M2 = 2/gg. This means the exponential of
the pairing interaction can be replaced by the functional integral over the auxiliary fields
Ag, Ag, up to an irrelevant normalisation constant Nz. For more details about this con-
stant, see Eq. (B.61) in Appendix B. To summarise this, we can eliminate a normal ordered
1% term in the action via

e~Selvv] - A }1{ D[Ag, AB]e‘Sa“X*B[ZB’AB;E’w]v (3.19)
P
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using the auxiliary action

St = [ e | 2B G035 () 20(0) + Bn(o)iuta)en)] - G20
This is the standard procedure when considering a functional integral BCS theory includ-
ing only the pairing channel, as outlined in Refs. [87, 88, 93, , ].

In addition to the pair interactions, the goal of this chapter is to obtain a fully self-
consistent treatment including the direct channel. As such, an additional field is intro-
duced, which is the real-valued Hartree field Ay (). This field is vector-valued since the
two spin densities are, in principle, separate from each other. Therefore, the Lagrangian
density associated with the Hartree auxiliary field is

Lu - }lMgAg(x)aXAH(x) + o () An(2), 321)
where we use the spinor describing the densities
p(x) = (dy(x)r () ¢, (2)9y(2)), (3.22)

as a source term. Furthermore, o, stands for the first Pauli matrix, which seems off at first,
since the mass term is not diagonal. This is because the spins are not an appropriate basis
for the Hartree channel. Instead, the proper basis consists of the total density n = ny +n;
and the longitudinal magnetisation m = n,—n,. However, this notation can lead to spurious
terms containing equal-spin interactions of the fermions, being explicitly forbidden by the
Pauli principle. To avoid them, we either have to be cautious with the transformation or stay
in this off-diagonal basis. Now identifying that the Hartree interaction term is expressible
in terms of the density spinor, the Hartree channel HS transformation reads

Zulp] = S = A, 55 D[Agr] ¢ SewenlBuitii] (3.23)
P
using the auxiliary action

Suwert Ars; 0, 0] = [ dz Ly (3.24)

as well as the identification M7 = 1/gy. The Hartree auxiliary field has two components,
associated with density expectation values. Since only opposite-spin atoms interact with
each other, the naming is given as

Ap(x) = (Bny(@)  Ang(@)). (3.25)
With those two transformations and the absence of exchange terms, we briefly summarise
the resulting HS action in the following.
Effective action and Nambu spinor

To discuss the HS action, we dissect the partition function Z defined in Eq. (3.7). In-
serting the pairing and direct channel HS transformations from Eqgs. (3.19) and (3.23),
respectively, the partition function becomes

zZ- }{ DD, e S0P 24170 i8] Zulp]. (3.26a)
= NN ji DD, ] fp D[Ap, As] yé D[AnleSusBoAnAnts]l (326h)
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After introducing the additional functional integrals, the system is governed by the HS
action, given as

S50, 8, e .01 = [ | 3 0.0 [-Gihe )] sto)

s=1,{
+ Ay (@) ()¢ (2) + A (2)0y (2)0y () + Ap (@) (@)r(z)  (B.27)

5, (@), () ) + S, Sl B ) }

This is the HS action of pair and direct interactions and therefore a straightforward gener-
alisation of actions which only include the pair channel. Equal spin populations demand
Any = Ay, = Ay and p4 = 1, = 1, leading to equal free Green’s functions. Thus, the spin
index is disregarded. The action then simplifies to

SHS[ZB, AB,AH>E>¢] = [ dx { ZT,LES('%‘) [—G61(a:,x) + AH(x)] V()
o - o (G28)
+ZB(1’)QM($)¢T(ZE) +ET(‘7;)E¢(JJ)AB(JZ) + AB(JI)AB(I’) + AH(ZL‘) }

gu

In order to compress the action into a compact form, we introduce Nambu-spinors [59,
] which combine a particle and a hole field as

ET(x) =(¢y(2) ¢(x)) and W(x)= (%Ei;) : (3.29)

This is equivalent to performing a particle-hole transformation in the |-fermions. Using
this notation, the HS action ends up being in a spinor notation with a 2 x 2 inverse Green’s
function, which is the Nambu-Gor’Kov Green’s function

- (G, x) 0 -Ap(z) -Ag(z)
G (w,7) = ( 0 -Gyt (—z,—x) " ~Ag(z) Ag(z) (3.30a)
= Gy (2,2) - Zup(z, ). (3.30b)
Thus, the Green’s function follows a Dyson equation G = G+ GoXypG with Xy (z, )

as matrix-valued self-energy originating from direct and pair interactions. With all this
notation, the HS action reads

Ap(@)? | An()?
gB gu

Susl {8}, 7, 0] = [ do {@(J;) (-G (2, 2) ]| W(a) + } (3.31)
using {A} = {Ag, Ap, A} as shorthand notation for the set of HS fields. So far, the
calculations have been implemented in real space. To perform any explicit calculation, it
is convenient to transform to momentum space, which is done next.

3.2.4 Momentum space

This section contains a lot of necessary notation. To go to momentum space we treat
all present functions as elements of a dual space of mappings from V = [0, 3] x RP - K,
which we denote as §(V; K), where K = C for complex valued functions and K = G stands
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3.2. DECOMPOSING INTERACTIONS

for a set of Grassmann numbers representing the Fermi fields. This allows to express any
function f € §(V;K) in a dual-space representation similar to the bra-ket notation

f(@)=(zlf) and f(z)=(f|z). (3.32)

For instance, the Nambu spinors after the particle-hole transformation are expressed via
W(x) = (x|P¥). Further, we express bi-local mappings like the inverse Green’s function as

G '(z,2") = (z|G "|z'). We denote all basis-less objects with a hat, and remove the hat
once a basis, here real or reciprocal space, is chosen. This, in turn, has the consequence
that differential operators like G™* (v, 2") are represented without a hat. To avoid confusion
between basis-less operators and their basis-dependent differential operator form, we keep
the notation like this, which differs from most textbooks. Since we deal with contact inter-
action, the inverse Green’s function is local in real space (x|é71 2"y = GV (2, 2")6 (v —1"),
with d(x—2") = 6(7—-7")0P (x—x') as space-time Dirac-¢ distribution. The Green’s func-
tion is obtained as functional inverse

f dz" G (z,2")G (2", ") = §(x — 2"). (3.33)

Those properties of the inverse Green’s function require that the bi-local self-energy re-
duces to a local form as well. Therefore, we set

~

(2|B|2") = X(z,2") = X(z,2)0(x —2") < (z|Aj|lz") = Aj(x)d(x-2"), (3.34)

using J € {H, B} as an interaction channel index. To complete this set of notational con-
ventions, we introduce a trace by summing over all diagonal elements

O = f BLDtr (]O)z). (3.35)

Here It is the trace over all degrees of freedom, while tr denotes the trace only in spin
space. Equivalently, the determinant is defined via the trace of the logarithm

DetO = ™0 = exp( Lt ln(x|@|x)) =] det(z|O|z), (3.36)

d
BLP
where an infinite measure is absorbed into the continuous product sign. Again, the capi-
talised determinant is over all degrees of freedom, while the lowercase det only incorpo-
rates the spin space.

To go to reciprocal space, we introduce Matsubara frequencies, using &, = (2n +
1)7T for n € Z as anti-periodic fermionic, and g, = 2¢xT for ¢ € Z as periodic bosonic
frequencies. We further go into detail in Appendix B. To define the Matsubara-Fourier
transformation, we use a plane wave basis on [0, 3] x RP conventionally defined as

(z]k) = e!7k) = gikmiknT, (3.37)

Analogously to the space-time coordinates z, also a four-momentum k = (ik,, k) is used.
Plane waves fulfil a completeness

I-= f Srploel = Sk (3.38)

k
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and an orthogonality relation
(x]ax") =6(x —2") , (k|E") = O (3.39)
As such, a basis change from real to momentum space is realised as

f(z) = ;<xlk><k|f> = g ekwiknt f (3.40)

while for differential operators one obtains correspondingly 0, - —ik,, and V — ik. The
local self-energy components transformed to momentum space depend solely on the mo-
mentum transfer

/ App-r  Apg-p
(kK = ’ ’ . 3.41
(k: k) (AB,k'—k ~Ap i (341)
A generalisation of this self-energy including the Fock channel is found in Eq. (3.A.31) in

Appendix 3.A.4.
With the conventions outlined above the HS action from Eq. (3.31) becomes

SHS[{A};aa \Il] = ﬁLD Z { z]{:ﬁrqu/Q [_G_l(k> k+ Q)] ‘Ilk+q/2

+AB,qABﬁq . AH,qAHﬂ_q}.
gB gu

(3.42)

This action describes the interaction of two Nambu spinors in momentum space, exchang-
ing a bosonic momentum ¢ = (igy, q) via the matrix-valued inverse Green’s function
G '(k,k + q). Additionally, the action contains some offset value associated with the
field theoretical mass of the auxiliary bosons Ay g. As the action in Eq. (3.42) contains
fermionic degrees of freedom in a Gaussian form, we can integrate them out, see Ap-
pendix A.2.4. We do so in the next section.

3.2.5 Effective action

Because the HS action, in Eq. (3.42), is quadratic, the functional integral in the partition
function (3.27) can be evaluated analytically. This leads to the partition function

- -See[{A}]
z fp@[{A}]e , (3.43)

with the functional measure of the bosons being D[{A}] = NuNsD[Ax]D[Ag, Ag]. In
this expression, the argument of the exponential function is the so-called effective action.

Result: Effective Action

Sea[{A}] = -In [,BQDeté_l] +BLPY ( Bnal AH’qAH"q) . (3.44)
q gB gu

This effective action is an exact result, no approximations were made so far. However,
taking just one channel is also exact when the full interaction g is used. So why shall
we implement the formalism of partitioning the interaction into several channels? The
functional integral presented in Eq. (3.43) is not analytically solvable by any standard or
advanced techniques. As in any many-body system, approximations must be made, and
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their quality depends strongly on the choice of included channels. As mentioned earlier,
choosing the wrong interaction channel can easily lead to relevant physics being missed.
For example, if any channel, except the pairing channel, is chosen, the phenomenon of
superconductivity can not be described. This might be avoidable when only one channel is
dominant, but in many systems, two or even all three channels are relevant and compete for
energy. This can never be captured by one specific choice of HFB channel, unless all orders
of a perturbative series are summed up, which still would lack non-perturbative effects. In
order to ensure fast convergence to the true physics within an approximative scheme, to
capture competitions between channels and to avoid an arbitrarily chosen partitioning, the
method developed in this thesis is not only necessary, but it solves the problem by resorting
to more fundamental concepts. The detailed procedure is outlined in the following sections
of this thesis, where we begin with the saddle-point (SP) evaluation of the derived effective
action.

3.3 Saddle-point analysis of WHFB action

A SP approximation is the first step to any application to real systems. It resides on the fact
that the partition function is dominated by the field which minimises the action because
of the negative sign in the exponential of Eq. (3.43). By assuming a static and homoge-
neous saddle, this is equivalent to an operator theory where a mean-field approximation
is applied, but be aware that a SP approximation can also go beyond a simple mean-field
theory. The SP approximation serves as a good starting point for incorporating beyond
mean-field effects, which become more important for lower dimensional systems.

3.3.1 Saddle-point approximation

We follow the standard procedure of imposing the SP approximation. Since we deal with
an infinite, homogeneous, and isotropic system in thermal equilibrium, the saddle point
acquires a static and homogeneous value in real space, and as such is fully localised in
momentum space at ¢ = 0. Therefore, we have

Ang = An,00g0 + Mg (3.45a)
Apg=AB o040+ MB4 (3.45b)

where 1y B4 denotes quantum fluctuations around the SP in momentum space. This ex-
pands the partition function around the extreme point of the action, which contributes the
most to the functional integral of Z, approximating it as

Z n e-So({A0}) jg@[{n}]e—SFlm[{Ao};{n}] = 25 Zpluct- (3.46)
P

Here we separate the so-called SP action So({Ao}) = Sea[{A}] |a,,=a,, giving rise to

the SP partition function
Zy = e~So({A0}) (3.47)

from the remaining fluctuation contribution, containing quantum fluctuation effects. For
the remainder of this chapter, we neglect the fluctuation action, which is the semi-classical
approximation. On this SP level, the self energy becomes

S(k; k') = Butpor BB ke = [Amo0. + Aoy + Apoo_| G, (3.48)
AN AN R ' ’ '
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using the spin raising and lowering matrices o, = (o, + io,)/2, respectively. As such,
the dressed inverse SP Green’s function is also diagonal in momentum space due to the
locality of the interaction in real space. It reads

Ggp (k) = iknoo— (& + Anp) 0. — Apgo, — Apgo_, (3.49)

using o as identity matrix in spin-1/2 space and the grand-canonical free particle disper-
sion &, = k*/(2m) — pu. The SP action is obtained by evaluating the determinant via the
definition, Eq. (3.36), after which we use the completeness of the plane wave basis (3.38)
to go to momentum space. This results in

So({Ao}) = - Y In[BdetGip (k)| + ALV (M " A%’O) , (3.50)
k 9B gu
where we calculate the spin determinant as
det [ 3Ggp (k)] = B (ikn, + Ey,) (ik, — Ey,), (3.51)
which involves the quasi-particle dispersion
Ey = \/(fk +Apyp)? +|Ap o (3.52)

3.3.2 Establishing self-consistency

The optimal value of the SP auxiliary fields is determined by extremising the SP action,
obtaining the so-called classical field [329]. The conditions read

080 ({Ao}) _

9Ams 0, (3.53a)
88_;%{&)}) 0 (3.53b)
B,0
We obtain the following two SP conditions
gn 1 9G5p (k)
Ajgo="——+ —_— 54

H,0 5 BLD zk:tr{GSp(k) 8AH70 s (3 5 a)

1 OG5p (k)
Apo = g tr{GSp(k)i—P} : (3.54b)

pLP Zk: [ZAV:Y

Evaluating the derivatives leads to a more concise expression for the SP equations

1 1
Ao = -2 S tr {Gep(k)o.} = -2 S GEL(k) - GE(k)], (3.55)

2 5102 - I
1 1
Agy = —QBW Zk:tf {Gsp(k)o_} = _gBﬁLD zk:FsTll;.(k) (3.55b)

Here, we introduce a notation which we use throughout the thesis, as we write the Green’s
function matrix as

GTT (k?) FN (k‘))
Gep(k) = 5S¢ SP 3.56a
() (st;(k) Gl () (5-62)
_ 1 ikp + &k + AH,o AB,o
 (ikn)? - E} ( Ap ikn — &k — AH,o) ' (3-56b)
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In the following Gl will be the normal Green’s function of the spin-1 particles, G, will
be the normal Green’s function of the spin-| holes while FST%, and FsllT;. are the anomalous
Green’s functions.

Both Matsubara sums in Egs. (3.55a, 3.55b) are explicitly solved in Appendix B, lead-
ing to a momentum sum left for the SP conditions

_n L + Ang (é )]
Apg =5 LDZ[ gt (5B |, (3.57a)
tanh (£ Ey,)

3.57b
S5, (3.57b)

Apy = QBAB,Oﬁ Z
k

These two equations are implicit, coupled equations for the Hartree and Bogoliubov SP
fields and generally can not be solved analytically. Therefore, numerical self-consistent
methods have to be applied. The presented set of equations is incomplete in the sense that
there is still an arbitrary parameter, which is the partitioned interaction strengths. To ensure
a consistent theory and to prevent over- or undercounting of states in the two channels, the
idea is to extremize the action with respect to the partitioning, subject to the constraint
gu + gs = 1. This can be done by directly inserting this constraint into the action or by
using Lagrange multipliers. In both cases, taking the partial derivatives and setting them
to zero yields

08y |Ag,of

=0 =—— 2> g<gq. (3.58)
D95 95 = Aol + Aol =7

We separate out the partitioning and the bare interaction strength, yielding gy = hog and
gs = bog, with

| A
hg= ————, 3.59a
* Aol + [Apgl (-5
|Ag
by = —1—BolL 3.59b
7 | Ano| +|Agy) ( )

ensuring hg + by = 1. This means we always find 0 < hg, by < 1, which is why we inter-
pret these partitioning factors as probability values on how much of the amplitude of the
scattering of two atoms is in the respective channel. This is a SP approximation again,
and one could certainly think of situations where h, b would be some sort of fields. How-
ever, in the idealised system of contact potentials with balanced populations, this seems
overcomplicated.

We have derived a set of self-consistent equations, determining the superfluid order
parameter A, the Hartree self-energy shift Ay o and the partitioning kg, by as functions
of the chemical potential p, the temperature 7', and the bare interaction strength g. The
dependence on the bare interaction strength will be eliminated later on by a renormalisa-
tion scheme, as it is standard in condensed matter systems. For an experimental test of the
theory, the chemical potential ;+ does prove not to be of great use. In general, the chem-
ical potential is not freely tunable in a system, as it is determined by the particle density.
Experiments in general act in an (almost) canonical ensemble, where the density is fixed
as an experimental parameter, not the chemical potential as in a grand-canonical system.
Therefore, for experimental applications, one has to determine the equation of state that
relates the chemical potential to the number density. We accomplish this in the next part.
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3.3.3 Equation of state

To obtain the equation of state the thermodynamic potential is needed first. We obtain the
grand-canonical potential {2 = —7'In Z. In a SP approximation, this becomes

Qo(LD, T,y,) = —TIHZO = TSO({AO}) (360)

Because the logarithm appears in the action, the action itself is multivalued when retaining
the Matsubara summation. The grand-canonical potential per unit volume is evaluated
from Eq. (3.50) using Egs. (3.51) and (3.52), leading to

Q(LP,T,p) _ [A%LO . |AB,0|2]
Lo gu JB

5 ZTZln [82(ikn + E) (ik, - Ex)] . (3.61)
ikn

The multivalued property rooted in the branch cut of the logarithm is a consequence of
switching integration and limiting process in the definition of the functional integral, see
Appendix A. To solve this one, one either has to restrict the logarithm to the principal
Riemann sheet, introduce convergence factors, and take care of the branch cut, or derive
the corresponding counter term in an operator-based approach to account for the branch
cut. We determine this Matsubara sum in Appendix B differently, by keeping a discrete
imaginary-time partition function, in which the action is not a multivalued function. The
final result for the grand-canonical potential is

Oo(LP, T, )  Dfy  [Apel2 1 [ 2 -
sy 4y _ s ) _ E. - - A —1 1 BEx ] . 3.62
LP gu ’ gB LP Zk: b mot B Il( e ) ( :

This also gives rise to the SP conditions, Egs. (3.57a), (3.57b), (3.59a) and (3.59b).
The particle density n = N/LP, where N denotes the total number of particles, is
determined by the thermodynamic relation

1 09
ny=——5—— (3.63)
LP Op |y yo
at the SP level. Performing this derivative results in the SP EoS
$k + Amp s
=75 Z[ —k t nh(gEk)] (3.64)

When comparing this equation of state with the Hartree self-energy from Eq. (3.57a), we
realise that the momentum sums are identical. Hence, we replace the momentum sum
in Eq. (3.57a) with the particle density from Eq. (3.64), yielding a familiar form for the
self-energy

Result: Hartree self-energy

Apo=-Z20 = _ . (3.65)

Consequently, we obtain a set of coupled self-consistency equations to determine the sys-
tem’s thermodynamic properties. We have four equations for four variables, the Hartree-
self energy Ay o, the superfluid order parameter Ap j, the partitioning b, and the chemical
potential . In the following, we discuss the implications of those self-consistency equa-
tions in detail and show how the Hartree self-energy becomes an order parameter.

56



3.3. SADDLE-POINT ANALYSIS OF WHFB ACTION

3.3.4 Hartree self-energy as order parameter

We notice that the total density, Eq. (3.64), is always positive. Furthermore, we also have
gu > 0 for an attractive interaction. This means that the only physical solutions for the
Hartree self-energy from Eq. (3.65) can be either Ay = 0, if gy = 0, or Ay < 0 for
gu # 0. We use Eq. (3.59a) to eliminate the weight A from Eq. (3.65), which leads to

_ | Aol gno
|AH70| + |AB’0| 2
We notice that Eq. (3.66) has indeed Ay o = 0 as a trivial solution. Under the assumption

of a non-vanishing solution, we rearrange this expression to obtain an explicit value for
the Hartree self-energy

Apy =

(3.66)

n
A = —% +|Ag |- (3.67)
Since this has to be negative or zero, this can only be solved if |Ap | < gno/2. Thus, for
sufficiently large interaction strengths g, the Hartree self-energy has to vanish. The transi-
tion will happen exactly when |Ag | = gng/2. We summarize the functional dependence

of Apyp as

-2+ |A if |Ap | < 2
Agp = min {O; EALN \AB’O\} = 3+ Al 1 Aol < gno/ . (3.68)
2 0 if |[Apo| > gno/2

To further evaluate the self-consistency equations, we go to the thermodynamic limit,
meaning we send the hyper-volume L” and the total number of particles N to infinity,
keeping the density constant, i.e. L - oo, N — oo while N/LP = n = const. This is
a good approximation for systems with a large number of particles. Implementing this
procedure leads to the replacement rule for the sum

1 dPk
0=— . 3.69
LP Zk: ~ Jgo (2m)P (3.69)
In the thermodynamic limit the superfluid order parameter, equation (3.57b), reads
1 dPk tanh(gEk)
0=A — - 3.70
B,0 gB RP (27T)D 2Ek ’ ( )
while particle number equation (3.64) becomes
dPk §k + Ao p
= 1- —tanh | = Eg | |- 3.71
0= Jap (QW)D[ B (2 ’“)] G71

The above equations are formally equivalent to the standard theory where the Hartree
equation is ignored, when we would hypothetically send b, - 1, meaning hy — 0, hence
including the standard approach as a special case of our formalism. In the presence of a
Hartree term we have b, < 1, giving rise to an altered superfluid order parameter.

To explicitly determine the solution and discuss the physical implications, we have to
eliminate the bare interaction g. This has to be done in order to regularise the superfluid
order parameter equation (3.70). In order to remain consistent, since in general gg # ¢
in general, the renormalisation scheme has to be changed. Although the considerations
in this chapter have been general and do not depend on the dimensionality of the sys-
tem, any further specification must address the proper scattering regularisation, which
strongly depends on the system’s dimensionality. In the next chapter, we focus on the
three-dimensional Fermi spin-mixture.
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Appendix

3.A Hubbard-Stratonovich transformation: A more gen-
eral view

In this Appendix, we discuss in detail the Hubbard-Stratonovich transformation for the
Hartree, Fock, and Bogoliubov channels. We investigate the transformations for an arbi-
trary interaction potential Uy (|7 — r'|), which only depends on the distance and is instan-
taneous in imaginary time. Furthermore, we take into account that the interaction might
be different for distinct flavours s and s’. We use the word flavour here as a more gen-
eral concept than the pseudo-spin used in the main text. We consider the action from the
main text, Eq. (3.1), using the generalisation of the interaction term defined in Eq. (3.5).
The key idea to generalise the WHFB method is that for any interaction with a non-local
component, the separation of the interaction becomes a field as well

1 =hg (e -2'|) + fow (| = 2'|) + b (| — 2']), (3.A.1)

for real functions h, f, b of the distance and being matrices in flavour-space. This separates
the Lagrangian and, as such, the action into a kinetic term seen in Eq. (3.15) in the main
text and three distinct interaction terms

Sint H[@Z) Y] = fdxdw,hbb |z~ 2'|)Uss (|2 - ')0(7 - T,)@Z) (x)wb(x)¢ (2" )by (27),
Sint,F[E,ZD = +Z/dxdx fosr (|2 = ') Usy (|2 = 2" )5 (T = 7)), ()b (2" )1h o (2" )1 (),
Sint,s[V, V] = Z[dxdx'bss (| - ') Uso (J& = ') 0 (7 = ), () by (2 )ihw (2 )t ().

The subsequent discussions are easier in momentum space. Two of the three HS fields have
to be bi-local in space and momentum, which was already applied to composite fields
in quark theories [330, ]. The bi-locality is better understood in momentum space
and provides us with a straightforward physical picture as discussed in the derivation of
Eq. (3.41). We go from real space x to momentum space k as described in Section 3.2.4.
For a given interaction channel J € {H,F, B} the channel specific interaction becomes a
convolution of partitioning jss € {hsy, fis', bss } and the original interaction

bb q Z]SS ,q— q’Uss ,q" - (3A2)

We obtain the interaction terms of the action in momentum space as

St 1[0, 0] = =30 2 D s isi-qUst W ol i sas (3.A.3)
ss’ kk! q

St [B, 0] =+ 33 S 0 it prsaULs Dy s e (3.A.3b)
ss’ kk' q

1nt B w w Z Z Z ws kws’ k ss/ qws’ k:’+qz/}s k—q- (3A3C)
ss’ kk' q

58



3.A. MORE GENERAL HUBBARD-STRATONOVICH TRANSFORMATIONS

Subsequently, we perform the three separate HS transformations in the Hartree, Fock, and
Bogoliubov channels by introducing the respective auxiliary fields and coupling them to
the corresponding source terms. To do so, we introduce a last convention by setting the
interaction potential to be

Uy =g [T ] (3.A.4)

ss’,q ss’,q

where g7, is the channel-specific and spin-resolved interaction strength, while FSS, isa
real function containing information about the shape of the potential. Note that, as we
absorb the sign of the interaction into g, the functions I" are always positive semi-defined.
By specializing I'), =1 -4, and g, = g, we reproduce the contact interaction for

ss’,q
opposite spins used in the main text in Eq. (3.8).

3.A.1 Hartree channel

The Hartree channel is the interaction that couples the local densities in real space. To
make use of this, we define the Fourier transform of the local density field

n, q = ZES,]{JrqqﬂS,k) (3A5)
k
so that the interaction action from Eq. (3.A.3a) reads
1nt JH w w Zns q 55’ an - (3'A'6)
We introduce a real-valued set of fields A?{, , Which couples to the local densities via the
action
SulAjy; ns] Z Z Af, A% g7t i, N —q |5 (3.A.7)

ss’

We note that this could be summarised in a spinor notation using a M € N sized spinor
and a M x M matrix encoding the interaction and M as the number of species considered.
For the sake of clarity, this is not done, but notice that evaluating the functional integral
is easier with a spinor notation. In a formal replacement, we use the partition function of
the above action and identify it with the exponential of the Hartree interaction term. This
means we apply the equality

e~ Smenlbw] 2 A7 75 DAL Je-SulBins] (3.A.8)
P

This is the Hartree HS transformation, which describes the particle-hole interaction as-
sociated with the equal-spin normal Green’s functions. Next, we continue with the Fock
channel, also called the exchange channel, consisting of opposite-spin particle-hole pro-
cesses.

3.A.2 Fock channel

In any fermionic system with attractive interactions, the Fock channel is challenging be-
cause the interaction acquires a statistical sign, making it repulsive. This is complicated
because the functional integral necessary for the HS transformation is thus not convergent
for a complex field with a finite real part. There are two possibilities for how we might
approach this issue. The first idea is to assign a formally different sign to the interaction,
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CHAPTER 3. WEIGHTED HARTREE-FOCK-BOGOLIUBOV THEORY

allowing the Fock term to be attractive as well. This in turn would cause f.y 4 < 0, meaning
that the sum of Hartree and Bogoliubov weights would have to be larger than 1. Therefore,
we will not choose the first idea of an ad-hoc sign change and instead utilise the second
possibility to resolve the convergence issue. We couple the bi-local exchange fields

Cost ekt = Vs 1 Vst b (3.A.9)

to imaginary source terms. This has been done in a different context, for instance, re-
pulsively interacting superconductors, in Refs. [2706, ]. The corresponding auxiliary
action reads

—ss’ ’

/ AF k+q/2,k' ZASS /
8 ZSS ASS/ A - _ ’ +q/ ’ +q/ F1k_Q/27k _q/2
F[ F F’gss’aCSS']_ZZ F
ss’ kk'q Issr

—ss’

HTSFS’,q (AFJ’<r+q/2,l'<:’+c1/2QSS’Jﬁ—q/2Jf’—q/2 + Zss’,k+q/2,k’+q/2A;‘S7,k—q/27k’—q/2) ] (3.A.10)

Note that the introduced Fock auxiliary field ASFS;,’ - has to be bi-local as well. The imag-
inary unit in front of the source term is squared when integrating over the Fock auxiliary
fields A%S' and, as such, causes the statistical sign of the Fock term. Formally the HS
transformation reads

P O ey Vs jg @[Z;SI’ASFS,]{SF[Z? A T Gl (3.A.11)
P

This completes the two particle-hole processes. The last thing to tackle is the particle-
particle processes treated in the next section.

3.A.3 Bogoliubov channel

In this section, we investigate the pair channel HS transformation dealing with anomalous
processes, that is, the formation of pairs. As we allow for equal and unequal flavour pairs,
this section contains both singlet and to an extent triplet Cooper pairs when disregarding
their magnetic properties. To this end, we introduce the anomalous field products as

¢ss’,k—q/2,k’+q/2 = 7wbs,lc—q/Qws’,k’—q/Q- (3A 12)

Fors # s” we speak of a singlet, whereas for s = s’ of a triplet pair. We couple the anomalous
field products to a complex bosonic field in the action

—ss’

ss’
lAB,k+q/2,k’—q/2AB,k—q/Q,k'+q/2

B
gss’

SB[Z;S 7A]S§/;5ss’7 ¢SS'] = Z Z

ss’ kk'q
8, (A & ‘3 A (3.A.13)
ss’,q \ 2B, k+q/2,k'—q/2Pss’ k—q/2,k" +q/2 ss’.k+q/2,k'-q/272 B k-q/2,k"+q/2 ) |’ o

Up to the imaginary source term coupling in the exchange channel seen in Eq. (3.A.10)
the above action is formally similar to the Fock channel. Both describe a complex bi-local
auxiliary field coupling non-locally to two fermion fields. For singlet pairs, the Bogoli-
ubov auxiliary field Ag is a spinless composite boson field. In the case of triplet pairing,
like for instance in 3He, the Bogoliubov field is a spin-carrying field similar to the Fock
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3.A. MORE GENERAL HUBBARD-STRATONOVICH TRANSFORMATIONS

contribution found in Eq. (3.A.10). This was already pointed out for a similar system in
Ref. [332]. Formally the HS transform reads

e—Sint,B [Eyw] — NB % @ [Z]SBSI ’ A%S/]Q_SB [Z§’7A§/ ;Ess’,qbss’] . (3‘A_ 14)
P

With this, we wrap up the three interaction channels, which are used to decompose the
interaction term into three auxiliary fields coupling to the fermions. In the next section,
we discuss the full WHFB transformation as well as the resulting Green’s function and
self-energy.

3.A.4 Hartree-Fock-Bogoliubov self-energy

We apply the WHFB transformation using the previous sections across all three channels.
As such, we replace the interaction term as

e—Sint [va] - NHFB f CD [{A}]e_SH[AiU”S]_SF [TFS 7A%S, ;Zss’ 7<ss’]_$B [FBS 7ASBS, ;5551,0555'] ,
P

(3.A.15)
where Nyrp = NuNpNg denotes the full normalisation constant and D [{A}] stands for
the functional measure over the set of auxiliary fields. Combining the three auxiliary field
actions with the kinetic action from Eq. (3.15), we obtain the HS action

Sus[v, U3 {A}] = ZZZ{ U krgsa [~ Gab (k)00 + T (AN | Okt s -2
ss’ kk' q

ss’
+¢s k+q/22rss ,qAF k—q/2,k'- q/2¢s’ k+q/2 + 1/) k'~ q/2ZP F,k+q/2,k’+q/2¢svk—Q/2

+ws,k+q/2rss qA%Sk q/2, k’+q/2ws’,k’—q/2 + ws'7k’+q/2FES’,qZB,kJrq/Zk’q/Qws,k—q/Q}
AS' i
+ ZZZ — 5 Ok k'Ok,0 (3.A.16)
ss’ kk! q gss
——ss’ s

N AF +q/2, k’+q/2AF k—q/2,k/-q/2 AB,k+q/27k’—q/2ABJc11/2,k’+q/2]

B .

gss gSS/

We relabel momenta in selected terms in order to produce the same structure in any term,
where the field to the left has momentum £ and the field to the right £/, leading to

SHS 1/} wa {A} Z Z z { [ s O(k)(sq ot Fss qA?-;,q] 5k*k'7qws,k’

ss’ kk' q

+¢ k’ZP AF k—q,k'— wsl k' + w ’ kZFSS \q Fbk,"+q,k‘+qws7k/ (3.A17)
ol —_— B —SS
+¢s krss qAbBik—q,k’ﬂ]ws’,k’ + ws’7krss’,qAB,k+q,k’—q¢S,k'} + SHS,O

with
A
SHSO_ZZZ[ g — 5 kO (3.A.18)

ss’ kk' q

!
ss’
N AF k+q/2, k'+f1/2AF k—q/2,k"—q/2 AB,k+q/2,k’q/2AB,k;—q/Q,kurq/Q:|
B )
gbb gss’
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summarising the offset energy of the auxiliary fields. In this most general case, the whole
system is too complicated to solve analytically. Therefore, we focus on calculating the
matrix-valued inverse Green’s function and the corresponding self-energy. To this end,
we symmetrise the action. This results in

SHS [E? @D; {A} SHS 0= Z Z Z { [ s O(k)éq ot Fss’ %,q] 6k—k’,q¢s,k’

25w
+¢s,k[ so( k)6q0 ss’ H7q] 5k’—k7qas,k’
+E kir AF k: gk —g Vst + E ’ kiFst qA%S,Ik’+q,k+q77/}s,k’
Yy, kZFss qAF k'—q,k—- q77/Js K’ 1/15 klrss q SFSIk+q,k'+quf K’

—SS

+77Z) szs .q B k qk’+q¢ kT ¢5' krss qAB k+q,k'— ¢b K’
=y - B
_77Z) ! krss qA]sSS,k’—q,k+q¢s,k’ - ws,krss qAB k'+q,k— quz)S’,k’}' (3A19)

At this point, we realise a few symmetry properties concerning the spins, being for the
Fock field that

F s F ’
Fss’,qAF,k‘—q,k’ I‘s ’s,q %‘,Sk’+q,k+q (SAZO)
and for the Bogoliubov field that
B ! B /
Fss ,q %S,k—q,k’+q Fs ’s,q %?k’—q,k+q' (3A21)
Applying that the interactions are reciprocal, that is FSS, =T, ,and F‘S]S, = Fé]s _g» PrO-

vides us with clear symmetry rules for exchanging ﬂavour indices:

—ss’

AF,k:—q,k:’ = AF K+, k+q (3.A.22)
RV EVAN (3.A.23)

Using this, we label all the auxiliary fields in the action (3.A.19) such that the species
indices match the Fermi fields, i.e.

SHS [E? ¢; {A} SHS 0= Z Z Z { [ s O(k)(s 07t Fss qA?;,q] 6k*k'7qws,k’

2G T

+e [GEo(= k)5q S NEAN I YT

+¢s kZFss’ AF k-q,k'- @Ds' kT @b / les s qAF k'—q k- q% K’
Yy, les 's,q F k’+q k+q¢s o~ s, k’ZFss’ ﬁsk+q,k'+q¢s' K

—=s's
_Hvbs szs \q B k qk’+qw Ny ¢S' k’Fs quB k' +q,k— quzjs K

B =SS
+'17Z) ’ krs /s q B k —q, k’+q¢s,k’ - ¢57k’FSS’,qAB,k"+q,k‘—q¢S,7k,}' (3.A.24)

We now introduce particle and hole spinors in order to achieve a concise notation. This
means we have set

wshk
= | Vot and Y= (Van Von o Pan) (3.A.25)
1/}Ska
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which allows us to write the action as

Suus [, 65 {A)] - Suso = & zz{wk[ Gild + ]

ss’ kK’

_ —T — —T <B
+ P [Go,lfk(sk,k’ - (EII;I’Fk) ]¢k/ + 1/Jk2§,k'¢k' + ¢gzk’,k¢k’}- (3.A.20)

Here, we defined the species diagonal non-interacting inverse Green’s function

G;l{o(k) 0 0
-Gy, = O G U(k) ) X (3.A.27)
O O S]\/[ O(k)

Together with the Hartree-Fock self-energy El,ig, with matrix elements

_ s1 F A S182 A 5182
25152 kk" — Z Z Fsls'#]AHgéSlSz 519—/6'711 - ZFSISQ,q (AF,k—q,k’ + AF k' —q, k’—q) (3A28)
s

q

follows a matrix-valued Dyson equation Gf{lp’ Kk = Ga’lkék’kf - Egﬁ,. The Hartree-Fock
self-energy has Hartree shifts on the diagonal entries, and the Fock energies appear on
the off diagonals. Furthermore, the pairing or Bogoliubov self-energy matrix Eﬁk, has
elements

51 sa,k,k" — =2 Z Fslsg qA%lij q.k'+q’ (3A29)

where the diagonal entries represent triplet-pairing, while the other elements describe sin-
glet Cooper pairs. Thus, we summarise the action further to find

SHS[E; Vi {A}] - SHs,0
1 — o (~Goxk, ket S S ) (¢k
5 Y2 (Y ) ( gk, Gyl 0w — (EE’Fk)T ?’b’f’

ss’ kk’
This results in the Hartree-Fock-Bogoliubov self-energy matrix expressed in the extended
Nambu basis

) (3.A.30)

S Zew
»HFB _ (_’é’“ g T) : (3.A.31)
' Yk - (EE’Fk)
being a 20 x 2 M matrix. Itis a generalisation of the Hartree-Bogoliubov 2 x 2 self-energy

matrix found in Eq. (3.41) of the main text.
Considering now contact interaction and two different flavour fermions with I'),, = =
1 - 44 we obtain the Hartree-Fock self-energy matrix elements (3.A.28) as

AT / _Z A / + ZTl 4
e B (8 PR ) , (3.A.32)
- <AF k—k' T AF - k) AH,k—k’
while the anomalous self-energy matrix reads
0 2A}
S = ( " BM’). (3.A.33)
ok AB Jk+k! 0
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Since equal flavours are not interacting, the diagonal entries in the pair self-energy (3.A.33)
vanish. This announces the absence of triplet pairing. We now use Eq. (3.A.20) to see that
the off-diagonal entries of the Hartree-Fock self-energy matrix (3.A.32) are proportional
to the real part of the Fock energy. Subsequent application of the SP approximation reveals
that the Fock contribution for contact interactions is purely imaginary. Hence, it can be
gauged away via a suitable rotation of the flavour basis, which technically absorbs the Fock
contribution into a Hartree term. This means in a SP approximation we find

Al 0
215{15:( (I){’O A )5“ (3.A.34)
H,0

Analogously, performing a SP approximation in the Bogoliubov channel leads to the anoma-
lous self-energy

0 A
ZSBP = (AB,O 5’0) Ok,—k' (3.A.35)

with the mean-field 2A§7k+k, = Ag o0y . Now inverting the momenta of all | results in
the SP Hartree-Bogoliubov self-energy, seen in Eq. (3.48) in the main text.
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Chapter 4

Three-dimensional Fermi spin-mixtures

All nature is but art, unknown to thee;
All chance, direction, which thou canst

not see;

Alexander Pope
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CHAPTER 4. THREE-DIMENSIONAL FERMI SPIN-MIXTURES

4.1 Introduction

Three-dimensional (3D) systems play a central role in many-body physics, as most systems
encountered in nature are inherently three-dimensional. Consequently, they constitute the
most direct experimental realisation, whereas reducing dimensionality typically requires
additional challenges. Experimental realisations of degenerate quantum gases of fermionic
atoms started in the 2000s [147, ], initially focused on the easier to prepare strong
interaction limit of composite bosons in harmonic traps. More recently, the development
of DMDs allowed to investigate homogeneous bulk systems, reducing the influence of trap
geometries and allowing experimental studies of the properties of BCS superfluids [1 55—

]. Both in homogeneous and inhomogeneous setups, this led to a tremendous amount
of experimental insight into the BEC-BCS crossover in three spatial dimensions [ 144, 166,

, 334].

In contrast to lower-dimensional systems, attractive interactions in 3D do not neces-
sarily support a two-body bound state at arbitrarily small interactions. Below a critical
interaction threshold, only scattering states are accessed by particles, causing a negative
scattering length. Contrarily, for interaction strengths stronger than the respective onset,
a two-body bound state emerges with lower energy than free particles, resulting in a pos-
itive scattering length. These two regimes are separated by the unitary point, where the
scattering length diverges.

For Fermi spin mixtures, theoretical investigations of the BEC-BCS crossover go back
to Leggett [76], with a significant advance in theoretical modelling by NSR [20] and fol-
lowing the functional integral treatment in the context of 3D superconductors [87, 88].
However, as outlined in Chapter 2, Section 2.5, all those theories either rely on an arbi-
trary choice of diagrams, interaction channels or miscount states. As such, the aim of the
upcoming chapter is to apply the WHFB approach, which we developed for D dimensions
in Chapter 3, to a 3D Fermi spin-mixture with equal populations of both spin states. This
requires revisiting 3D scattering theory and taking into account finite-energy scattering
via the effective range parameter. Ultimately, a new length scale emerges in the system,
characterising how dilute the system is.

4.2 Scattering Renormalization in three dimensions

In this section, we adapt the standard regularisation procedure required to obtain finite
physical results from the derived self-consistency equations. To this end, we separate
the discussion into two parts. First, we derive the standard regularisation for low-energy
scattering events following the approach of H. Bethe [335-337]. After this, we establish
a partitioned version of the scattering regularisation, taking into account the effects of the
coupling between HS channels. From now on, we will explicitly deal with 3D scattering,
and hence all integrals are evaluated in three spatial dimensions.

4.2.1 Effective range scattering theory

In this short detour, we investigate the scattering in the case of gg - g. Two-body scatter-
ing in cold environments is well described by the Lippmann-Schwinger equation (LSE) [62,
, ] that leads to the scattering phase shift for the s-wave contact potential

A 2k, 2

gcotdp(q) = — - +

¢* +O(q)"* (4.1)
mg ™ Tk
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with g being the scattering momentum of the two particles and k. a momentum scale
serving as an Ultra-violet (UV) cutoff. For any spherical symmetric scattering potential,
the phase shift for small scattering momenta generically reads

gcot 6o(q) = —al ¥ %qQ + O(g)™. (4.2)
Here a denotes the s-wave scattering length as a measure for the zero-energy interaction
strength and . is the effective range, associated with the leading order energy dependence
of the scattering phase shift. The effective range in general is related to the overlap of
incoming and scattering state wavefunctions [337]. Comparing coefficients of Eq. (4.1)
and Eq. (4.2) leads to the standard regularization prescription

1 m m m 1 m
>

= — kC = — —,
g(ke) 4drag " 2m2 4dag i L3 Kk k>

4.3)

depending on the UV cutoff. Normally, this is sufficient in order to regularise the order
parameter equation (3.70) by sending k. — oo while sending g — 0, such that as remains
constant. The scattering length then serves as the renormalised interaction strength. This
prescription, however, leads via Eq. (3.65) to a vanishing Hartree term, as it depends ex-
plicitly on the bare g. An infinite-cutoff theory fails to describe the self-energy arising from
particle-hole processes. Keeping k. finite allows for a non-zero solution for the Hartree
self-energy, but introduces an explicit cutoff dependence into the theory. So solve this is-
sue, we look at the second-order momentum dependence of Eq. (4.1) and Eq. (4.2). This
relates the UV cutoft to the effective range via

4
kc(re) = — 4.4)

e
Therefore, replacing the UV cutoff by the effective range leads to a physical interpretation
of k. and allows us to include leading order contributions of finite range potentials in the
easiest approximation. It also tells us that the Hartree self-energy is connected deeply to
the shape of the interaction, making it a non-universal quantity. To obtain the scattering
length, we introduce in Eq. (4.3) the resonance interaction strength gres = 737./(2m)
using Eq. (4.4). This gives rise to

2
T, _9/9Res (4.5)

s 8 Teg/gRes_l’
resulting in negative scattering lengths for weak interactions, below the resonance value
and positive scattering lengths with ay > r.72/8 for stronger interactions.

For concrete calculations, we have to obtain the effective range of the most common
atomic species used in Fermi gas experiments. For nucleon scattering, where the effective
range expansion was developed [335], measuring scattering lengths and effective ranges of
n—-n, pt —p*, and n — p* scatterings is routinely done. For cold atomic gases, measuring
the effective range is not so easy due to its small value. Thus, we rely upon standard
scattering theory. We are interested in broad Feshbach resonances, where the effective
range is approximately independent of the scattering length. Therefore, we approximate
the effective range via [70]

Te ™ F(1/4)2 (2mr06) ) (46)
3
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Element Lithium (6Li) Potassium (°K)
noincm™3 || 3x 1012 [180]to 1 x 1015 [264] | » 2 x 1013 [140), ]
Cs in ap*/u 1393 3400

re in ag 87.19 174.95

kgre 0.02t0 0.14 ~ (0.08

Table 4.1: Typical values for 5Li and 4°K in ultracold setups. We mentioned the experi-
mental peak densities 7 in 3D harmonic traps in the first line. In the last line we calculated
the effective range parameter kgr,.

where m, represents the reduced mass of the atoms and C§ stands for the van der Waals co-
efficient of the atom. In the unit system used throughout this thesis (remember, i = 1 = kp)
the Cy-coeflicient is expressed in terms of Bohr radii a( and the atomic mass unit u. We
obtained the results for the Cy-coeflicient of 6Li and “°K from Ref. [338]. In Table 4.1, we
mention the experimentally achieved peak densities in harmonic traps in the first, the Cg-
coeflicient in the second, and the resulting effective range in units of a in the third line.
The last line shows an independent tuning parameter of the system, which is the effec-
tive range parameter kpr., where kp = (372n)1/? denotes the Fermi momentum, tuneable
by adjusting the density. We visualise the scattering properties of °Li and “°K in Fig. 4.1,
where we illustrate the scattering length a versus the scaled bare coupling strength g/gges.
In panel (a) we show ag in units of ag for 6Li with 7.1 ~ 87 aq (solid blue line) and 4°K
with riOK ~ 175 ay (solid orange line). Both curves show an essential singularity at the
resonance coupling strength g/gres = 1, where the scattering length diverges. For smaller
interactions, the scattering length is negative and approaches zero from below as the in-
teractions become infinitely weak. For interaction parameters g/gres > 1, the scattering
length is positive and decreases towards a constant value, depending on the effective range
parameter. The asymptotic scattering length for infinitely strong interactions is shown as
the dashed line in the respective colour. At weak interactions, the scattering length is
approximately independent of the effective range. When approaching or crossing the res-
onance, the scattering length changes drastically with the effective range, making it not
a strongly universal property. In panel (b), we see that the scattering length for various
elements collapses onto a single curve when scaled according to the effective range

kras _ ™ g/gres

kFre 8 g/gRes - 17
where besides the effective range parameter kpr, also the inverse scattering parameter kpag
is used. This scaled property will henceforth be referred to as weak universality.

With the scattering regularisation established until now, it is possible to regularise the
standard BEC-BCS crossover theory. This, however does not apply to our partitioned ap-
proach, since the divergence appearing in the superfluid order parameter equation (3.70)
does not diverge with the UV cutoff k. but with byk. < k., which makes a formal regular-
ization not possible. In order to do so, we need to modify the standard approach to capture
the divergences appearing in the respective HS channels, which then presents a suitable
regularisation scheme. This is done in the next part.

4.7)

4.2.2 Effective pairing channel scattering regularisation

Since the partitioned interaction is smaller than or equal to the bare interaction strength,
we have to take this into account in the scattering problem to regularise the superfluid
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Figure 4.1: Relation between scattering length as and coupling strength ¢ in terms of the
resonance coupling gres. In panel (a), we show the scattering length in Bohr radii versus
9/ gres for 6Li (solid blue line) and “°K (solid orange line). The dashed line stands for the
infinite interaction scattering length. In panel (b), we portray the scaled scattering lengths
and their collapse onto a single universal curve.

Adapted from [P 1] under the terms of the Creative Commons Attribution 4.0 International (CC BY
4.0) license.

order parameter equation (3.70). Restricting the LSE to the Bogoliubov channel yields

1 1 m m
- - —_ ke. 4.8
bgg gB 47Tboa,s " 271'260 ( )

We factor out the standard scattering length term appearing in the original LSE (4.3), since
the scattering length is an observable, and obtain

__m +ﬁ[@+1@]_ (4.9)
JB dras  2m2 by 2as by
This gives rise to the effective UV cutoff of the Bogoliubov channel
ke h 4
ke AERLUS (4.10)

B =+ - Y
bo 2@5 bo WTe,B

where, for consistency, we introduced the same behaviour derived earlier for a pairing
effective range. Using Eq. (4.4) to express the pair effective range in terms of r, yields

< 7. (4.11)

Now, we know from Fig. 4.1 that 1/as < 8/(7?r). Thus, the pairing effective range is
always less than or equal to the bare two-body effective range. This is interpreted as a
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screening effect of the particle-hole sector onto the pair channel, reducing the effective
range of the interaction that forms Cooper pairs. Normally, such effects are derived in a
random phase approximation in the framework of the GMB correction [94] and are a pure
fluctuation effect on top of a clean Bogoliubov saddle. In our approach, it naturally arises
in a mean-field description.

It is useful to directly show this idea of screening in the grand-canonical potential as
well, which we do in the next part.

4.2.3 Screened interactions and non-analytic couplings

To illustrate the concept of channel screening, we consider the grand-canonical poten-
tial (3.62). More specifically, we investigate the energy offset term, which explicitly in-
cludes the partitioned coupling strength. We eliminate the partitioning factors by making
use of Egs. (3.59a) and (3.59b), resulting in

A%Lo N |AB,0|2 _ AIZLO N |AB,O|2
gu gB g g

Inserting this into the grand-canonical potential, we obtain the thermodynamic potential
with eliminated weighting factors, where an explicit coupling of the channels appears:

2
+ §|AH’0||AB70|. (412)

Qo Afo |Apor 2
L_(3) _ H,0 4 | B,0| 4 —|AH70||AB70|
g o g ) (4.13)
- RSW[Ek_gk_AHO_{—Bln(l—i_e_ﬂEk):I.

We interpret this as follows: The partitioned interaction strength is an effective field-
theoretical device to describe the underlying physical mechanism, which is the coupling
of Hartree self-energy and pair field. This interaction appears explicitly in the resulting
self-consistency equations, which show the non-analytic coupling between the channels.
We have the self-consistency equation governing the Hartree term, Eq. (3.68), which reads
after eliminating the interaction

-1
AH,O:min{o;@[ﬂ 27"] +|AB70|}. (4.14)

2 l4mas e

This equation deviates from the naive Hartree channel equation, as seen in Refs. [154,

], in two ways. First, the effective range is a vital part of the self-energy because
it is explicitly dependent on the shape of the interaction potential. Second, the explicit
and non-analytic coupling to the superfluid order parameter |Ag |, which manifests in the
second term and the minimum function. The density is governed by the SP equation of
state (3.64), coupling explicitly to Ay o and |Ag o|. In three spatial dimensions it explicitly

reads Bk Gt A 5
k1t AHo
= 1- —tanh | =F% | |. 4.15
r3 (27)3 [ Ey o ( k)] (1)

No 5

The superfluid order parameter itself also couples directly to the Hartree self-energy as
well as the chemical potential through the quasiparticle dispersion (3.52). Eliminating the
bare interaction in Eq. (3.70) results in

- o (4.16)

[ [m tanh (5 F)

(2r)* | k>

| |S c,B
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Additionally, this also includes the fourth self-consistency equation, which is the pair chan-
nel UV cutoff, which, when the weights are eliminated, reads

41 |AH,0|(41 ﬂl)‘ 17

kep=——+
oB e |Apyl

To solve the presented self-consistency equations, we express all quantities in Fermi units
to achieve system-independent results. Therefore, we scale all the momenta in terms of the
Fermi momentum kp and all energies in terms of the Fermi energy e = k2/(2m). For any
energy, we use A = ep A. We further convert the momentum integral to an energy integral
with = = k*/(2me2) and use D() = \/7 as density of states in 3D. Lastly, we exploit the
spherical symmetry of an infinite system to evaluate the angular integrals. With this the
Hartree self-energy (4.14) reduces to

Ay = min {0; Bikpas [1 - ikwb‘] + ZBQ} . (4.18)
T

7T2 /{ZFTe

For the superfluid order parameter we set |Ag o| = e szo, leading for Eq. (4.16) to become

- e, tanh EE
0=RApol—— - f "deD(x) |1 - M , (4.19)
a 0 z E

where we use the dimensionless dispersion E = \/ (x-T+ EH,O)2 + Z%’O. Additionally,
this equation uses the rescaled pairing UV cutoff, which due to Eq. (4.17) appears as

4 1 |Angol (4 1 T 1 ?
H,0
eB=|— — [ — - — . 4.20
To.B |jT kpre ’ Apy (7T kpre QkFas)] (420)

The last self-consistency equation now determines the chemical potential, since, in Fermi
units, we fix the density ny. The EoS (4.15) reads

4 oo ~7+A B~
2 f pea)|1- 2 A0 (SE) | @.21)
3 0 E 2
Having established self-consistency, we evaluate the four equations and compare the
result to the standard mean-field theory outlined, for example, in Refs. [66, ]. We

divide this into two parts. First, we evaluate the ground state at 7" = (0 before discussing
the effects of thermal fluctuations at 7" > 0.

4.3 Ground state properties

We evaluate the system in the ground state, that is, at 7' = 0. In this limit, the hyperbolic
tangent function appearing in the thermal factors of Egs. (4.19) and (4.21) converges to
1. Thus, all results depend on two external parameters, which are experimentally acces-
sible. The first is the dimensionless scattering parameter 1/kgras, which is controlled by a
magnetic Feshbach field and tunes the interaction. The second one is the dimensionless
effective range parameter kg7, tuneable by changing the density, since the two-body ef-
fective range is approximately a constant over a broad Feshbach resonance [70] and hence
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Figure 4.2: (a) Pairing UV cutoff k. p in units of two-body cutoft k. (main figure) and
the many-body effective range r. p in units of the two-body effective range r. (inset). (b)
Hartree and Bogoliubov partitioning factors h and by as dashed and solid lines, respec-
tively, versus 1/kpas. The effective range parameters used are indicated in the figure and
explained at the beginning of this section.

Adapted from [P 1] under the terms of the Creative Commons Attribution 4.0 International (CC BY
4.0) license.

an atom-specific, unchangeable quantity. The effective range parameter serves as a mea-
sure on how dilute the gas is. It becomes evident that larger values of kg7, cause stronger
deviations of the system from a strongly universal gas, while the zero-range limit corre-
sponds to the standard strongly universal theory. In what follows, we start by discussing
the effective scattering properties before diving into the emerging 7'=0-phase diagram and
its characterisations. After this, a detailed discussion of the phases and regimes follows.

We choose to illustrate four cases in all the figures from now on for the rest of this
section. We always include a solid black reference line corresponding to the standard
theory with zero effective range [660]. In addition, we illustrate three different values of
the effective range parameter, inspired by experimentally realistic values, see Table 4.1.
The first value is kgr, = 0.05, which corresponds for 5Li to a homogeneous density of
n ~ 4.3x10'3 cm~3, represented by blue lines. The second value for Lithium is kg7, = 0.14,
which is realised for °Li by a homogeneous density of n » 1 x 1015 cm~3, represented by
red lines. The last value is kpre = 0.08, which for “°K corresponds to a homogeneous
density of n ~ 2 x 10'3 cm=3, depicted by green lines. In some figures, we add a dash-
dotted magenta line, representing the standard approach with zero effective range, using
a naive Hartree shift reading KH,O = 4/(3m)kpas. We do so because this approach to the
Hartree shift is widely used in low-density Fermi gases, see for example Refs. [28, ,

]. However, this approach is only valid below a certain interaction strength, which
we derive later on, and it causes massive problems when extrapolated beyond its validity,
which unfortunately is often done.

4.3.1 Scattering properties and phase diagram

We start the discussion by investigating the screened scattering properties. We illustrate
the pair UV cutoff and the weight factors hy, by in Fig. 4.2 versus 1/kpas. In panel (a), the
main figure shows the pairing UV momentum cutoff normalised in terms of the two-body
cutoff, while the inset illustrates the ratio of pairing and two-body effective ranges, 7o /7.
Note the logarithmic scaling of the y-axis. Starting from large values k. 5/k. > 1 for weak
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Figure 4.3: Ground-state phase diagram in kg7, - 1/kpas plane. Hartree superfluid (HSF)
is shown as grey and standard superfluid (SSF) as orange area, separated by a solid black
phase transition line. Dash-dotted line is an analytic approximation to the phase boundary,
and dashed coloured lines show the illustrative values of the effective range parameter used
in the other figures.

Adapted from [P 1] under the terms of the Creative Commons Attribution 4.0 International (CC BY
4.0) license.

interactions, the UV cutoff decreases exponentially when going to stronger interactions,
until it reaches k., where it remains stable. For weak coupling, the appearance of a Hartree
channel screens the pair interactions, and thereby increases the UV cutoff in the Bogoli-
ubov channel. Hence, via Eq. (4.10), the pair effective range decreases exponentially, as
seen in the inset of panel (a). Conversely, for strong interactions we find k.5 = k. and
hence 7. g = 7. Panel (b) shows explicitly the partitioning factors i (dashed lines) and
by (solid lines) versus 1/kpas. For weak interactions, we observe a mix of the two chan-
nels as both weights acquire a finite value. For extremely weak interactions, by approaches
zero, while the Hartree weight h = 1 — by tends asymptotically to one. For strong interac-
tions, by eventually reaches one, causing hy = 0. For even stronger interactions, only the
pair channel is present, rendering it the standard approach with finite effective range. The
boundary where the transition to a single-channel model occurs shifts towards stronger
interactions as the effective range parameter increases. We use the partitioning factors
to characterise the phases in the ground state, illustrated in Fig. 4.3. The x-axis resem-
bles the interaction strength, and the y-axis the effective range parameter. We added three
coloured dashed lines indicating the effective range parameters of kpr. = 0.05 (blue line),
kpre = 0.08 (green line) and kg7, = 0.14 (red line) elaborated previously. The grey region
corresponds to a new phase which emerges due to the non-analytic coupling of the two
order parameters, associated with non-vanishing values for both A, and b,. Thus, we call
this phase the Hartree Superfluid (HSF). In contrast, the Standard Superfluid (SSF) phase
is known from previous approaches, where only pair processes are present. This phase is
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defined by hy = 0 and by = 1. In general, the HSF phase appears at large effective ranges
and small interactions, when the pairing is too weak to dominate all interaction processes
and particle-hole scattering occupies most of the states. The phase boundary between HSF
and SSF phase is characterised by setting the non-trivial solution of the order parameter
equation (4.18) to zero. We find an implicit equation, characterising the phase transition
and the critical effective range parameter

-1
(kpre)czﬁl L. ] , 4.22)

5 + —=
| kras 3T Ag,

where KBO is a function of both 1/kras and kgr.. This is illustrated as solid black line,
whereas the dash-dotted black line corresponds to an analytical approximation derived
later.

Having discussed the phase diagram, we investigate the two emerging phases sepa-
rately by analysing the order parameters and the chemical potential in two consecutive
steps. We first discuss the overall behaviour of the quantities evaluated numerically, and
then investigate the limiting cases by deriving analytic approximations.

4.3.2 Order parameters and chemical potential

We want to compare our WHFB framework to the unweighted theory in the literature.
The standard procedure for including multiple interaction channels is the HFB approxi-
mation, see Eq. (3.10), in the framework of variational perturbation theory [28, , ]
for operator-based approaches. This approach amounts to setting by = hy = 1, doubling
the interaction. We distinguish two cases of this standard approach. The first one uses the
correct two-body effective range regularisation derived in Section 4.2.1, which results in

8 kfpas]

72 kpTe

Afppmdard) o ?:iﬁk:Fas [1 - (4.23)
In contrast to this, a lot of work has been done using a naive replacement of the bare cou-
pling strength by g = 47as/m, which is valid for extremely weak interactions only. Often,
this relation is justified by the argument that the divergent momentum sum appearing in
g is a higher-order term. However, this argument is invalid, as it relies on the same order
of approximation for the scattering phase shift, namely the zero-energy limit. Neverthe-
less, we choose to highlight this approach in order to demonstrate its failure. This naive
replacement leads to the well-known self-energy term

‘X (Naive 4
ALy ):3—7Tk:pas, (4.24)

which diverges at the unitary point a; — +oo. Despite that, the above relation has been
extended way beyond the validity region of ag << 7., for instance in Refs. [ 154, ]. We
compare our WHEFB results with both versions of the standard approach, only showing the
naive regularisation where it fails. The Hartree self-energy is depicted in Fig. 4.4. In panel
(a), we illustrate the modulus of the Hartree self-energy Ay o in units of er in the plane of
the effective range and the dimensionless scattering parameter as a heat map. The black
region indicates a vanishing self-energy Ay o = 0. The dashed white curve shows the pre-
viously detected phase boundary. We find Ay = 0 in the SSF phase, as expected since
there we have hy = 0. We further observe that higher effective range parameters correspond
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Figure 4.4: WHEFB solution of Hartree self-energy. Panel (a) shows Ay ¢ in units of ef in
the kgr. - 1/kras plane in a colour code. Dashed white line illustrates the phase transition
line. Panel (b) shows the WHFB Hartree self-energy versus 1/kpag for effective ranges
announced in the figure. Panel (c) shows the Hartree self-energy in the standard approach
for the same effective range parameters. Additionally, we added the dash-dotted purple
line as an illustration of a naive renormalisation scheme applied, for instance, in Refs. [28,

, 296].

to larger self-energy shifts. This strengthens the notion of the Hartree channel being as-
sociated with finite range scattering processes in the particle-hole sector. As expected, for
kgre = 0 no Hartree shift exists. Thus, our approach incorporates the BCS mean-field the-
ory as a special case. In panel (b), we show slices of constant effective range, plotting Ay o
versus 1/kpas for the previously discussed kg7, values, see panel legend. For any kgpr. > 0
some scattering parameter exists, below which there is a non-zero self-energy, and above
which there is none. At this scattering parameter, the Hartree self-energy continuously
tends to O at the HSF-SSF transition line from weak interactions.

Comparing our results with the unweighted approach shown in Fig. 4.4 (c), we con-
clude that there is no phase transition when the fields are not coupled, irrespective of
the effective range. The Hartree self-energy is present for any interaction strength and
monotonically increases 1/kpag, diverging at 1/kpas = (8/72)1/kgr.. The dash-dotted
magenta line follows from the unweighted approach when ignoring the effective range,
see Eq. (4.24), yielding a divergence at unitarity. The numerical values have been rescaled
by a factor of 1/10 for better visibility.

In Fig. 4.5 we show the behaviour of the superfluid order parameter |Ag | in terms of
the Fermi energy cr. Panel (a) represents a density plot of |Ap o|/cr in the kpre-1/krasg
plane. The dashed line shows the HSF-SSF transition. We recognise that the superfluid or-
der parameter does not depend strongly on the interaction range. In contrast, the crossover
from weak (left side) to strong (right side) interactions significantly alters the order pa-
rameter. Panel (b) depicts slices of constant effective range, where |Ag o| is shown versus
1/kpas. We conclude that the effective range has little influence, as already expected from
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Figure 4.5: WHFB solution of superfluid order parameter. Panel (a) shows |Ap o| in units
of ep in kpre - 1/kpas plane and dashed white line illustrates the HSF-SSF transition.
Panel (b) depicts the WHFB superfluid order parameter versus 1/kras for effective ranges
indicated in the figure. Panel (c) represents the superfluid order parameter in the standard
approach for the same effective range parameters.

panel (a), as the curves are closely spaced. There are no strong modulations caused by the
effective range parameter. In general, the superfluid order parameter is a monotonically
increasing function of the interaction strength. For weak interactions, i.e., 1/kpas - —oo,
it decreases exponentially, whereas for larger interaction strengths, its behaviour becomes
polynomial in 1/kras. However, an effective range kgr. > 0 slightly reduces the order
parameter for interaction strengths smaller than 1/kpas < 0.55, while increasing |Ag o| for
stronger interactions. As we will see later, this change is caused by the chemical potential
switching sign from positive for 1/kpag < 0.55 to negative for 1/kpas > 0.55. Comparing
this observation with panel (c) reveals that there is no visible change in the superfluid due
to the coupling to the Hartree self-energy using the effective range regularisation.

The last quantity we discuss is the chemical potential x. In Fig. 4.6 (a) we show a
heat map of p/er in the plane of scattering (z-axis) and effective range parameter (y-
axis). The dashed black line indicates the HSF-SSF transition. For weak interactions, the
chemical potential approaches the Fermi energy, whereas it decreases for stronger inter-
actions. The most striking property of the WHFB approach is that the chemical potential
reaches a maximum for fixed effective range at the HSF-SSF phase transition. For weaker
interactions, i.e. at the left of the dashed line, we are in the HSF, where the presence of
non-vanishing Hartree self-energy reduces the chemical potential by taking the particle-
hole sector into account. On the right-hand side of the dashed line, there is no self-energy
shift, and particle-hole processes play no role in the SP theory. Panel (b) shows slices of
fixed effective range, making the maximum more visible. We notice that for weak interac-
tions, the chemical potential shifts towards lower values relative to the zero-effective-range
reference represented by the solid black line. Larger effective range parameters, see, for
instance the red curve, produce stronger Hartree shifts for weak interactions, compare
Fig. 4.4 (b). As interactions increase, the Hartree shift becomes small and vanishes at the
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Figure 4.6: Illustration of chemical potential obtained in the WHFB calculation. Panel (a)
shows 1 in terms of Fermi energy in the kgr. - 1/kras plane. Dashed black line illustrates
HSF-SSF transition. Panel (b) depicts WHFB chemical potential over 1/kpas, effective
ranges indicated in the figure. Panel (c) pictures /e in standard approach using identical
effective range parameters as well as naive regularisation chemical potential in dash-dotted
purple line.

phase transition, at which point the corresponding shifted chemical potential matches the
zero-range reference line. Further increasing the interaction leads to a small increase in
1 due to the finite effective range, which is not counteracted by a Hartree shift. In other
words, the Hartree self-energy, arising from particle-hole processes, plays a role only at
weak interactions, where it reduces the chemical potential with respect to the band mini-
mum. A similar behaviour was already imposed by G. Strinati et al. in Refs. [ 100, ]
by diagrammatic methods. There, a mean-field self-energy shift was found to be vital for
the consistency of pair fluctuations and GMB physics. In their analysis, they found that
inconsistencies arise when keeping the self-energy shift for larger interactions. Hence,
they used a heuristically chosen scattering parameter to turn off the self-energy shift of the
chemical potential. Our analysis provides a physical explanation of this observation by
noticing that at strong interactions, pairing processes are favoured over the particle-hole
sector, and hence they dominate all interaction processes, causing Ay ¢ = 0. For weak in-
teractions, pairing is exponentially small and therefore, particle-hole processes can reduce
the ground-state energy. In panel (c), we see the unregulated standard approach, which
does not show this behaviour. Since Hartree self-energy is always finite, the chemical po-
tential always acquires a Hartree shift. Furthermore, the naive procedure of ignoring the
effective range leads to a singularity in the chemical potential at unitarity, rendering the
theory unphysical for 1/|kras| < 1. Since the true value of the chemical potential with
respect to the bottom of the bands dictates the particle number, this flaw is a catastrophic
error in the standard naive approach, revealing its unphysical predictions. This point was
plainly "swept under the carpet” by simply ignoring the Hartree term in theoretical inves-
tigations [28].
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In conclusion, the problems arising in a naive version of a multichannel model are
solved by invoking a higher principle of action minimization and partitioning of interac-
tions. This provides a natural solution for the problem of divergences and miscounting of
states in the standard HFB approximation. This finding is consistent with diagrammatic
investigations [ 100, ] of the particle-hole sector in a superfluid, where the self-energy
is heuristically introduced for weak interactions, but would cause problems when consid-
ering stronger interactions. We now continue with an in-depth discussion of the different
phases and asymptotic limits.

4.3.3 Weakly interacting limit

In this section, we discuss the weakly interacting BCS side. This regime is most affected
by the presence of the particle-hole sector, as shown already by GMB over half a century
ago [94]. As BCS side, we denote strictly negative values of the scattering parameter
1/kpas < 0 for g < gres = m1/(2m). In this regime, the system does not support two-
body bound states, but allows the formation of large-scale, delocalized pairs in momentum
space, facilitated by the Fermi surface and represented by the superfluid order parameter
|Ag o|. Presence of a Fermi surface means y > 0, leading to the energy gap

EGap = |AB ol (4.25)

The minimum of the quasi-particle dispersion appears at the Fermi surface k = \/2mu.

We read off the phase diagram in Fig. 4.3 that the HSF-SSF phase boundary always
happens at small kpr, in the BCS regime. Therefore, we consider the HSF and the SSF
states separately with the aim of deriving an analytic approximation to the transition line.
To this end, we need to know how the superfluid order parameter behaves in the asymptotic
BCS regime. We show in Appendix 4.B.1 that approximating Eq. (4.19) leads to

8€F ™
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when 1/|kpas| < 1, which still depends on the many-body UV cutoff from Eq. (4.20). The
presence of an effective range parameter leads to a reduction of the order parameter in the
BCS regime. When the effective range approaches zero, we have x. g - oo. There, |Ap |
converges to the well-known weakly interacting asymptote [28, 78, 87, ] with correc-
tions of the order O(r. ). We will see in the next two paragraphs that the corrections
implied by a finite effective range parameter are fundamentally different in the HSF and
SSF regions.

The Hartree superfluid

The HSF region is visualised as the grey coloured area in Fig. 4.3. When investigating
the cutoff in Eq. (4.20) and using the non-trivial solution of Eq. (4.18), we eliminate the
Hartree self-energy in the pair cutoff, resulting in

2
2 €f ™
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Surprisingly, this expression is independent of the two-body effective range parameter.
This means that the Hartree self-energy screens the true interaction range by capturing all
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the long-range effects, leaving only a remnant of the effective range in the form of the pair
cutoff presented above. For weak interactions, the order parameter term dominates in the
pair cutoff as it is exponentially small compared to the polynomial factor of 1/kpas. Using
this in Eq. (4.26) we obtain the asymptotic limit

8ep 12 T T
Apoln B 1o =2 (T T 428
B0l l ( kaws’)]exp( 2rkFas|) 428

This agrees well with the numerical evaluation shown in Fig. 4.5 (b).

To obtain a corresponding asymptotic expansion of the Hartree self-energy, we have
to make one further distinction. As the self-energy depends explicitly on the scattering
parameter and the effective range, their dimensionless ratio leads to two distinct asymptotic
regimes. Therefore, we investigate the following two cases: (1) kpr. < |kpas| < 1 and
(2) |kpas| < kpro < 1. Close to the HSF-SSF transition we are in the regime of small
effective range compared to the scattering length, that is kpr, < |kpag|, leading to an
asymptotic expansion of Eq. (4.18) reading

AHO ™ 2 kFTe k:Fre ’
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When decreasing the interaction strength further, the sensitivity of Ay to kpas increases
and vice versa the sensitivity to kpr. decreases. This leads to
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The leading-order term is simply the result obtained using a naive approach, neglecting
the effective range. This demonstrates that the naive approach in Eq. (4.24) is only valid
when krag << kpr.. Naturally, this is never the case when approaching unitarity, where the
scattering length diverges, thereby demonstrating the failure of the naive approach. Ulti-
mately, we conclude that always the smaller length scale determines the leading behaviour
of AH,O-

For weak interactions, the Hartree self-energy is the main reason the chemical potential
differs from the Fermi energy. We see this when considering Eq. (4.21), which depends
exponentially small on Ap at weak interactions. Since Ay has the two hierarchies of
length scales, the chemical potential behaves differently in the two asymptotic regimes,
leading to

(4.29)
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for |kpas| < kpr.. Here, we neglected exponentially small corrections due to the superfluid
order parameter, as they are small compared to the Hartree shift.

After having discussed the three physical quantities present in the WHFB evaluation
in the HSF regime, we continue by considering the SSF phase at the BCS side.

Standard Superfluid

The standard superfluid is characterized by h, = 0, leading to Ay o = 0, highlighted as the
orange region in Fig. 4.3. Here, all the interaction energy is used to form Cooper pairs
since the interaction strength is sufficiently large to suppress the particle-hole sector. In
this phase, we investigate the finite-range implications, as this is vital to understanding
finite effective-range interactions. Since the Hartree self-energy vanishes, the pairing UV
cutoff from Eq. (4.20) reduces to the standard two-body cutoff dictated by the two-body

effective range parameter
16 1

TeB = 79 (kpre)?
Because of that, the superfluid order parameter Ap  in the SSF phase is directly affected
by kgr,, unlike in the HSF phase.

Since the HSF-SSF transition occurs for kpr, << |kpas|, and the SSF is only present
for effective ranges smaller than the critical effective range, the SSF phase only contains
the hierarchy kpr. << |kpas| << 1. In this limit, we obtain the superfluid order parameter
approximated to be

(4.33)

|AB Q| 8 ( e ) T
— N — ——kpre - . 4.34
ep €2 P\ T )P 2|kpa| (434)

This tells us that the presence of a finite effective range reduces Ap( weakly when con-
sidering the weak-coupling side of the SSF region, proportional to the effective range.
Furthermore, because the Hartree self-energy is not present, also any change in the chem-
ical potential is of the order of Ap (, which ultimately results in

A 2
B 1_(9(_| Bvo|) _ (4.35)
EF EF

After having solved asymptotically for the self-consistent variables, we use Eq. (4.34) and
insert it into the HSF-SSF transition condition (4.22), yielding

48 T
kgre). ~ —— - . 4.36
(kere) e’n exp( 2|k‘Fas|) (430

This formula is a good approximation to the transition region as long as 1/kras < 1, which
is shown as the dash-dotted black line in Fig. 4.3.

To summarise, in the BCS regime, there are two types of superfluids. The standard
superfluid (SSF) and the Hartree superfluid (HSF). The HSF supports particle-hole pro-
cesses and with this a range-dependent self-energy contribution affecting the chemical
potential, known as the Hartree shift. The non-analytic coupling between Ay and Ap
provides a mechanism that allows the particle-hole sector to screen the range of the pair
interaction, making the formation of Cooper pairs insensitive to the two-body effective
range. The same non-analytic coupling allows Ay = 0, leading to the SSF phase. Here,
the attractive interaction is so large that pairing is energetically favourable so that no states
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4.3. GROUND STATE PROPERTIES

are used up in the Hartree channel. This means no screening effects are present. Thus, in
the SSF region Ag o acquires an explicit dependence on the effective range.
Having discussed the weakly interacting limit, we investigate the unitary gas.

4.3.4 Unitary gas

The unitary Fermi gas is characterised by a diverging scattering length when approaching
the Feshbach resonance magnetic induction B, namely ag - oo (1/kpas - 0). A large
number of experimental and theoretical investigations have focused on this case. It is be-
lieved to exhibit universal behaviour in the form of scale invariance [34 1], as is well known
for cold quantum gases like Li or 4°K [77]. In the aforementioned systems, r. generally
was not considered in the theoretical description so far. For nuclear systems, which typi-
cally have much higher densities, the effective range is of the order of the mean distance
between the particles, and hence, has crucial effects, preventing universal behaviour in
such setups [206, 231]. Furthermore, tuning physical systems to the unitary point is, gen-
erally speaking, only asymptotically possible by adjusting the density in nuclear systems.
The naive standard approach (4.24) causes the Hartree self-energy to diverge at unitarity.
Such divergences can not occur in real experimental setups, and hence, this is a hint of the
incompleteness of the underlying theory. Additionally, because of the functional shape of
the naive Hartree self-energy (4.24), it would have a singularity at unitarity followed by a
switch sign. As such, in the proximity to unitarity, the chemical potential would acquire
any real value ranging from —oo to oo.

The WHEFB approach solves this issue in two ways. The first, and more relevant point,
is the proper regularisation of the bare interaction strength g, which does not rely on any
assumption about weak interactions. This renders our approach more reliable, as we di-
rectly include the effects of the interaction potential’s shape, which is vital for a proper
description of the particle-hole sector [342]. Our procedure shifts the divergence of the
self-energy towards kras = (72/8)kpr. > 0, which corresponds to an infinitely strong
interaction. Due to the coupling of the two channels, the Bogoliubov channel occupies
all states at strong interactions, as there the formation of Cooper pairs is energetically
favoured, preventing the divergence. This is an important physical consequence of the
partitioning.

At unitarity the Hartree self-energy in Eq. (4.18) simplifies to

A,

EF

0~ min {0; —%km ¥ ZB,O} . (4.37)

A non-trivial solution for this minimum function at unitarity can only occur for large val-
ues of kpr., which are not experimentally achievable in cold gas setups. Therefore, in
any such setup we find Ay |4,»+00= 0. Hence, the unitary regime is always in the SSF
phase. This agrees well with the finding of Zhang and Leggett [290]. They argued that the
dimensionless effective range parameter should play a role when the length scale of the
scattering length itself vanishes, as it remains the only ratio of length scales in the system.
However, in practice, they acknowledged that in cold quantum gases, this ratio, even in
the densest experimental setups, is too small to be observed experimentally. At unitarity,
our findings are important from a conceptual and theoretical standpoint on the consistency
of describing Fermi systems. The method itself leads to non-trivial effects in more dense
frameworks, such as nuclei and neutron stars. This is again a notion of the weak univer-
sality established previously, which plays its biggest role at unitarity. When the effective
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Figure 4.7: Panel (a) and (b) represent SP values of |Ag | and y for various values of kgr,
versus 1/kpag on a logarithmic axis. This illustrates how the self-consistent parameters
approach their value at unitarity, which is on the infinite right of the panels. Panel (c)
shows the unitarity value of |Ap o| (solid orange line) and y (solid turquoise line) versus
the effective range parameter. The dashed lines illustrate the kpr. parameters used in
panels (a) and (b).

range becomes larger, the system behaves less universal.

In Fig. 4.7 we depict the values of Ap and 4 in units of ep at unitarity. Panel (a)
resembles the order parameter and panel (b) the chemical potential versus 1/kpas when
approaching unitarity from the BCS side. This illustration is motivated by Ref. [343] and
uses a logarithmic scaling to illustrate the approach to unitarity. We find good qualitative
agreement with their work, as for increasing effective range parameter, the unitarity value
of the order parameter decreases, while the chemical potential increases. Thus, we find that
the presence of a non-vanishing length scale at unitarity weakens pairing and enhances the
degeneracy. In panel (c) we show how the superfluid order parameter (solid orange line)
and the chemical potential (solid turquoise line) change with kg7, at unitarity. The dashed
lines in the respective colour correspond to the values chosen in panels (a) and (b). We
observe that, for increasing effective range, the order parameter decreases linearly, while
the chemical potential increases linearly with kgr.. This puts the qualitative statement just
made in the previous panels into quantitative terms.

Having discussed the unitary regime, the next section deals with strong interactions.

4.3.5 Strong interactions

In this section, we elaborate on the strongly interacting regime of the WHFB theory. To
this end, we define the strong interaction regime as the region via 1/kpags > 0, such that a
true two-body bound state exists. Even though the SP description is not a reliable theory to
describe strong interactions, our approach provides an improved starting point for a beyond
SP theory. For strong coupling, we are always in the SSF region with Ay = 0, as can be
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identified in Fig. 4.3. The chemical potential decreases for increasing interaction strength,
eventually crossing zero and becoming negative. As a result, the Fermi surface dissolves
entirely, and the gas is now closer to a system of composite bosons. This is related to the
idea of Blatt [17], where charged electron dimers undergo a BEC transition. In our case,
the dimers are neutral molecules. When the chemical potential switches sign, the energy
gap of the quasiparticle dispersion increases. For positive chemical potential, we had an
energy gap of |Ap |, as already stated in Eq. (4.25). For a negative chemical potential, the

energy gap becomes
Eaap =/ 112 +|Ap o> > [Apyl (4.38)

making it harder to dissolve the pairs. Note that this energy gap is reached at £ = 0, and
not at the Fermi surface.

Before we go into detail in the discus-
sion of the asymptotic limits of Ag( and
u, we derive an analytic expression for the [N e UMDY
location of the sign switch of x and how
the presence of an effective range alters
this location. To this end, we set ;= 0 .

@)= [ du

For o,y € C the S-function is defined as

and use the fact that in the SSF we have (4.39)

Apo = 0. Further, we perform an inte-
gration by parts in the superfluid order pa-
rameter equation (4.19) and extend the integral to infinity by adding and subtracting the
[z, 00) tail. This results in

)a+’y

™

S+ Iy (4.40)
l{?F Qg

with the zero-range part of the superfluid order parameter equation being

10=2£2Bgf Qe Yo (4.41)
o G Ay

and the correction due to the effective range parameter

Iy = 2R3, f " g — YT Zob (4.42)

m+2\/$C7B 1——~ .
ven (22 +Af)) V2l + A%,

The integral in Iy arises from extending the domain of integration, whereas the sec-
ond term stems from the boundary of the integration domain. Using the substitution
u = 2%/A% , and the definition of the Euler-3 function, the zero-range term becomes

3 3
Iy =/ ApoB 4.4
o (4 4) (443)

For small effective range parameters we have XB@ < z.p and hence we expand Iy for
small A o/z.p, ultimately leading to

~ 2 ~ 4 6
A A A

JR:_%@( B’O) +% %B( B’O) +0( B’O). (4.44)
T
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Next, we solve the number equation (4.21) at 7' = 0 in order to obtain EBQ( i = 0) explic-
itly. An integration by parts results in

3/2
o x
zzf de Az [—2 | 4.45
0 B,0 (x2 + AQBI)) ( )

Performing the same substitution as before allows us to solve the integral employing the
B-function, yielding

2/3

A ~ 4

Asol = Apo = (—5 - ) ~ 1.053. (4.46)
°r B(}1)

We reinsert this result into the integrals (4.43) and (4.44) from Eq. (4.40) to obtain the
transition scattering parameter as a perturbation series in kgr, of the form

= 77—’)/(kp7°e)3 +C(kFTe)7+O(kFre)11- (447)

kF Qg

The corresponding numerical expansion coefficients are

/3
B (3,3 !
n = (G 4)( ?1 ) ~ 0.553, (4.48a)
T \B(3.1)
) A 4/3
™
=— ~ 0.057 4.48b
g 192(13(%’%1)) : ( )
36 s\
™
= ~ 0.008 . 4.48
g 458752(3(3,%1)) o

The explicit values of v and ¢ are much less than one. Thus, we conclude that the sign
switch of the chemical potential is only weakly influenced by kgre.

Having located the transition point, we now focus on scattering lengths 1/kpag > 0.55.
The superfluid order parameter was already discussed in the context of Fig. 4.5 (b), where
it was found that |Ap o| increases for increasing kpr.. Compared to the weakly interacting
limit, where the effects of kpr, are small, for strong interactions, its effect becomes sub-
stantial. To solidify this, we derive an asymptotic expansion in Appendix 4.B.2, reading

|AB 0| 4 1 1 kFTe (k;FTe)2
ol 14—t o . 4.49
EF V31 VEkras 4 krag kras (449)

This quantifies the effect of a finite kpr. for increasing the superfluid order parameter
perturbatively. Because j varies strongly from weak to strong coupling, we illustrate the
intermediate to strong interacting values separately in Fig. 4.8. There, in panel (a), the
result for the chemical potential in terms of cr around unitarity is illustrated as a heatmap
in the kpre - 1/kpas plane. The dashed white line indicates the numerically determined
line of vanishing chemical potential. It agrees well with the analytic expression derived in
Eq. (4.47). Panels (b) and (c) represent the chemical potential in terms of the Fermi energy
versus 1/kpas for various values of the effective range parameter, indicated in the figure
legend. Panel (b) shows the WHFB approach and panel (c) the unweighted approach. The
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Figure 4.8: Chemical potential ;« obtained in WHFB calculation for intermediate to strong
interactions. Panel (a) shows p in terms of Fermi energy in the kgr. - 1/kpas plane. Dashed
white line indicates where p switches sign. Panel (b) shows WHFB chemical potential over
1/krpag for effective ranges indicated in the figure. Panel (c) depicts pi/cr in the standard
approach for the same effective range parameters as well as the naive approach via the
dash-dotted purple line.

unweighted and WHFB approaches lead nearly to the same result, with deviations arising
only from the presence of a small Hartree shift in the unweighted approach, while the
WHEFB approach does not have a Hartree shift in this region. We conclude that the effective
range substantially decreases the chemical potential in the strong-coupling regime due to
the degeneracy of the Fermi gas. This comes from the circumstance that the effective
range increases the binding energy of the two-body bound states. For strong interactions,
a perturbative calculation is performed in Appendix 4.B.2, resulting in a decrease in the
chemical potential according to

12 1 EB 2 k’FTe ( ICF’I"e )2 2
o 2224 Zkpag]l O O (kpag)”, 4.50
EF 2 ef " 3T ra [ " krasg i krasg + O (kras) ( )
agreeing well with the numerical evaluation depicted in Fig. 4.8 panel (b). Here, we use
the binding energy
EF kgre ( kgre )2
Ep = 1 (@] . 4.51
’ (kFas)2 l " kFas " kFas ( )

In contrast, we find in panel (c) that the naive approach, as is also discussed in Refs. [ 154,
289, 296], fails around unitarity and for strong interactions. This is because there is a
singularity of the chemical potential at 1/kras = 0, discussed already in Section 4.3.4.
Beyond that, the Hartree shift becomes positive and pushes the chemical potential up,
as if the original Fermi interactions were repulsive, although they are forming two-body
bound states. Thus, the necessity of the WHFB approach in combination with the correct
effective range regularisation to go beyond a simple weak coupling description becomes
evident.
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So far, we discussed the immediate consequences of the WHFB treatment for a Fermi
spin mixture in the ground state. In the following, we consider secondary consequences of
our approach by investigating some thermodynamic properties 7" = 0 in the next section.

4.4 Thermodynamics of WHFB ground state

In this section, we work out some thermodynamic properties of the WHFB ground-state
evaluated for a two-component Fermi spin mixture in 3D with equal spin populations based
on the evaluation in the previous section. We start by discussing the free energy of the
ground state, which represents the basis of the following discussion. Afterwards, we eval-
uate the compressibility as a second derivative of the free energy, which allows us to char-
acterise the HSF-SSF transition from the viewpoint of critical phenomena. Furthermore,
we consider the behaviour of Tan’s universal contact relation. We find that the WHFB
approach can predict the correct contact relation for weak interactions at the mean-field
level, where the standard approach fails. Finally, we derive an analytic expression for the
size of the Cooper pairs and evaluate the influence of the effective range on this physically
important length scale.

4.4.1 Free energy

By choosing Fermi units, we fix the particle number, and hence we effectively perform a
Legendre transformation from the grand-canonical to the canonical ensemble. Thus, the
appropriate thermodynamic potential is the Helmholtz free energy F = () + uN using the
total particle number N = ngV, with ng as the SP particle number and V' as the sample
volume. At 7' = 0 this gives rise to the ground-state energy £ = F|r-o. With the Legendre
transformation, the non-analytic term in the grand-canonical potential is eliminated by
using the equation of state ;2 = p(n). This cancels all terms in €2, which are not particle
conserving, resulting in the ground-state energy per particle in units of ep

£ _ 8 lABvO'Q-A%”( — )
N&F B 8 812;/{71:‘@5 5% kFas 2 kFTe
L) - Any 3

5/2
EF 45F/

(4.52)

| deve B - €)1,

with £(€) = € — pu(n) + App and E(e) = \/&(€)? +|Ap ol

We evaluate the above integrals numerically and present the results in Fig. 4.9. To
resolve all the fine details, we split the figure into two parts. Panels (a)-(c) focus on the
weakly interacting regime, whereas panels (d)-(f) deal with stronger interactions. Hence,
we correspondingly split up the discussion in a similar way. In Fig. 4.9 (a) the ground-state
energy per particle in units of e is illustrated as a density map in the kg7, - 1/kpas plane.
The dashed black line shows the HSF-SSF transition. For fixed 1/kras when increasing
the effective range, the energy decreases due to a larger Hartree self-energy in the HSF
phase. In the SSF phase, this shift is not present and, thus, we can not identify such a
clear connection. This is a subleading effect, as its size, as indicated by the colour bar, is
small compared to the total free energy. In panel (b), we show slices of constant effective
range illustrated versus 1/kpas from —4 to 0. As already visible from panel (a) in the HSF
region, the ground-state energy per particle is reduced due to the emergence of a Hartree
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Figure 4.9: Free energy of the WHFB system. Panel (a) and (d) represent a density plot
of free energy per particle in units of the Fermi energy in the kpr, - 1/kras plane. In
panel (a) we show weak, in panel (d) strong interactions. In panel (a) dashed black line
shows HSF-SSF transition line. Panels (b) and (e) show free energy in WHFB approach
for various effective ranges versus 1/kpag, with weak and strong interactions depicted in
panels (b) and (e), respectively. For the same convention of interaction strengths, panels
(c) and (f) depict equally weighted free energy per particle versus 1/kras for the same
effective range parameters. Dash-dotted magenta line corresponds to the naive regularisa-
tion scheme without effective range, leading to a singularity of free energy at 1/kpag = 0.

self-energy. This reduction is stronger for larger kpr. and vanishes when kpr, = 0, see
solid black line. We also recognise that, as soon as we approach the HSF-SSF boundary
with Ay = 0, the ground state energy per particle has a local maximum with a kink.
For larger interactions, namely in the SSF phase, the Hartree self-energy vanishes, and
no corresponding effect on the free energy is visible. A tiny increase of the ground-state
energy due to the direct influence of the effective range on Ap and p happens in the
SSF phase. However, it is not resolvable in the scales illustrated in Fig. 4.9 (b). Panel (c)
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illustrates the ground-state energy per particle against 1/kpas for the same effective range
parameters and the unweighted standard approach. There, the ever-present Hartree self-
energy reduces the ground-state energy over the whole range of the illustrated scattering
parameters. This reduction of the energy overestimates the effects of both channels. A
smaller overall energy does not necessarily mean a closer match to the true ground state,
as our approach is variational in the Lagrangian, not in the states. We further show the
naive result, used in Refs. [28, , ], which neglects the effective range, as dash-dotted
magenta line. It shows the unphysical divergence at 1/kpas = 0.

For 1/kpas < —1 we take into account p = ep + Ap, and evaluate the integral in
Eq. (4.52) in analogy to the integrals solved in Appendix 4.B.1 to obtain

1 1\ Af Ago)?
(R T = ] (R e

N&TF 5 8 |]€FCLS| F kZFTe 812; 8 P

The first term is the ground-state energy of the free Fermi gas, whereas the second term
shows the energy gain due to the appearance of a Hartree self-energy for weak interac-
tions. The last term originates from the energy gain due to the formation of Cooper pairs.
In the following, we again distinguish between HSF and SSF region, starting with the
HSF asymptotes. The two length scale hierarchies of ag and . must be considered. For
extremely weak interactions, i.e. kpr, < |kpas| << 1 we obtain

& 3 0w 72 kpre kgre ? 2
— = - —kpro|1-— +0 + O (kpr,
Nep 5 127 [ 8 |kra| (lk‘Fasl) (Frre) (4.54)
_ % 1 — 26_2\k;as| ’ e_lk}:‘ls‘
et e? .

For stronger interactions, i.e. |kpas| << kpre < 1, but still in the HSF region we get

2 kpas krag\
Ni - g - 3—|kpas| ll - §|kFa | +O(|kFa l) ] +(9(|kpas|)2
EF U ™ F7je FTe (4.55)
A 12 de‘uﬁs\
et e? '

In both cases, the energy gain due to the formation of Cooper pairs does not depend on
krre, while the Hartree shift of the energy is strongly affected by the hierarchy of the length
scales. In the SSF region only one asymptotic limit exists, that is kgr. << |kpas| << 1, where
the ground-state energy reads

& 3 24(

— T —Skpre _Las
N_€F_5 i 1——kF7"C)e 2"Flee [kpasl (4.56)

2
Here, only an energy gain through the formation of pairs occurs.

At unitarity 1/kras = 0 and for stronger interactions, the ground-state energy per par-
ticle is illustrated in units of the Fermi energy as a density map in Fig. 4.9 panel (d) in
the kpr. - 1/kpas plane. We use a different colour scheme compared to panel (a) to avoid
confusion. For strong interactions, the effective range plays a minimal role. This is visible
by the colour gradient in panel (d), which reveals changes in z-direction but little changes
in y-direction. We further illustrate this by discussing specific curves of the ground-state
energy per particle versus 1/kpag for various effective range parameters in panel (e). The
colours chosen are the same as those indicated in panel (b). Here, the ground-state energy
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decreases with increasing interaction strength. Finite effective-range parameters further
decrease the ground-state energy for strong interactions when the chemical potential be-
comes negative. The same overall effect is seen in panel (f), in a comparison with the
unweighted approach ground-state energy per particle. There, we recognise the full sin-
gularity of the naive approach, rendering this method completely unphysical beyond weak
interactions. When comparing the same effective range curves from panels (e) and (f), we
conclude that the Hartree shift would play only a minor role in the ground-state energy,
even if it existed, due to its small value in the unweighted approach. The main influence on
the ground-state energy for strong interactions stems from the formation of Cooper pairs.

Having discussed the free energy in the ground state as a starting point, we now turn to
the isothermal compressibility, which is a thermal response function of particular interest.

4.4.2 Isothermal compressibility

One benchmark property to investigate is the isothermal compressibility ~1, defined by
1 ( ov )
kr=-—=|— . (4.57)
V\op T,N
It constitutes a measure of how a system reacts when pressure is applied, keeping tem-

perature and particle number constant. We use some thermodynamic properties [344] in
order to obtain the isothermal compressibility as

V (ON
=— = 4.58
o Nz(au )T’V, (4.58)
with the equation of state being N = —(9€Q/0u)7rv. From now on, we will suppress

temperature 7' and volume V' indices in thermodynamic derivatives. To calculate the
compressibility, we have to take all the partial derivatives into account. As such, we
have to consider Agy = Ago(p) and Ay = Ap(p). To this end, we formally write
Qo = Qo(u, Ap o, Any) exploiting the U(1)-symmetry of the superfluid order parameter.
Dealing with all the partial derivatives, we obtain

_ 14 (aN(MAH,mAB,o)
RT ==/ a,u

N2 )
Ag,0,AB,0

s (8]\7(#’ An o, App) ) (AH,O(“) )
N2 0w, wane VO AL,

+ v (aN(NaAH,o,AB,O)) (AB,O(M))
N2 aAB,O 1,AH.0 a'u Ag0

(4.59)

The first line is the simple partial derivative keeping the self-consistent auxiliary fields
constant. However, their response to a change in the chemical potential is vital in order to
obtain the compressibility, as their behaviour dictates how the Cooper pairs and the density
fields react to an applied pressure. We formally write the equation of state as

N = —% S tr{Gsp(k)7.}, (4.60)
k

with G'sp(k) being the SP Green’s function from Eq. (3.56a) and v, , = 0. as Pauli
matrix. To calculate the derivative of the equation of state, we use 1 = G5pGsp to find

OGsp (k OGsp (k
—;12( ) _ —Gsp(k)%(;sp(k), (4.61)
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for an arbitrary energy variable ¢ = i, Ay, Apo. Using the inverse SP Green’s function
from Eq. (3.49), we obtain the following three derivatives of the equation of state

N (p, Ap o, A
(a (1, Ano, B,o)) - LS (G (k.G (k). (4.62a)
oy An,0,AB,0 k
N(p, Apg, A
(8 (1, Anp, B,O)) = thr{Gsp(/f)’YzGSP(k)')’z}, (4.62b)
aAHvO wAB o B%
N(p, Ap o, A
(a (1, Anp, B,o)) - S (G (). G (), (4.62¢)
8AB,0 /L7AH,O ﬁ k
Here we recognize the loop functions, defined in Eq. (2.53), and restated here
1
VAab(q) = B Z tr {GSP(k)’yaGSP(k + Q)’Yb} ) (463)
k
resulting in

(8N(N,AH,0,AB,O)) =-VA..(¢=0), (4.64a)

O Am,0,AB,0
(31\7(#, Any, AB,O)) “VA..(g=0), (4.64b)

aAH’O /J’AB,O
(aN(M, A p, AB,O)) =VA..(¢=0). (4.64¢)

8AB70 1,AH 0

Thus, the derivatives of the equation of state are directly related to the zero momentum
(g = 0) and zero frequency (iq, = 0) Fermi loop functions. It remains to evaluate the partial
derivative of the SP conditions with respect to x. Since the grand-canonical potential is at
a SP with respect to the fields Ag/p o we find that

0. & (390(/% AH,O(,U’)vAB,O(/L)))‘ (4.65)
du OA;0(1)
This is straightforwardly rearranged to
-1
(8AJ,O(M)) i (8N(u, Ay, AB,0>) (amo(u, Ay, AB,0>) (4.66)
a[u A, (9AJ,0 A aA?LO A5, '

with the convention of J being the other field for a chosen J € {H, B}. Expressed in Fermi
loop functions, the two partial derivatives read

a,u T,Ap.o sz(q = O)
O T.Ano Hacac(q = 0) ’
with the regularised loop functions
1
Hab(Q) = g_(szzb (5ax + 6az) + Aab(Q)‘ (468)
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Figure 4.10: Isothermal compressibility in units of x, of WHFB ground state. We show
r for a selected set of effective range parameters versus 1/kpas.

Here, g, represents the partitioned interaction gy for a = z or gg for a = x. Due to the offset
term in the grand-canonical potential, the second derivatives with respect to the order
parameters always lead to the regularised loop functions, while as soon as a derivative
with respect to y is involved, only the standard loop functions A show up. Using this, the
compressibility (4.59) reads

A%(g=0)  AZ.(¢=0)
IL..(¢=0) IL,(¢g=0)

The second term is the additional contribution arising from the Hartree self-energy in the
HSF phase. Evaluating the loop functions using the SP Green’s function (3.56a) leads to

n’kr=-N..(¢=0)+ (4.69)

A..(q=0)= —% zkj |A§glz, (4.70a)
Awa(g=0) = _% Zk: |AB,0|(5§2+ AH,O)7 (4.70b)
I,.(q=0) = %k;B ‘A;g‘Z, (4.70c)
I..(¢=0) = giH - % Zk: |A;g|2. (4.70d)

In Fig. 4.10 we depict the isothermal compressibility in units of xo = 97%m/k3., which is
the isothermal compressibility of an ideal Fermi. We use the established colour scheme
for various values of the effective range parameter with the solid black reference line for
kgre = 0. In the inset, we visualise an enlarged version of weak interactions. We observe
that in the HSF region the Hartree shift causes the compressibility to be enlarged, scaling
with kgre, as the attractive interactions give a positive contribution to the compressibility
via the Hartree self-energy. This decreases as the interaction strength increases until the
HSF-SSF boundary is eventually reached. There, we find a non-differentiable point in
the compressibility as the Hartree term vanishes. In the SSF region for positive chemical
potentials, the effective range causes the system to be more degenerate as superfluid order
is slightly reduced. This manifests as reduced compressibility, since the pairing is weaker
than in the standard zero-range theory. Once the chemical potential switches sign, i.e. the
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Figure 4.11: Tan contact of WHFB ground state. Panel (a) shows the contact as a density
plot with a logarithmically scaled colour bar in the kgr, - 1/kpag plane. Dashed white line
indicates the HSF-SSF transition. Panel (b) depicts WHFB contact for a selected set of
effective range parameters versus 1/kras with a logarithmic y-axis. Panel (c) shows the
contact obtained from an unweighted theory versus 1/kpas. The dash-dotted magenta line
illustrates here the naive regularisation-free approach.

Fermi surface dissolves, the gas behaves more bosonic and the effective range, as discussed
in Fig. 4.5 (b), enhances pairing. Therefore, in the BEC region, the presence of a finite
effective range has to enlarge the compressibility quite substantially.

After discussing the compressibility, we will focus on another important quality that
quantifies any cold atomic gas system, given by Tan’s contact.

4.4.3 Tan’s contact

One important aspect of quantum gases in any dimension is the universal contact relation,
established by S. Tan [345-347]. It yields a fundamental connection of most thermody-
namic properties, provided the gas is sufficiently dilute, meaning kpr, << 1. Tan’s contact

is originally defined as
drma? (OF
C= - 4.71

Vv ( 8&5 )T,V,,u ' ( )

with F' being the Helmholtz free energy. In a sense, this formally means that the contact
C is the thermodynamic conjugate variable to the inverse scattering length 1/as. As the
partial derivatives F /OA;  vanish due to the SP condition, we obtain the contact via the
ground-state energy (4.52), yielding
L g2 2
C=—kp (AL, +|Apol?). (4.72)
deg ’

This extends to the standard BCS mean-field result Cgcs = kp|Ap o|?/(4e%). Because for
weak interactions we have Ay > |AB70|, our improvements are of qualitative measure,
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rather than a small quantitative change of the BCS contact. In the HSF region and for
extremely weak interactions, i.e. |kpas| < kpr. << 1, we obtain

kit 16 |kpay| lkpag|\?) 128 - =
C= ka1 - —2 0B (9(_) 128
4 l | ra | ( 2 kFTe " k’FTe " et v

4.73
6 (4.73)

__m 8 |]€FU,5| |k’FCLS| 2 12 __~
_ 2kpas] R i | LA | — — e Z2lkpas]
3627T|k‘pas|e F (1 7 hr +(9( - ) (1 =€ ) )

When increasing the interaction strength for constant effective range, we reach kpr, <<
|kFaS] <« 1, with

kA [ 2 72 kpr kere 1) 128
= L —(kpre)?[1- — 0O ° —20 o Tl
€= [36( re) ( 1 [kea (|/<:Fas| T

2
4 2 ]{EF’I“e k‘p’l“e ( 12 7r)
E— 2|k 2kpas] | 1 — — @) 1 — —e 2lkpas] .
3e2 FTe€ ) ( 8 |]{ZFCLS| " (|]€FCLS|) ) e2 ¢ :

In both cases, we neglected all exponentials decaying faster than exp(-/|kras|). We see
a polynomial decay of the contact, proportional to (kpas)? at weak interactions (4.73),
differing from the BCS asymptote, as mentioned above, as it decays exponentially for
weak interactions. This reproduced weak coupling expansions of the GPF beyond SP
calculation, which can be derived by looking at the free energy of Ref. [122].

We illustrate the contact in units of k4 in Fig. 4.11. Panel (a) depicts the contact as
a density plot in the kg7, - 1/kras plane with a logarithmic colour gradient. In the SSF
region, the contact increases for increasing interaction strength, where it is insensitive to
the effective range parameter. As soon as the HSF-SSF boundary is crossed, in the HSF
phase the contact stagnates at an almost constant value depending on kgr.. We further
deepen this understanding in panel (b), where the contact is plotted versus the 1/kras for
constant values of kgrr,. The black line is the reference to the zero-range theory, which
shows the exponential decay of the standard BCS theory only. The unweighted approach
shown in panel (c) also exhibits this stagnation of the contact due to the different asymp-
totic regions. For weak interactions, all the values shown are in the regime where we have
kgre < |kpas|. Only the asymptote shown in Eq. (4.74) is reached. In contrast, when con-
sidering the regularisation-free approach (magenta dash-dotted line) from Refs. [28, ,

], the contact has a qualitatively different behaviour and diverges at unitarity. This
again shows that the standard regularisation can not be used away from weak interactions.

We now continue with the size of the Cooper pairs as a last characterisation of the
pairing.

(4.74)

4.4.4 Cooper pair size

The Cooper pair size is the spatial extent of the Cooper pair wavefunction [88, ]
1 ik-x
x(z) = v > xke™®, 4.75)
k
where A
B,0
= — 4.76
Xk = 5p (4.76)
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Figure 4.12: Dimensionless pair size kppair. Panel (a) illustrates kpépai in the kgpre -
1/kpag plane as colour gradient. The dashed black line shows critical effective range pa-
rameter of HSF-SSF transition. Panels (b) and (c) show WHFB pair size versus 1/kgas for
various effective range parameters. Panel (b) highlights the BCS side for weak coupling
with a logarithmically scaled y-axis, whereas panel (c) focuses upon the region around
unitarity towards the BEC region with a linearly scaled y-axis.

is the Cooper pair wave function in momentum space. The size of a Cooper pair is defined
as the variation of this wavefunction

2 _ .[]R3 d*z Y (x)x*x () _ _Zk%kViXk
s Jrs B x ()2 ke X/

Using residue integration shown in Appendix 4.A, we obtain the first-ever analytic solution
for the Cooper pair size in 3D, which is

4.77)

er 5|App|? +2(p— Ampo) [t — Anyo + Eo]
42 |AB,0|2EO ’

(]'{;ngair)2 = (478)

with Ep = \/(p — Amp)? + |Apof? as the quasi-particle dispersion evaluated at zero mo-
mentum. We portray this finding in Fig. 4.12, agreeing with a direct numerical calculation.
In panel (a), we show kp&pair as a colour gradient in the plane of effective range parameter
on the y- and scattering parameter on the z-axis. Note the logarithmically scaled colour
bar. For weak interactions, the size of the Cooper pairs is much larger than the typical in-
terparticle spacing d, decreasing for stronger interactions, where &, is of the order of d.
Furthermore, the effective range plays a minor role for the pair size when the Cooper pairs
are large at weak interactions. In panel (b), we have the WHFB pair size for selected kpre
values illustrated as a function of 1/kpas. This shows that the pair size decreases expo-
nentially when the interaction increases, with a small kink at the HSF-SSF transition. The
effective range, as expected from panel (a), plays only a minor role. In panel (c), we show
the pair size around the unitary regime and beyond for stronger interactions. Here, the
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pair size starts to depend polynomially on 1/kpag instead of exponentially. In this regime,
we ultimately see an influence of the effective range parameter. As long as the chemical
potential is positive, for 1/kras < 0.55, an increase in the effective range increases the pair
size. When the chemical potential switches sign and the Fermi surface dissolves the pres-
ence of a non-zero effective range facilitates the formation of bound states as the binding
energy becomes larger, see Eq. (4.51). Thus, the pair size is reduced by an increasing kgr.
We do not show the standard approach here, as the pair size only depends on the effective
chemical potential py = pt — Ap o, which is divergence-free.

To further investigate the influence of the WHFB approach, we determine the asymp-
totic behaviours of the pair size. In the weakly interacting limit, it does not depend on
the hierarchy of the scales r. and ag as the Hartree self-energy is fully absorbed into an
effective chemical potential. Hence, the HSF asymptotic expansion reads

e2 [ 12 _ﬂ:| .
—— |1+ —e 2krasl | g2kpas], 4.79)
8v/2 e?

The pair size is therefore independent of the effective range. Furthermore, Eq. (4.79) tells
us that the standard BCS result is altered by an exponentially weak correction. Moreover,
in the SSF region we obtain

2 2
€ _m
e%kFree%kpas\ =

8V2 8v2
Here, the pair size is weakly altered by the effective range due to a linear perturbative
correction to the standard result. When the chemical potential vanishes we use Eq. (4.46)
to obtain

kngair =

kngair =

[1 + %k};"f’e +0 (kF’f’e)2:| ¢ Mrpas] (4.80)

2V v2| 1

This is the crossover superfluid, where the pairs are of the order of the average distance
between the particles. This region of great theoretical interest is depicted in the middle
panel of Fig. 1.5. Increasing the interaction parameter for strong coupling, 1/kpas > 1 we
find

/3
B §7 nT
kpépair = 1 i [M] ~0.917 € O(1). (4.81)

1 1
ke = 7= [kFas _ §kp7‘e] , (4.82)

i.e. the pair size is dictated by the difference between the scattering length and half of
the effective range. Note that since krags > r.m2/8, see Section 4.2, the pair size is always
positive.

4.5 Impact of Thermal fluctuations

After we discussed the ground state at 7' = 0, we investigate the influence of thermal
fluctuations. We consider the self-consistency equations from section 4.2.3 at 7' > 0. To
this end, we will briefly discuss the scattering theory at finite 7" and how the screening
arises, before focussing on the 7" > 0 properties of the order parameters.

4.5.1 Effective range at finite temperatures

The scattering of two particles is an isolated process, only depending on their mass, spin,
and relative momentum. Although the average relative momentum depends on the tem-
perature, the scattering event of two particles is not affected by the temperature of the
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Figure 4.13: Value of pairing effective range 7. g as density plot in plane of effective range
and scattering parameter. Panel (a) depicts kpr. g, while panel (b) shows 7. /7. In both
panels dashed white line illustrates HSF-SSF boundary.

ensemble. Two particles by themselves do not follow the concept of temperature, meaning
in dilute systems the scattering should be treated as 7" = 0 event. Thus, even though the
partitioning functions hy, by depend on 7', the screened pairing effective range r. g does
not. As a consequence, also the UV cut-off is independent of 7". This reduces the number
of free parameters to determine, since the pair effective range is obtained at 7" = 0. We
illustrate the effective range used in the calculation and determined at 7" = 0 in Fig. 4.13.
In both panels, we show 7, 5 as a colour plot in the kg7 - 1 /kras plane. We use different
colour bars to avoid confusion. Panel (a) shows 7. g range scaled with the Fermi momen-
tum kp. We see that 7, g becomes small either for a small two-body effective range, or in
the HSF region where we have 1/krpas — —oco. In the HSF region 7. p is determined by
the scattering parameter and is independent of r.. In the SSF region we see that r g loses
its sensitivity to the scattering parameter and only depends on r,. This is evident when
looking at the colour gradient, which in the HSF region is along the 1/kpas-axis, while
in the SSF region it is along the kpr.-axis. Panel (b) visualises the pair effective range
re B scaled by the two-body effective range .. We notice that this ratio is always 1 in the
SSF region, supporting the statement made in the discussion of panel (a). Furthermore, in
the HSF region, the effective range of the Bogoliubov channel is strictly smaller than the
two-body effective range. This ratio depends on the proximity to the phase boundary.

We use the data obtained for 7.5 to determine the weights and order parameters at
finite temperatures. The results are discussed in the next sections.

4.5.2 Fixed temperature

The phase diagram of the WHFB theory has three free parameters, and thus, the full phase
diagram is three-dimensional. Illustrating this in its full extent is hard without losing in-
formation due to the third parameter dimension. Therefore, we restrict ourselves to two-
dimensional slices of the three-dimensional parameter space, keeping one variable fixed.
A prime example was already discussed in the last section, where we kept the tempera-
ture constant at 7' = 0, while varying the kgr. and 1/kpas. In this section, we follow the
same strategy in keeping the temperature fixed and focus our attention to the kg7 - 1/kpas
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Figure 4.14: Finite-temperature evaluation of order parameters Ay o,Ap( (first/second
column) in units of Fermi energy and partitioning factor b, (third column) in the kg7, -
1/kras plane for various temperatures 7" in units of Fermi temperature T¢: T = 07T (15
line), T' = 0.057% (2" line), T' = 0.17F (3" line), T' = 0.2T% (4*" line). Dashed line shows
HSF-SSF transition, dash-dotted line transition between HSF and normal fluid.

slice for various temperatures. We only consider the weakly interacting regime, as we are
interested in the influence of the Hartree shift, which only appears for weak interactions
in the superfluid phase. We show the results of the numerical evaluation in Fig. 4.14 as
colour maps in the kg7, - 1/kpas plane. The columns illustrate different quantities, where
the left column depicts Ay o, the middle column |Ag | and the right column by. The rows
all stand for a different temperature, increasing from the top row with 7" = 0 over the sec-
ond and third rows, with 7" = 0.05 Ty and 7" = 0.1 7%, respectively, to the lowest row
with 7" = 0.2 Tx. We use different colour schemes that illustrate different quantities. The
dashed line shows the HSF-SSF boundary, whereas the dash-dotted line follows the bound-
ary between a superfluid and a normal fluid state. Considering the Hartree self-energy, we
recognise that the region of Ay o = 0 moves towards larger scattering parameters for higher
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Figure 4.15: Fixed temperature phase diagram of WHFB theory in kg7, - 1/kpas plane for
four different temperature values in units of 7. Black lines show boundaries between the
phases SSF (orange region), HSF (grey region), and normal fluid (light blue region).

temperatures. For a given temperature, the critical scattering length curves bend toward
stronger interactions as the effective range parameter increases. This happens up to a point
beyond which further increasing the effective range no longer influences the critical scat-
tering parameter. This is mainly seen in the second row as the dash-dotted line. At higher
temperatures, this point shifts towards larger effective ranges, beyond the validity region
of our approach. In the normal fluid phase, the Hartree self-energy shift increases with
higher effective ranges and scattering parameters. Looking at Ap  in the second column,
we see a similar behaviour. Since the superfluid order parameter only depends weakly on
the effective range, the influence on the phase transition is also small. Again, the criti-
cal scattering length saturates and remains constant at a certain effective range parameter,
even when increasing kpr.. This arises because, at this particular scattering parameter, the
interaction is so strong that the Hartree channel cannot absorb all the interaction energy,
leaving some energy for the pair field. For smaller effective ranges, the Hartree self-energy
could host all interactions, but is too weak to completely win the competition against the
Bogoliubov channel. Again, for larger temperatures, this critical scattering length is only
reached for effective range parameters krr, < 0.4, which is outside of the validity region
of our theory. Lastly, we discuss the partitioning factor in the third column. There, we see
exactly the same qualitative behaviour as in the previous two columns. The partitioning
factor is unity in the SSF phase and zero in the normal fluid, where all the interaction en-
ergy is used up in the particle-hole sector. In the HSF region, the partitioning is 0 < by < 1.

We use this partitioning factor to obtain the phase-diagram slices for fixed tempera-
ture in Fig. 4.15. There, we show the phase diagram for the values of 7'/Tf used also in
Fig. 4.14. Similar to the ground state for 7" = 0 we define the SSF phase by by = 1. The
HSF phase is defined by 0 < by < 1, meaning the presence of a superfluid order parameter
as well as a non-vanishing Hartree self-energy. Further, we define the normal-fluid phase
by a vanishing of the superfluid order parameter, and as such by by = 0. The SSF and
normal-fluid phases are therefore characterised by the presence of exactly one interaction
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Figure 4.16: Finite-temperature results of order parameters Ay o,Ap( (first/second col-
umn) and partitioning factor by (third column) in T'/Tf - 1/kpas plane for various kgr.:
krpre = 0 (1% line), kpre = 0.06 (27 line), kpre = 0.15 (3" line). Dashed line shows
HSF-SSF transition, dash-dotted line transition between HSF and normal fluid.

channel, while in contrast, the HSF is a phase in which both channels are finite and no
channel wins the competition.

After having discussed 2D slices of the 3D phase diagram with fixed temperature, we
investigate the slices of a constant kgre.

4.5.3 Fixed effective range

The standard mean-field phase diagram, depicted for instance as the solid purple line in the
iconic Fig. 1.6, is the kpr, = 0 slice of ourWHFB theory. Thus, it is included as a special
case in our theory. We generalise this in the following by looking at slices with non-zero
effective ranges. We discuss two example parameters of kgr. = 0.06 and kpr. = 0.15. The
first is the mean value of the low-density 5Li and 4°K effective range parameters. Further,
the larger value corresponds to the peak Lithium densities reached in experiments, see
Table 4.1, illustrating the findings for high densities.

We depict the numerical results in Fig. 4.16. The first row corresponds to the standard
kpr. = 0 theory evaluated at many instances in the past. The middle row represents the
low effective range parameter kpr, = 0.06 and lastly the lower row visualizes kg7, = 0.14.
The left column shows the Hartree and the middle column the Bogoliubov order parame-
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Figure 4.17: Phase diagram slice for fixed effective range in the temperature - scattering
parameter plane. Panel (a) shows the kg7, = 0.06 and panel (b) the kpr. = 0.14 case. The
orange region shows the SSF, the grey the HSF and the light blue the normal fluid phases.
Panel (c) depicts the critical temperature between normal fluid and superfluid, with the
krre = 0 phase diagram as an inset. Lastly panel (d) shows the critical temperature of the
HSF-SSF transition.

ter, while the right column reveals the partitioning factor. The dash-dotted line stands for
the normal fluid to HSF, the dashed line for the HSF-SSF transition. For illustrative pur-
poses, we depict both lines in either white or black colour, depending on the background.
The kgr, = 0 diagram shows no Hartree self-energy at all. When increasing the effective
range, the self-energy grows proportional to kpr.. In the normal fluid phase, the varia-
tions of Ay o due to a change of the scattering parameter are small. Thus, the normal fluid
phase has an almost uniform Hartree self-energy. In the middle row, we identify that close
to the phase boundary between normal fluid and superfluid, the superfluid order parameter
depends weakly on the effective range, as this transition is always in the HSF region, as
long as kpre > 0. The biggest influence of the effective range occurs at low temperature
and large scattering parameters, where the order parameter shows deviations from the zero
effective range case. Lastly, the right column shows that the partitioning follows the same
pattern, where by vanishes above the superfluid phase-transition temperature. It becomes
unity below the HSF-SSF transition line and follows a shallow gradient before. For large
temperatures, the two boundary lines asymptotically approach each other, meaning a HSF
phase is a complex task to prepare experimentally, as the region in parameter space ex-
hibiting a HSF is small. As such, at experimentally achievable temperatures, the normal
fluid to HSF and the SSF-HSF phase transition will occur at almost the same time. This
might explain why the HSF phase has not yet been observed.

The phase diagram extracted from Fig. 4.16 is shown in Fig.4.17. In panels (a) and
(b), we illustrate the phase diagram slice for kgr. = 0.06 and kpr. = 0.15, respectively.
The inset of panel (c) shows, as a reference, the kpr, = 0 phase diagram. As expected
from the analysis of Ay we see that the HSF region becomes more prominent the higher
kgre is, extending to larger 1/kpay and temperatures. Furthermore, for large temperatures,
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the extent of the HSF phase in this parameter space shrinks until it is not visible any
more. This already happens at relatively low temperatures around 7' ~ 0.1 Ty, which
shows that the HSF is a weakly interacting extreme low-temperature phase of superfluid
Fermi gases. In panel (b), we annotated the two transition lines. The normal fluid to
HSF transition is the standard 7,,;, temperature where the Cooper pairs form in a mean-
field theory and become superfluid. The temperature 7Ty < Tp,; denotes the transition
temperature between SSF and HSF. At this transition, thermal fluctuations can not dissolve
the pairs. Hence, this leads to an energetic preference for the Bogoliubov channel over the
Hartree channel. This temperature eventually vanishes when decreasing the interaction
strength for constant kp7.. This is equivalent to the transition line seen in the 7" = 0 phase
diagram of Fig. 4.3. Panels (c) and (d) show T,;, and 7§ in units of 7%, respectively.
A general trend we observe is that both critical temperatures decrease as the effective
range parameter increases. In panel (c), we additionally show the critical temperature
obtained by GMB [94] via including particle-hole fluctuations on top of the zero effective
range saddle, only including the Bogoliubov channel as the dashed grey line. Our results
reduce the critical temperature towards the GMB result, but not as strongly as particle-hole
fluctuations by a factor of 2.2. This shows that the WHFB theory developed here serves as a
better starting point for obtaining results beyond SP and should therefore be preferred over
the standard approach. In panel (d), we lastly observe that the critical temperature for the
HSF-SSF transition at low temperatures approaches zero for weak interactions. However,
for stronger interactions and larger temperatures, it approaches the pairing temperature.

After we discussed slices of the phase diagram, we close this chapter with some re-
marks on the normal fluid gas, highlighting a key difference to the standard SP theory for
quantum gases.

4.5.4 Normal fluid gas

Discussing the normal fluid requires to first establish what the standard mean-field the-
ory [66] predicts. Because only the pair channel is included, the standard approach pre-
dicts an ideal Fermi gas above 7},,;,. For obvious reasons, this is directly wrong. However,
since the theory is not designed to describe the normal fluid gas, this is expected. Our ap-
proach can change this. In a homogeneous system, since the gas is translational invariant,
the interactions only cause a shift in the chemical potential due to attractive interactions.
This is the Hartree-Fock approach, known, for instance, in a more complicated setup from
the Jellium model. Our approach not only describes the superfluid state by the Bogoliubov
channel, but it also captures the main contribution of the self-energy in the normal fluid
by the Hartree channel. The missing of a Fock contribution is not a problem, as in SU(2)
invariant systems, like the one discussed here, the Fock contribution can be absorbed into
the Hartree shift by an appropriate rotation of the spin basis. As such, the partitioning
ho = 1 yields a self-energy shift of

461:‘ 8 k‘pas] (483)

Ao = ¥ pa [1 3

O™ g M 72 kpre

for weak interactions, which is to be expected in the normal fluid, provided the correct
regularisation procedure is used, including the effective range.
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Appendix

4.A Calculating the Cooper pair size

In this Appendix, we calculate the analytic expression for the Cooper pair size from the

main text, Eq. (4.78), using the Cooper pair wave function [, ] in momentum space
Ag
= — 4.A.1
where L is the Bogoliubov dispersion from Eq. (3.52). This gives rise to the pair size as
2= 2k X ViXk kX (4.A2)
Yk x|

Furthermore, to simplify the notation we define iy = 1t — Ap. We treat the numerator
and denominator separately, as will be done in the next two subsections.

4.A.1 Normalization factor

The more illustrative calculation is to find the norm of the Cooper pair wave function. In
the thermodynamic limit in D = 3 spatial dimensions, we obtain
V |Apol [ &k

N = 2 _ - 4.A3
Ll =61 S (4.A.3)

We substitute u = k/\/2m, use the quasiparticle dispersion (3.52), and the evenness of the
integrand with spherical symmetry to obtain

Vv [‘X’ d |Ap o2V 27mm32u?

= u .
(2m)3 Joeo  (u®~ pm)? +|Apy[?

(4.A.4)

The denominator factorises into complex roots with equal modulus and different phases.
Those are the De Moivre roots of the denominator and are given by v, —v,7, -7, where

v = |yle’?, (4.A.5)

with the modulus

1= (i + | Am o) ™. (4.A.6)
The angle depends on the sign of pyy. For illustrative purposes, we assume g5 > 0 but keep
in mind that for negative py the calculation works analogously. Under our assumptions,

the De Moivre phase is

A
f = arctan (| B’0|) : (4.A.7)
HH

Using these roots, we rearrange the integrand and find
1% f°° d |AR o2V 2mm3/?u?
u —.
(27)% Joeo (w2 = 72) (u? = 1?)

N= (4.A.8)
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We perform an analytic continuation of the

real variable u — z € C and define a closed TJmz

contour in the complex plane. We set ' = LT T -~ |§
[-R, R]uCg, where Cg, represents a half- 7 N
circle in the upper half plane with radius s .
R > ||, always enclosing the roots. The / J\\
contour, as well as the De Moivre roots, are ; \
depicted in Fig. 4.A.1. For a given function :" T X \
f : € > C, being analytic on the real axis, b
the integral along the complex contour sep- —Y x Vol
arates into two terms

R
_?gR dz f(2) = [R dz f(2)+fCR dz f(2). Figure 4.A.1: Illustration of the De Moivre
roots and the integration contour in the com-

plex plane.
Reprint from [P 1] under the terms of the Creative

when sending i — oo, Jordan’s Lemma Commons Attribution 4.0 International (CC BY
dictates the contour integral along the in- 4 ¢ Jicense.

finite half-circle C, to vanish, and we are
left with

Analysing the integrand in Eq. (4.A.8) we
see that f(z) ~ 272 as |z| - oo. Therefore,

[Care) f ape) =2 T Resli(:)] wA9)

20€P+[f] ===
where for the last equality sign we used the Residue theorem [349]. Here P,[f] = {v,-7}
is the set of all poles of f with positive imaginary part. Moving all the constants in front
of the integral, we set our function to be
2

z
f(z) = v (4.A.10)
(22 -91)(2-7%)
with residues
I v
R == 4.A.11
e ()] = 55 @A 11a)
1 7
Res[f(2)] = s ——, (4.A.11b)
2= 27273
since f only has simple poles. We express v and 7 using Eq. (4.A.5) to obtain
V i
N = Ano|?V2rm3P?———M— 4.A.12
Gy Aol V2rm? e o) (+A12)
With py > 0 we use Eq. (4.A.7) and the identity sin arctanx = z/v/1 + 22 to find
% m 3/2
N = 2 2(—) A 2, 4.A.13
() ™\ 3 |AB o\ pm + ] ( )

We use Eq. (4.A.6) to identify |y|> = Ey, meaning |y|? is the quasiparticle dispersion at zero
momentum. For pyy < 0, we have to be careful with a factor of 7 in Eq. (4.A.7), rotating
the roots. In the end there are two additional negative signs showing up that cancel each
other. Thus, the final result in Eq. (4.A.13) is valid for all values of yy; and always positive,
since Eg > |pn)-

Having calculated the normalisation factor, we continue by calculating the expectation
value of the relative position operator.
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4.A.2 Expectation value of relative position

In this part, we determine the expectation value of x?, which in momentum space is a
Laplace operator. Integration by parts for the numerator of Eq. (4.A.2) leads to

v
Gy fRS Vil (4.A.14)

We again apply the substitution introduced earlier, u = k/\/2m, set

i~
= 4.A.15
g(u) [(u2_MH)2+|AB’O|2]37 ( )

and use spherical symmetry together with evenness of g to rearrange

=5 )32¢_7T|ABO|2f du g(u). (4.A.16)
Similarly to N, we consider the analytic continuation of the function g(u) - g(z), using
the identical contour integration technique, as the poles of g are identical to the poles of f.
A subtle difference is that the poles of g are, in contrast to the poles of f, not simple, but
third-order poles. We again apply Jordan’s Lemma, as for |z| — oo the function behaves
as g(z) ~ 275, leading to

I s4im*V2m|Aggl? ). Res[g(2)], (4.A.17)
(27) z0eP.lg]

with P,[g] = P,[ f]. To evaluate the residue, we need to take the aforementioned order of
the pole into account. For any pole of order n > 1 the residue is calculated by [349]

n—-1

1 .
e TR e e
Thus, we evaluate the residues in Eq. (4.A.17). Unlike in Egs. (4.A.11a,4.A.11b), the
isolated residues are rather long expressions, but their sum greatly simplifies. We hence
obtain

[(2~20)"g(2)]. (4.A.18)

2 _5 2 6 2 3
S Res[g(2)] - PG+ =5 + 6y Pum - Hi (4.A.19)

20ePilg] * 16]y[* (v -7¥)°

At this point we apply Eq. (4.A.5) to identify 72 +72 = 2|y|2 cos § and -7 = 2i|y|sin(8/2).
We eliminate the phase using Eq. (4.A.7) with cosarctanz = 1/v/1 + 22 to end up with

V2 + |y]2)5/2
2 - 12§3¢|I;|2||A]|30|5 (nf* = ) (B [* = 3m).- (4.A.20)

20€P+[9]

The final result for the relative position expectation value follows from inserting the above
expression into Eq. (4.A.17), resulting in
V7 (ot Bo)*P(EG — i) (5Eo — 3pm)

R- 4.A.21
(27T)3 16 E0|AB 0|3 ( )

This result is strictly negative. The pair size squared is obtained from Eq. (4.A.2) and reads
Epair = —R/N, where the volume and measure factors cancel out. Finally, scaling with the
Fermi momentum and doing some basic algebra yields Eq. (4.78) from the main text.
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4.B Asymptotic expansions for weak and strong interac-
tions

In this Appendix, we explicitly perform analytic expansions of the integrals appearing
in the WHFB self-consistency equations. We look into the superfluid order parameter
equation (4.19) and the particle number equation (4.21). We first evaluate the weakly
interacting BCS limit, after which we focus our attention on the strong coupling BEC
side.

4.B.1 Weakly interacting expansions

The weakly interacting limit is special, since the positive chemical potentials cause the
integrand of Eqgs. (4.19) to peak at the Fermi surface. As such, there is no globally small
parameter and a standard Taylor expansion in the integral proofs impossible. Instead, we
resort to a different scheme of evaluating the integrals by cutting out the Fermi surface. We
divide the integration domain into three intervals, one of which is centred around the Fermi
energy. Then we approximate the integral in each interval separately. After this, we send
the width of the interval around the Fermi surface to zero, making the result independent
of the arbitrarily chosen cutting points.

To capture the influence of the many-body UV cutoff in the superfluid order parameter
equation (4.19), we extend the integral towards infinity and subtract the tail, yielding

_ fo "z D(2) f (2, Apo) - f " de D(2) f(x, Bio), (4B.22)

k:Fas c

™

where the integrand is

~ 1 1
f(z,Apyp) = o . (4.B.23)

\/(:z: -1)2+ 5]2370
Here we use that the effective chemical potential in the weakly interacting limit is close to
the Fermi energy uy ~ cp. We start by evaluating the first integral in Eq. (4.B.22) as the
zero-range limit, after which we evaluate the second integral as a perturbative correction.
To this end, we divide the half-infinite interval as [0, 00) = [0, 1 -w]u (1 -w,l+w)u[l+
w, 00), using EBD <« w <« 1. This divides up the first integral in Eq. (4.B.22) as

fowdx D(x) f(x, Rpo) = /Ol_wdx D(a:)f(x,zB,opfltwdx D(2)f (2, Agy)

" foo dz D(2) f(z, Bu). (4.B.24)
l+w

The infinite tail is well-behaved in the sense that a local Taylor expansion there is mathe-
matically possible because &370 is an absolutely small parameter when z > 1 or z < 1.
Therefore, in the regions outside the interval [ 1 -w, 1+w] we perform a series expansion of
the function f and truncate it after leading order. Furthermore, inside the central interval,
since w <« 1, the density of states is approximately constant, as /1 +w = 1 + O(w)?3/2,
hence in this region we approximate the density of states by D(x) ~ 1. This means the
over-all integral in Eq. (4.B.24) is approximated as

[Ooodx D(x)f(m,zao):fol_wdx D(x)f(x,z370)+—/11:wdx D(l)f(x,KBvo)

' flm dz D(x) f(x, Bpo) + O (R%,) + Ow?). (4B.25)
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5 — D()f(w. Bny)
= — == D(1)f(z, Any)
s Of
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5
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=
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~10F —20}
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Figure 4.B.2: Integrand of superfluid order parameter equation for 1/kpas = —2 and

kegr. = 0.06. Solid blue line represents the exact integrand, dashed orange line depicts
approximation made to the tails, while dash-dotted red line stands for constant density of
states around the Fermi surface.

The Taylor series of the two tail integrals are solved analytically, with the low-energy
integral

fol_w dz D(z) f(x,App) = 4V1 -w + 111(1 -V1- w) - 111(1 +V1- w) (4.B.26)

exhibiting a logarithmic divergence for w — 0. The large energy integral contains the same
type of divergence when w — 0, and reads

[n de D(2) (2, Rpg) = In(1+ V17 w) ~In(vVI+w-1). 4.B.27)

In order to send w — 0, we have to consider also the Fernli surface term from Eq. (4.B.24).
To this end, we rescale all variables to ensure that 0 = Apo/w <« 1. Thus, we substitute
y=(x-1)/Apyp, leading to

fllm dz D(1) f(2,Ap) = In(1 +w) - In(1 - w) - fw .

15 \/T+y%

(4.B.28)

We solve this integral explicitly by standard means, yielding

1+w -
f dz D(1)f(z,App) =In(l +w) —In(1-w) + ln<\/ 1+06%2- 1) - ln(\/ 1+0%+ 1).
1-w
(4.B.29)
Since we have to choose the cut w accordingly, as already mentioned, we perform a Taylor
expansion for 6 — 0. The relevant terms then become

In(VI+92-1)-In(VI+02+1) =Iné? - 2In2 + O(5)*. (4.B.30)

Adding the three intervals back together and sending w — 0, the divergences cancel, lead-
ing to

[ e D) £, Brg) =4~ 612+ In(R,) + O (Bpy)’, (4.B31)
i ,
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This is the zero range result. Using then the superfluid order parameter equation (4.B.22)
results in the standard weak coupling expression

8 __n
AB,O = g@ 2|kFaS|, (4B32)
which is non-perturbative in 1/kras. To obtain the leading order correction of a non-
vanishing effective range parameter, we have to solve the subtracted tail seen in Eq. (4.B.22).
Since x. g > Ap, we approximate the integral as

/-oo dz D(z) f(x,Apyp) = ln(l - \/l/xC,B) - 111(1 + \/1/%,13)

Tc,B
2

_ + O(zep) 2. (4.B.33)

ch

This extra term yields an additional, exponential correction when solving Eq. (4.B.22) for
the superfluid order parameter, ultimately causing it to be

8 e
Apg| ¥ —e VB T (4.B.34)
e

which is the result seen in the main text, see Eq. (4.26). This is the easiest approximation
that can be made, exploiting the numerically obtained information that ;i ~ e for weak
coupling. Note that we could avoid that assumption by cutting out the energies around
(i instead and perform a similar calculation also of the particle number equation (4.21).
However, in a leading order approximation, this yields the same result. The only difference
is that we would also be able to obtain the corrections to iy as well. This would be of the
order O(XB,O)Q [66, ].

4.B.2 Strong coupling expansion

We now continue obtaining the strong coupling expansion. This is more straightforward,
as the dissolution of the Fermi surface makes the superfluid order parameter a globally
small quantity, as & > |u| > |Ap | in the strong coupling regime. Therefore, we define
¢ = Apo/|fi| <« 1 and substitute y = /||, with which the superfluid order parameter (4.19)
and particle number equation (4.21) read

1 2 Ye,B 1 1
-2V [ dy Dy)| - - 4.B.35
o=V [ aype) | (y+1)2+<2], (4B.352)
S ompe [ 4y D |1 - 2t 4.B.35b
5 = I fo y D(y) renaTell (4.B.35b)

In this regime, the two equations switch roles. The second equation determines the order
parameter (, and the first is then used to find |f7]. We expand both equations as a series in
(, truncating after the second order

:—\/_arctan(ycB)llJr—( VYeB(Yen — 1) )C2+O(C)4]7

(1 + yc B)2 arctan(yc B)
(4.B.36a)

;_i _ P + O(O). (4.B.36b)
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We assume that [77] = 1(®) + 1) ¢2 + O(¢)* is a power series as well. We also know that
the chemical potential should, in leading order, be half the negative of the binding energy.

This means we characterize i(?) = —Fg/2. When inserting the series expansion of 77 in
Eq. (4.B.36a) we obtain the binding energy
EF kgre kgre )2
Ep = 1 Oo|— 4.B.37
. (k’FCls)2 l ’ kras ’ (kFab 7 ( )
which we already saw in the main text, see Eq. (4.51). We use this result in Eq. (4.B.36b)
to find )
~ 4 1 1 ]{JF’I“e ]{ZFT’e
Apg= ———=|1+= +(’)( ) ) 4.B.38
SV e l 1kea. " v, ] (539

which is then used in the second order expansion of Eq. (4.B.36a) to obtain the chemical
potential up to second order in (, reading

2
ﬁZ—@+ikms(1+ kFTe)+O(@) : (4.B.39)
2ep 3w kras

The two expressions above are the final results in the main text, see Egs. (4.49) and (4.50).
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Chapter 5

Two-point correlation functions in
BEC-BCS crossover

The best thing most of us can hope to

achieve in physics is simply to
misunderstand at a deeper level.

Wolfgang Pauli
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CHAPTER 5. TWO-POINT CORRELATION FUNCTIONS

5.1 Introduction

In the previous chapters, we discussed thermodynamic properties of Fermi spin-mixtures
in the ground state and at finite temperatures. We worked within the framework of a self-
consistent weighted theory, which allowed us to account for multiple interaction channels.
In this chapter, we focus on correlation functions in the standard, single-channel, beyond
saddle-point framework of the BEC-BCS crossover, inspired by recent experiments in
6Li [187]. Using only the Bogoliubov channel is sufficient here because the pairing is
the reason for the observed anti-correlations, and the Hartree channel will only lead to
quantitative improvements. We present a more detailed version of Ref. [P2].

Correlation functions have been investigated throughout all scales, ranging from atomic
nuclei [350-355], cold quantum gases [ 106, , , , , , —358], super-
conductors [359-367], even to astronomical objects, for instance neutron stars [368—375].
Such research poses profound insights in the properties of matter in degenerate states, here
with a focus on fermionic systems. The BEC-BCS crossover represents an ideal platform
for theoretical and experimental investigations [376—379] due to the high controllability of
the interactions via Fano-Feshbach resonances [60, 61, 65]. The insights gathered in the
Laboratory are widely useful due to the concept of quantum simulation in order to emulate
all sorts of systems [ 89—192], encompassing the examples mentioned above.

In momentum space, the correlations of Fermi spin-mixtures were thoroughly inves-
tigated theoretically [88, 92, , , , , ] by evaluating the low-energy and
long-wavelength collective modes. For instance, Bragg-spectroscopy gives direct access
to the dynamical structure factor and as such to collective excitations, both in 3D and in
2D [334, , ]. Conversely, real-space correlation functions have been less explored
due to limited experimental accessibility. To resolve the fine details of spatial correlation
functions, lattice quantum gas microscopes [ 190, , 384=390] are not sufficient as their
resolution in real space is limited by the lattice constant. This is of the order of the typical
particle distance and, thus, restricted to larger distances at standard densities. Further-
more, due to the hopping energy term J in Hubbard models, there is an additional energy
scale which alters the correlations compared to continuum systems.

However, the recent development of continuous quantum gas microscopes (CQGMs)
made it possible to investigate real-space correlation functions for very dilute Bose and
Fermi systems [183—188]. Furthermore, in continuous space, no minimal energy .J for
an interaction is required, and hence, low-energy scattering properties might be probed.
CQGMs operate differently from their lattice counterparts, allowing for thermalisation
in continuous space. After thermalisation, an optical lattice with a fine spacing is rapidly
turned on, pinning the particles to their instantaneous position, after which they are cooled,
and an in-situ image is taken. By counting the number of particles at a given distance from
a reference particle, real-space correlation functions are experimentally accessible. These
measurements lead to results as those depicted in Fig. 5.1, where equal-spin, charge and
opposite-spin density-density correlation functions are shown versus the dimensionless
distance. Furthermore, these results are compared with auxiliary-field quantum Monte-
Carlo calculations as solid lines, and mean-field theories as dashed lines. As illustrated,
mean-field fails to explain the experimental results, in particular, the drop of the opposite-
spin correlation function below one at intermediate distances and away from weak inter-
actions. The findings obtained via CQGMs necessitate new theoretical investigation of
real-space correlations in the continuous space, beyond a simple mean-field approach.

It was pointed out early on that in momentum space, conservation laws and gauge
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Figure 5.1: Experimental measurement of density-density correlation functions. Panel
(a) shows charge and opposite-spin density-density correlation functions in the plane of
dimensionless distance and interaction parameter 7 = In kra in upper and lower panels,
respectively. Panel (b) depicts the data for various interaction parameters. The upper
row shows equal-spin, middle row charge density-density correlation measurement. The
lower panel represents the opposite-spin density-density correlation function obtained via
the former two. The data is visualised as balls, the solid lines stand for auxiliary-field
quantum Monte Carlo calculations and the dashed lines portray the mean-field theoretical
calculation. The dotted line represents a two-parameter fit, see Ref. [ 1 87] for more details.
Reprinted figure with permission from [187], © Copyright (2026) by the American Physical Soci-
ety.

symmetries lead to important benchmarks such as sum rules [328, ]. In the con-
text of superconductors, this has been recently studied [392-399], results of which also
found application in the realm of the BEC-BCS crossover in ultracold atomic gases [126].
Generally, low-energy response theories are successful in their range of validity. Here,
theories that are in agreement with conservation laws and gauge symmetries, like Baym-
Kadanoft [400-402] or parquet approaches [403, ], are exceptionally useful. However,
in most systems, those frameworks are difficult to apply exactly. Many practical calcula-
tions require truncations within the framework, suited to the momentum scale of interest.
Low-energy truncated Baym-Kadanoff approaches allow for precise calculations of col-
lective excitations at the cost of losing information about high-energy contributions, pre-
venting the fulfilment of sum rules [405—-407] and Ward-Takahashi identities [408, ].
Extending those low-energy Baym-Kadanoff calculations by enforcing sum rules violates
Pauli’s exclusion principle [410]. As a consequence, using Baym-Kadanoff approaches is
very complicated when aiming to calculate real-space correlation functions, as there all
energy scales are involved, unless a conserving theory of all energy scales is obtained.

In this chapter, we present a formulation of quantum statistical field theory which al-
lows us to calculate real-space correlation functions in agreement with basic conservation
laws and the Pauli exclusion principle. To this end, in Section 5.2 we establish basic con-
straints essential to fermionic correlation functions rooted in fundamental rules of quantum
many-body physics. Subsequently, in Section 5.3, we focus on the specific example of the
BEC-BCS crossover to calculate the correlation functions up to Gaussian order. We find
that so-called two-particle irreducible terms are vital not only for the correlation functions,
but also for the equation of state, which has to be derived in a consistent way from a linear
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response theory. Beyond this, we compare our resulting theory to two existing propos-
als in the standard literature and show that both of the existing approaches are in conflict
with Pauli’s exclusion principle. In Section 5.4 we then consider the specific case of a
two-dimensional (2D) Fermi gas at 7' = 0. Here, we prove that our approach is able to
describe the correct behaviour of the spin-resolved density-density correlation functions
found in Ref. [187]. In Section 5.5 we further characterise the emerging anti-correlations
of opposite-spin fermions that were observed experimentally. This chapter provides an an-
alytical explanation and physical interpretation of a so far not fully understood behaviour
of opposite-spin fermions in a Fermi spin-mixture.

5.2 Field theory of correlation functions

In this section, we establish the general framework of correlation functions we work in.
Enforcing basic symmetry principles allows us to introduce a set of constraints that any
observable correlation function must fulfil to make reliable predictions. Subsequently,
we provide a brief derivation of the correlation functions in the general framework of
functional integration.

5.2.1 Basic constraints for two-point correlation functions

In this part, we discuss the general properties of density-density correlation functions in
D-dimensional Fermi systems. Our main interest lies in the spin-resolved density-density
correlation function of a Fermi-spin mixture. To this end, we define the spin-resolved
density operator 7i;(z) = ¥ ()15 (). Throughout this section, we use the word spin as a
short version of pseudo-spin.

Definitions

We consider the correlation tensor as a time-ordered expectation value of two density
operators

~

oss (t, st ") = (T [ng(t, x)ng (t',2")]) (5.1a)
=O(t -t (ns(t,x)ng (t',x")) - Ot —t)(ng(t',x")ns(t,x)). (5.1b)

Here (O) stands for the ensemble average of a given operator O at any temperature, and
T is the time ordering operator using the Heaviside function ©. Since we are interested
in causal correlation functions, we restrict ourselves to ¢’ < ¢, hence assuming that all
density-density products are already time ordered. We strictly distinguish this from the
pair correlation tensor, which is the expectation value of the respective normal-ordered
product, defined as

P (t a3t 2') = (g (2 )ity (2):) = (DL ()05 () (2" )y (). (5.2)
By using the anti-commuting nature of the fermionic field operators, i.e.

Pi(t )by (@) + (', 2)OL(t @) = S (t = )67 (x - 2'),  (5.3)
we see that density-density and pair correlators differ by a singular contribution, namely

0ss' (25 2") = Pag (;2") = g0 (x — ") (R25()), (5.4)
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with 6(z — x') = 6(t — t')6P(x — x'). From now on, we use a D + 1 vector notation for
space-time arguments, with x = (¢, ) and 2’ = (¢',x"). We separate space and time only
when it is illustrative for physical understanding. An important aspect is that the density-
density correlation function has to have a singular point for equal spins and space-time
positions x = x’, whereas the pair correlation has to obey

Py(z;2) =0. (5.5)

This is due to the fermions obeying the Pauli principle, expressed as [¢s(z)]? = 0. With
those things clarified, we define the normalised spin-resolved two-point correlation func-
tions [173, ] ( )
(2) Oss' \ L5 x'
o () = G (e ()
For s = s’ we speak of equal-spin, for s # s’ of opposite-spin density-density correlation
functions. Furthermore, ¢t = ¢/ implies equal-time correlations. While the latter are the
main focus of this chapter, all the general statements made so far and in the upcoming
sections also apply to unequal time correlations. Hence, we specify ¢ = ¢’ at a later point.
Furthermore, we introduce the total density operator n(x) = Y, ns(x), which allows
us to define the charge density-density correlation function

(5.6)

D = ) 67

By using the linearity of the expectation value, it is straightforward to obtain

)SE 2 (s (2) /s (1)) (2) oy
gin (z:0) = 3 S e ) S (@) (5:8)

ss’

Gauge symmetry of expectation values

For a Fermi spin-mixture in a homogeneous D-dimensional system of hypervolume L7,
the fermionic nature dictates some basic symmetry properties that the introduced corre-
lation functions have to fulfil. These are independent of the underlying realisation. The
density-density/pair correlation functions (5.6) have to be invariant under a local U(1)
gauge transformation

do(t, @) S8 (¢, et ). (5.9)

This is because the local density operator acquires phases of creation- and annihilation-
operators, which are of opposite sign, thus transforming n4(¢, ) — ns(t, ). This remains
true even if the system locally breaks U(1) symmetry due to the presence of a complex
superfluid order parameter connected to the anomalous terms

Dy (t, ) (¢, 50) W(t @)1, (t, )t o)) (5.10)

To investigate the correlation functions, we need to separate the correlations induced
by interactions and statistical properties from the background value. One way to do this
is to assume 75(x) = ng(x) + dng(x), where ng(z) = (ns(z)) denotes the background
density and dng(z) represents local density fluctuations. With this decomposition, the
density-density correlation tensor from Eq. (5.1a) reads

0 (2:2") = ny(@)ng (a') + (5i(2) S (). (5.11)
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Another approach, which ultimately yields the same result, is to formally separate discon-
nected from connected Feynman diagrams [ 14, 344, 411] so that

Ossr (;2") = (75 (2) W (1)) + (s (@) o (27) ) (5.12)
We hence define the connected correlation tensor via the local density fluctuations
X (7327) = (Rs(2) o (27) e = (001 (2) 25 (), (5.13)
allowing us to express the correlation functions (5.6) as

Xss’(x;x,)

@y =1+
95 (732" ne(z)ng(z')

(5.14)

We directly identify that the connected correlator tensor (5.13) contains regular and irreg-
ular terms, where the latter arise from the anti-commutator (5.3), separating as

Xss (5 2") = xoor (@52") + 05y 0 (x — ") g (). (5.15)

Consequently, we see that the pair correlation tensor (5.2) is expressed via the regular
connected correlation tensor by the relation

Py (z;2") = ng(x)ng (z") + xoor (z;2"). (5.16)

Using the expression above, we express the Pauli-principle (5.5) in the more useful way

Result: Pauli-Principle

X (52) = = [15(2) ] & (s(2)) = V/-XeE (23 2). (5.17)

The condition above represents a local equation of state (EoS), fixing the particle number
in a way that is consistent with the Pauli principle. This is one of the most important con-
straints of quantum many-body physics. As such, fulfilling the Pauli principle is absolutely
essential in any theory dealing with real-space correlations. This EoS is independent of
any properties of the system, including temperature, dimensionality, population or mass
imbalances, interactions and spatial inhomogeneities in the trapping potential.

Wick decomposition

After having established the connected and disconnected pieces in Eq. (5.12), we now
take a different perspective by imposing Wick’s theorem [412]. To this end, we analyse
the content of the connected expectation value by applying the Wick decomposition to the
pair correlation tensor in Eq. (5.2), which in full detail reads

(vftg ()1 (2):) =(i1s (@) (s (2)) = (1 ()b (&) (0] (2 Vs ()
(L@ L (@) (o (@) (1)) + (s (@) (2) i (5.18)

The first three terms of the above equality capture all the contractions of the fields in the
expectation value. The first term represents the product of the local densities and hence the
disconnected expectation value. In particular, we obtain the so-called tadpole diagrams.
In the sense of the HFB approximation, see Chapter 3 for a more detailed interpretation,
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this is identified with the Hartree term. The second term stands for the normal Green’s
function of spins s and s/, which we express as

o (t, ', @) = (U (¢, @)y (', ). (5.19)

This can be identified with a Fock-like term in a HFB approximation. The local density
of the first term is then

ns(t, @) = G(t, z; t, ). (5.20)
The third term in Eq. (5.18) consists of anomalous Green’s functions, which we define as
FSS’(taw;t,7w) = (@S(t,a:)ﬁ)s/(t’,a:’)). (521)

This is a term related to local pairing in the system and associated with the Bogoliubov
channel, crucial in theories of superfluids and superconductors. Note that the anomalous
Green’s functions are not invariant under a local U(1) gauge transformation, and nei-
ther are the spin off-diagonal elements of the normal Green’s function. The last term in
Eq. (5.18) consists of all the two-particle irreducible diagrams, which are not expressible
as contractions, i.e. the product of two-particle Green’s functions. This irreducible contri-
bution contains two-body bound states, entanglement information, collective excitations
and scattering states. We represent it by

o (x5 2") = (Rs(2) g (2) Yinr- (5.22)

Comparing the Wick decomposition (5.18) with Eq. (5.12) we find that the connected
correlation tensor (5.13) is identified by

XSS’($§ r') =~ |GSS’(x§ J’J)|2 + |FSS’(I§ :r')|2
+ 05 (x5 2") + 8550 (x — ") (N5 (7)), (5.23)

and as such gauge invariant. Comparing this equation with Eq. (5.15) reveals that the
regular correlator, which is imperative for the Pauli principle (5.17), contains not only the
reducible normal and anomalous Green’s functions, but also the two-particle irreducible
diagrams

Xt (z;2") = ~|Gewr (252" + |[Fwr (m;2") * + 05 (5 2"). (5.24)
Now that we have the regular correlator matrix in its most detailed form, we continue by
specifying to homogeneous systems and SU(2) invariant interactions.

Homogeneity and spin symmetry

Before focusing on an explicit system, we perform some simplifications that are valid for
a large variety of systems. We start by considering the spins to represent two hyperfine
states of an atomic species. In cold, dilute systems, only s-wave scattering happens, which
restricts the possibility of pairing processes. In such systems, there is no triplet pairing
and the equal spin anomalous Green’s function vanishes

Fy(x;2") =0 (5.25)

regardless of the space-time positions z, 2’ of the two particles. This excludes, for instance,
superfluid 3He. Hence, the equal-spin density-density correlation function becomes
Gss : |2 irr : ! 5 ol
gg)(fﬁ;[ﬁ,):l— | ({L‘l‘)| I st(xx) 4 (CB :L’)’
ns(z)ng (')  ng(x)ng(x)  ng(x)

(5.26)
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where the first term corresponds to the uncorrelated gas. The second term arises from
the normal Green’s function and conveys the two-particle properties. It always poses a
negative contribution, showing that equal-spin fermions anti-correlate due to the exclusion
principle. This is true even in a non-interacting system, for instance, in a spin-polarised
Fermi gas due to quantum statistics. The third term represents the contributions from two-
particle irreducible diagrams, while the last term is the irregular part. As a consequence
of Eq. (5.25), the anomalous term does not contribute to the Pauli principle (5.17)

[15(2)]* = |G (w:2) P = pl (3 2) = (0 (2)) = V| Gs (a3 0)2 = i (ws2). (5.27)

Furthermore, spin-flip processes are prohibited in our system, as we assume a model in
which the z-direction of the magnetization commutes with the Lagrangian. Thus, the total
longitudinal magnetisation is conserved, and the opposite-spin normal Green’s function
vanishes

Ge(z:2') =0, (5.28)

where S indicates the opposite spin of s. Therefore, the opposite-spin density-density cor-
relation function reads

|[Fs(a; )PP o5 (;2")
ns(x)ns(z’)  ns(x)ns(z’")

which is regular even at equal positions. As for the equal-spin case, the first term denotes
the uncorrelated system and the second term stands for the correlation arising from anoma-
lous (pairing) effects. This effect is always positive, meaning that opposite-spin fermions
tend to correlate due to anomalous terms. The irreducible contribution can still cause
anti-correlations, as its sign is not set and depends on the irreducible diagrams involved.

Another great simplification is posed by the assumption of a homogeneous, infinite
system in thermal equilibrium. In such a system, the background density is a constant,
and we have ng(t,x) = ns. Therefore, we set z/ = x + dx, which allows us to integrate
out the absolute coordinate x such that only the relative distance dx remains. The relative
distance in space and time is defined by d0x = (0t,07). For the remainder of this chapter,
we will focus on relative distance correlation functions, which we define as

gbs,)(5x) f de dLngs(j)(x;er(Sx). (5.30)
LD

9 (wa) =1+ (5.29)

In a homogeneous system, this can be further simplified to

92 (6) = g2 (0: 6z), (5.31)

as well as for the correlation tensor in real space Y. (0x) = Xs(0;0x). As such, the
second statistical moments read

ss’ o
gl (dw) =1+ X=020 (0z) (5.32)
NgMNgr
We perform a Fourier transform in space and time to obtain
g8 (3t 0m) =1+ Z [ dw (o, g)eriaomen, (5.33)
MM

where q is the D-dimensional momentum and w the frequency. The momentum space
representation Y.y (w, q) is the spin-resolved density-density response function.
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Equal-time correlation functions

In the rest of this chapter, we focus on equal-time correlation functions, that is, ¢’ — ¢,
where the limit is taken from below to account for the time order. This means we have
0t =t' —t = 0. To this end, we now specialise our approach to equal times. The equal-
time density-density correlation function hence becomes

gssz,)(ér) gS(SQ)(O_,(W) =1+ f dw xs (w, q)e™® Or w0 (5.34)

NN

After this rounding up of symmetry rules and general properties, the next step will be
a brief introduction on how we calculate the response function x (w, q@) or the correlator
Xss (t, &) in a functional integral approach.

5.2.2 Generating functional and expectation values

In quantum statistical field theory, the expectation value of a field A associated with an
operator A is defined via a functional integral

9§A ¢¢Ae
$, D[, p]e-SHw]

where S [@, 1] is the Euclidean action of the system. Note that we now deal with operators
and fields in imaginary time 7 as we want to obtain thermodynamic response functions for
equal times. Because of the Wick rotation, for causal correlation functions we have to
replace 6t = 0~ — o7 = ¢0*. In our case, we focus on operators A that are products
of density operators and are either time- or normal-ordered. Therefore, we add a linear
coupling of the density to some fictitious source terms js(7, ). The coupling reads

(4) =

(5.35)

s sTvi) =S~ [(ar [ e Suraice). 630

Taking the functional derivative of exp(—Sy) with respect to the source term, the density
appears in front of the exponential. As such, it is straightforward to see that the causal
equal-time spin-resolved density-density correlations read

! J[wﬂ/”]]
(As(7, )71 (7, @) Z 5 5]S (1, 2")67s(T, :13)6

Since we can exchange functional integration and derivative, we define the Z-generating
functional as

(5.37)

J=0

_ \é@[a7¢]e_3J[¢z¢§j]’ (5.38)
with which the expectation value (5.36) reads
R R 1 5> Z[j]
ns(T, )Ny (T, 2")) = — : : (5.39)
(s, )it (7, 2') Z[j =0]0jy(r,2)0js(T, ) |,

Thus the Z-generating functional gives rise to the expectation value via (5.39). However,
as we are interested in the response function xy (7, 2; 7, x’), which is the connected ex-
pectation value, we introduce a second type of generating functional given by

W] = Z[4]. (5.40)
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We call this IV -generating functional, and it yields the connected diagrams [126, ] via

(i, @ity (.Y, = ——— VL]

= Sie(r @ Yoj(r @) G4l

=0

Compared to Ref. [126], we have an inverted sign here, since we define x as the negative

of the physical response. Thus, in momentum space, we obtain the response function as
0*W1j]

: : , (5.42)
0Js,—q07s.q

J=0

Xss’(iq€7 q) =

where j; , denotes the Fourier-Matsubara transform of the local source term js(7, ) using
q = (iqe, q) with ¢, = 27T as bosonic Matsubara frequency.

In the following, we aim to calculate this linear response function for the BEC-BCS
crossover in D spatial dimensions, while fulfilling the constraints summarised in Sec-
tion 5.2.1. We establish the theoretical framework on how to do this in the next section.

5.3 Linear response theory with gauge fixing

We investigate the action already seen in Eq. (3.9), describing a Fermi spin mixture with
possibly unequal populations or masses. In our case, we write the action as

0= [ ar {0 [0, 50 - |t - 0 @ (@) 549

2m

Coupling it to a local source term and going to momentum space yields

Syl ;51 = BLP Y {Esk [(ikn = &) Okt = Js ot ] Vs i

kk'

—gZET,k%,k/m,mw—q}, (5.44)
q

where & = k> /2mg — s denotes the free particle dispersion with respect to the spin-
dependent chemical potential 1. We identify the non-interacting Green’s function as

1
ik, - &

Due to the translational symmetry, k is associated with the relative position )7 via Fourier
transformation. Calculating the Green’s functions for an interacting system is harder. To
this end, we rely on the Hubbard-Stratonovich (HS) transformation to make analytical
progress. In this chapter, we only consider the pairing channel, as deep in the superfluid
state, the largest contribution to interaction mediated correlation arises from Cooper pairs.
We justify this choice at the end of this chapter, where we will see that including the pair
interactions is necessary and sufficient to qualitatively describe experimental observations.
A full WHFB evaluation, as in Chapters 3 and 4, will only lead to quantitative improve-
ments and is, therefore, omitted in this stage. When imposing the HS transformation in
momentum space, we obtain the HS action as

Gs(ik,, k) =

(5.45)

Sus[U, ¥; A, A;j] = BLP {Ek -G (k, k') o + (5.46)

kK’

|Ak—k'|2}
g b)
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with the Nambu Gor’Kov spinors

U= (U i), Wy = (%”“) (5.47)
N
and the full inverse Green’s function
- e — EL)Okbr = ke AR
G (kK= (ki = & )0k = Jt, ‘ ‘ 5.48
(k. k) ( Ay, (ikn + &) Ok pr + i i (5.48)

For more details, the reader is referred to Chapter 3. After the HS transformation, the
Z-generating functional reads

2[j]= §, DID.0] DA, AJeSislTwEi), (549)

To obtain the WW-generating functional, both functional integrals must be performed. The
fermionic integral is done via a Gaussian integral, see Appendix A.2.4, yielding

Z[j] _ f@[z, A]e—SEH[ZuAU]_ (5.50)
P

The resulting effective action here is a special case of the one seen in Eq. (3.44), namely
for g5 = g, gu = 0 and reads

2

Seali] =5LDZ@—ZlnDet [—56;‘1]. (5.51)
e 9 kk'

The remaining integral over the pair auxiliary field in (5.50) is not so simple and therefore,

as in Chapter 3, a saddle-point approximation is performed. Unlike there, in the following

we will go beyond the SP theory and evaluate the partition function up to the Gaussian

order in the quantum fluctuations of the pair field.

5.3.1 Response theory up to Gaussian approximation

In this section, we decompose the pair field into a static and uniform background and
quantum fluctuations. This approach is necessary as any SP approximation fixes the gauge
(complex phase) of the superfluid order parameter. Due to the requirement of gauge sym-
metry, it is necessary to take all possible gauge choices into account. Hence, we expand
up to Gaussian pair fluctuations (GPF) and integrate them out, as this corresponds to an
integral over all possible gauge choices.

Fluctuation decomposition

We choose to separate the pair field into a SP value and amplitude/phase fluctuations \,0,
yielding

Ay =Agdgo+ Ay + 10, (5.52)
Both source terms j5 and pair fluctuations A, 6 are assumed to be small compared to the

other energy scales in the system. As such, we treat those fields on the same footing and
summarise them into a source-fluctuation matrix, which is

= gy | Itkek Akekr + 0k
Hj(k,k)_(kk_ww aen ) (5.53)

119



CHAPTER 5. TWO-POINT CORRELATION FUNCTIONS

With this, it becomes possible to separate the SP inverse Green’s function from the fluc-
tuations via a Dyson equation

G ' (k;K') = Gap(k; k') + Ey(k; k). (5.54)

The SP inverse Green’s function is analogous to the one seen in Eq. (3.49) up to a vanishing
Hartree self-energy term and reads

Ggp (ki k') = (Zk"—g’c Bo

Ny ik, + 5}6) Skt = Gp (k)i (5.55)

Using the basis-less notation introduced in Appendix A.2, we expand the effective ac-
tion (5.51) analogously to the standard GPF procedure outlined in Eq. (2.42). This results
in

SEH[]] = SO + SLin + SGauss + O(]7 /\7 0)3 (556)
The leading order term is independent of the sources and quantum fluctuations, resulting
in the SP

o 2
Sy =-Trln (—BGS]L) + BLDMTO'. (5.57)

This action is used to determine the mean-field value of the superfluid order parameter A,
by extremising the action with respect to A. This reproduces the Leggett-BCS mean-field
theory discussed Chapter 2.2.2, or more specifically in Eq. (2.26).

The SP condition of the order parameter is then used to eliminate the fluctuation terms
in the linear action, since it turns out to be proportional to dSes/0A = 0. As a conse-
quence, the linear action only consists of source terms, which then reads

SLm Z Z k + q ]s q(sq 0- (558)

kq s

We keep the general form of the ¢ sum as it is illustrative of the fact that only the zero-
momentum component couples to the SP Green’s function that is obtained as the matrix
inverse of Eq. (5.55). We denote the formal result of the matrix inversion as

1" T
SRV e )]

with the matrix elements being the same as in Eq. (3.56b) when the Hartree self-energy is
set to zero. The matrix elements of the above matrix are related to the Fourier transforms
of the real-space Green’s functions defined in the context of Wick’s theorem (5.18) in a
SP approximation. This holds true up to a volume factor, which, for conventional reasons,
is added to the Fourier transformation. Thus, we obtain the SP approximation

gsp(k)mfd%/d(ch) Gos(T; 7 + S ) e RO +iknT (5.60)

with an analogous relation holding for the anomalous Green’s functions /=" at a SP level.
Note that the additional factor [ appears because we choose the Green’s function to have
dimensions of inverse energy.

After the linear term comes the GPF term, which in our case is of second order in \, 0
and the sources j5;. The Gaussian action reads

AZ + 02
SGauss = Tr {GSP'—‘JGSP'—‘J} + ﬁv Z g (5.61)
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Evaluating the matrix trace, we summarise all terms in a spinor-matrix notation, i.e.

Scauss[ A, 0; 7] = g Z ¢:FqH(Q)¢qa (5.62)
q
using the spinor
_ jq : . jT,q — Aq
¢, = (Uq) with Jg= (]Lq) and mn, = (Qq) . (5.63)

We use the regularized Fermi loop functions defined in Eq. (2.54) and restated here

2LD§abCab iday+6by

B

with the symmetry factor (4 = dqp + gy, to simplify the action. Here we have to use the
full set of two-particle vertices, which are in our case the first and third Pauli matrices
Yz, = Oz @ modified second Pauli matrix -, = io, and the projections onto the spin
axis v, = (0. +0¢)/2 and v, = (0, — o) /2 with a statistical sign of the | projection due
to the Nambu notation. We denote as o the identity matrix. In general, we call

o (q) = Y tr {Gsp(k)v,Gsp(k +q)7,} (5.64)
k

Yab(4) = % ¥ 1 Gor (K7 Goe(k + ) = oa(-0) (5.65)

the elements of a susceptibility matrix. With this notation, the Gaussian action (5.62) is
expressed using the matrix II(q) = [I1,4(q) Jave(t,) 251 and explicitly reads

EMEQ; gmgqg grxgqg grygq;
_ 1n\q ulq x\q w\q
D = | T, () () | Thal) T (g) (366)
Iy1(q) Ty (q) | Hyx(q) Myy(q)

— _%(O)(Q) ‘ _AT(Q) ) ) (567)
-Ag) | T(q)
This matrix contains all the information about the linear response theory established here.

Before integrating out the Gaussian fluctuations A\, ¢, we briefly discuss the properties of
this matrix and its physical meaning.

Fermi loop matrix

From the definition of the loop functions (5.64), it is straightforward to read off their sym-
metry I1,,(q) = [T, (—¢q) due to the cyclic property of the trace. The matrix elements of

the upper left matrix o o

~(0 ~(0

-5 50) (5.69

Xiw (@) X)) (q)
are the source-source correlation functions, which are obtained using a standard mean-
field response theory [ 106, , ]. They are commonly known as particle-hole bubble
diagrams and turn out to pose two-particle reducible responses of the fermionic density
to an infinitesimal perturbation. By explicitly evaluating the diagonal responses, we find
bubble diagrams of normal Green’s functions

1
() = -5 L G (R)GRe + ) (5.69)
k
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while the off-diagonal matrix elements are bubbles of the anomalous Green’s functions
5 (@) = Z F& (k) (K + ). (5.70)

We evaluate the fermionic Matsubara sum in the Appendix in Egs. (5.A.2) and (5.A.3).
Comparing with the Wick decomposition in real space (5.18) and performing the transfor-
mation back to the real space relative distance dr confirms the relation established in the
beginning and results in

YO (67) = G55 (67)GEp(=67) (5.71a)
X&) (0r) = ~F&5(o7) F&(~0r). (5.71b)
Due to the anti commuting nature of the Fermions the Green’s functions behave like
G, (=0r) = [GS.(r)]* + 6(0r) and F&(—0r) = [F&(0r)]*, where * denotes the com-
plex conjugate. Therefore, we find
xe (67) = |G (87) + 6(6r) G5 (0) (5.72a)
X (0r) = |F§ (or)P. (5.72b)
Here also the irregular term is included due to the anti-commutator and imaginary-time
ordering, proportional to the thermodynamic particle number ns = G&,(0) at the SP.

Next, we investigate the pair fluctuation matrix I'(¢), which in general is the inverse
of the pair vertex I'"*(¢). We define it as

v (0 10) 575

Its entries are the propagators of the collective modes, more specifically I';,(¢) and I',, (q)
stand for the amplitude A\ and phase ¢ propagators, with the respective coupling elements
on the off-diagonals I',, (¢) and I, (¢). By evaluating the trace in the definition of the
loop functions (5.64), we obtain the amplitude propagator

2LP 1

Iua(q) = B2 D [GE(R) G (k + q) + G (k) Gl (K + )
+ Flp (k) F& (k + ) + F (k) Feh (k + )] (5.74)
and the phase propagator
2LP 1
Pwle)==—+3 ; [GEp (k)G (k +q) + G (F)GE (K + q)
- Fp (k) Fip (ks + q) = Fh (k) Fgh (k + q)]. (5.75)

These two propagators are more complicated objects than the source-source response bub-
bles appearing in Eq. (5.68), as they now involve not only ladder diagrams of the anoma-
lous Green’s functions directly associated with the pairing but also the particle-hole lad-
ders of the normal Green’s functions. Due to the appearance of those anomalous Green’s
functions, the amplitude-amplitude and phase-phase propagators are not invariant under a
U(1)-gauge transformation when considered isolated. The coupling element is

Fuy(@) = Tya(-q) = % > (G (DG (k +0) - G (B)GH ()

+ (k)P (k+q) - FSb(R)Fsh(k+ )] (5.76)
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Note that due to the gauge freedom, most authors choose the saddle-point A, to be real,
which causes the anomalous terms to vanish in the above expression, since F'™(k) =
F1(k). Here we do not make this choice to avoid fixing the gauge as long as possible. By
I.y(q) = I'zy(—¢q) we find I';,,(0) = 0, meaning amplitude and phase decouple for zero
momentum and energy. We present the explicit expressions of the pair propagator matrix
elements in the Appendix in Eqgs. (5.A.4a) and (5.A.4b) for the diagonal entries and in
Eq. (5.A.5) for the coupling elements.

Having discussed the collective excitations, we further investigate the coupling matrix
A between the quantum fluctuations, \,f and the density source terms js. Due to the cyclic
property of the trace, we only need to discuss A and can omit A*. The matrix reads

(Aar(@) Azy(q)
A(Q)‘(A@ﬁ(q) ij@)- 577)

The couplings of the amplitude fluctuation with the two densities are given by

Mar(@) = 5 T CR(R) [Fh (k- 0) + Kb (k- )], (578

Ayy(q) = —% Zk: Géo (k) [Fib(k+q) + Feh (k- q)], (5.78b)
while the couplings of the phase fluctuations to the densities read

Aa) =155 3G [k ) - Flp (- )] (5.799)

Ay (q) = z% Ekj G (k) [Flp(k+q) - Feb(k-q)]. (5.79b)

All those coupling matrix elements are not invariant under a global U(1) gauge transfor-
mation. At ¢ = 0, they are either proportional to the real or the imaginary part of A,. We
will see shortly that this is necessary for a response function with gauge fixing. We present
explicit expressions for all the loop functions discussed here in Appendix 5.A.

Having discussed the matrix elements of the 4 x 4 Fermi loop function matrix (5.66),
we continue the calculation by integrating out the Gaussian fluctuations, in order to incor-
porate the collective excitations into the linear response functions.

5.3.2 Incorporating collective modes

To integrate out the collective modes, we use the fluctuation decomposition of Section 5.3.1
to simplify the Z-generating functional (5.50), which then reads

Z[]] ~ ZSPe—SLin[j] %@[A’Q]e_sGauss[/\ﬁ;j]. (5.80)
P

Here Zsp = exp(—8p) uses the zeroth-order action from Eq. (5.57), serving as the source-
free SP partition function. We perform the Gaussian functional integral in Eq. (5.80) to
obtain the generating functional

Z[j] =", (5.81)

Up to Gaussian order in the quantum fluctuations and second order in the source terms,
the 1/ -generating functional is approximated to be

W[j]~ Wo+Wilj]+Walj]+O()>. (5.82)
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The leading order term is independent of the sources and is given by
- [Aof? 1
Wy =Y Indet [-BGgp (k)] - BVT -3 Y Indet [8T(q)], (5.83)
% q

which is directly related to the GPF thermodynamic potential via Wy = —=8Q(LP | T, us).
A diagrammatic interpretation of this thermodynamic potential is found in Appendix 5.B.
The linear term in the sources turns out to be not directly affected by the quantum fluctu-
ations when they are integrated out, and we obtain from (5.58) the relation

Wili]==2.>. G&% (k) jso (5.84)
k s

Lastly, the second-order term gives rise to the linear response function and reads

W= 5 245X (0)i, (5.85)
q
In this expression,
~() _ (0 iy~ _ [Xit(@) YN(Q)) 586
%(0) =X (0) + X"(0) (mq) Xl (5.56)

denotes the globally gauge invariant density-density linear response function up to Gaus-
sian order in the superfluid fluctuations. The leading term is simply the SP response func-
tion found already in Eq. (5.68), while the second term

X" (q) = A" (=)™ (q)A(q), (5.87)

represents the two-particle irreducible contribution seen in the Wick decomposition (5.23)
in a Gaussian approximation. The irreducible term captures the collective excitations in
the system, the bound states, as well as the vertex corrections, i.e. the self-energy terms.
Here I'"!(¢) is the matrix inverse of Eq. (5.73) and represents pair vertex, proportional
to the T-matrix, of the collective excitations. It is well known that the integer zeros of
det T'(q) give rise to the collective modes in a superfluid [88].

We obtain the matrix-valued response kernel (5.86) via straightforward matrix multi-
plication, resulting in the matrix elements to be

Tew (4) = X (0) + X (). (5.88)
where the two-particle irreducible part is given by

Y2 (q) = Dy (q) - Ks(q). (5.89)

Although this expression has already been encountered in several contexts [121, 126, 395,

], mostly as an electromagnetic response tensor, the interpretation as irreducible dia-
grams was not presented so far. Here, the two terms represent different physical quantities.
The first expression

_ Ay (@l a0 (0)Ays (9) + Asa () Ty (9) Aaw (9)

Dy (q) 20 (0)Tyy (0) = Ty ()T ()

(5.90)
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represents the direct coupling of the densities to the bare amplitude and phase collective
modes. This happens via the propagators of the modes and the coupling elements of the
other mode to the density The second term

_ Asx(Q)ny(Q)AyS’(Q) + Asy(Q)Fyx(Q)Axs'(Q)
Fm(Q)Fyy(Q) - Fry(Q)Fyx(Q)

describes the influence of the mode mixing on the spin-resolved density-density response.
It comes from the fact that at finite momenta and finite energy, the two modes A\ and 6 mix
up to form the collective excitations. No pure amplitude or phase mode exists away from
q = 0. Speaking of the zero-momentum and zero-energy limit, it is well known that the
compressibility matrix [413] is related to the response function at ¢ = 0 and w = 0 + 70",
with w being the causal analytic continuation of the Matsubara frequencies on the real
line [126]. Hence, the isothermal compressibility reads

Kss’(q) (591)

A5 = lim Y (0+0°, q) = 79(0,0) + lim 727 (0 +407, @), (5.92)
q— a-

where first the frequency has to be taken to ¢0* before the momentum limit is taken,
since the response function caused by the gapless collective mode shows a discontinu-
ity at ¢ = (0,0). This is a fundamental requirement of response theories taking gauge
freedom fully into account, and it is known as the most straightforward Ward-Takahashi
identity [394—-398, , ]. Furthermore, Ref. [126] shows that a response function de-
rived analogously to our results also agrees with the f-sum rule. However, one has to be
careful with the sign there, as in most references, the response is defined with an additional
negative sign in order to represent the true system response. Looking at the irreducible
contribution to the response function at ¢ = 0, straightforward algebra yields K, (0) = 0.
This identity originates in the decoupling of amplitude and phase fluctuations at zero mo-
mentum and zero energy, that is I';,(0) = 0. Furthermore, since the phase (Goldstone)
mode is gapless at ¢ = 0, the phase propagator vanishes, i.e. I';,(0) = 0. Thus, the only
contribution to the compressibility coming from the two-particle irreducible term reads

X0 +40%,0) = Ay (0)T51(0) Ay (0). (5.93)

Hence, the compressibility is dictated by the off-resonance behaviour of the amplitude
mode A, as the Goldstone mode reacts resonantly at ¢ = 0, having no effect on the com-
pression.

Finally, we note that the charge density-density (7_,7,). and the spin density-density
(m_q1y)c response functions, for 7 = 7y + 1y and Mm = ny — 1y, are separated analogously
via

{D\K }n(q) = Z,D\Kssf(q) (5.94)
and
{D\K }m(q) = Y (1) D\ Ko (q), (5.95)

ss’

where we use \ to denote that those expressions hold for D and K. We mention that
when dealing with a spin mixture of two species with equal masses and equal populations,
we have that for all spins Xisrlrs’l (q) = Xisfsé(CI), meaning that x* (¢) = 0 and the spin
density-density response function is decoupled from the collective modes. This is a direct

consequence of the underlying SU(2) symmetry [394-398].
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Figure 5.2: Panel (a): Graphical representation of the four distinct single-particle lines
associated to either normal or anomalous Green’s functions. Panel (b): Normal particle-
hole bubbles of equal spin lines. Panel (c): Anomalous bubble diagrams.

5.3.3 Diagrammatic interpretation

To gain further physical insight into the response functions, we use this section to construct
all Feynman diagrams that contribute to the two-point correlation functions. To this end,
we distinguish between SP diagrams and the irreducible diagrams. Note that we will not
discuss the trivial disconnected tadpole diagrams.

Simple Diagrams

In this part, we establish the convention used. This is a generalisation of the notation al-
ready introduced in Chapter 2, where we mainly focused on the diagrammatic approach in
the normal state. Here we deal with the corresponding diagrams appearing in the super-
fluid state, causing four fundamental lines, which are depicted in Fig. 5.2 (a). These are
the entries of the SP Green’s function (5.59). The two normal Green’s functions are solid
lines with one arrow pointing to the right (particles) or to the left (holes). Additionally,
we have the two anomalous Green’s functions associated to pairs of particles and holes.
These have two arrows, either to the inside of the line (Cooper pair particle) or to the out-
side (Cooper pair hole). Whenever two or more lines meet, we speak of a local vertex.
We introduce the following Feynman rules: Any vertices have to fulfil the conservation
of (i) baryonic number, (ii) the total spin, and (iii) obey momentum and energy conserva-
tion. All annotated momenta show the momentum flow from left to right. If not otherwise
stated, the start- and end-points of the diagrams all have momentum ¢, which denotes the
coupling to the source terms js.,. Any degrees of freedom not fixed from the outside,
be it momentum or spin, are implicitly assumed to be summed over, with a multiplicative
factor of 1/ for dimensionality reasons. We use those lines to draw the diagrams associ-
ated with the mean-field response in Fig. 5.2 in panel (b) for the normal and in panel (c)
for the anomalous bubble diagrams. In all these diagrams, the left and right vertices have
momentum ¢, following the above outlined convention.

We remark that the diagonals of the response kernel (5.68) are normal particle-hole
bubbles as they represent correlations of equal-spin fermions, with their functional form
given in Eq. (5.69). More interesting are the off-diagonal entries, depicted in panel (c)
and indicated by the anomalous bubbles. These show that the correlations of opposite
fermions are directly connected to the Cooper pairs found in Eq. (5.70).

After the SP diagrams, we now focus on the individual pieces to construct the two-
particle irreducible response up to Gaussian order. First, we have a closer look at the
entries of the fluctuation matrix (5.73). When evaluating the matrix traces in the en-
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Figure 5.3: Building blocks of two-particle irreducible diagrams. Panel (a) stands for A— A
(xx) and 0 — 6 (yy) susceptibilities. Panel (b) shows coupling susceptibility represented as
arrow-less dash-dotted parallel lines. In both panels, we find so-called ladder diagrams,
as no vertex preserves spin and momentum simultaneously. Panel (c) depicts binding
blocks of collective modes and density source terms as external vertices. We denote the
amplitude-spin vertices with an empty diamond, whereas the phase-spin ones with empty
circles with spin indices.

1]

tries (5.74), (5.75) and (5.76) we find

2LD
Lue(q) = R Xaz(q), (5.96a)
9LD
Ly (q) = 5 Xy (), (5.96b)
Loy (q) = —ixay(9), (5.96¢)
Tye(q) = ~ixy=(9), (5.96d)

where the  functions are the respective loop diagrams, associated to either the amplitude-
amplitude (xx), the phase-phase (yy) or their coupling (xy and yx) susceptibilities. Here,
we also need the bare interactions yielding an additional Feynman rule. The bare coupling
g = g/2L" is represented as a dashed line without a label. All lines connected via a cou-
pling have to fulfil momentum, spin and baryonic number conservation, as the interaction
is local in real space. Furthermore, we also consider the couplings for a given spin s to
amplitude (x) and phase (y) fluctuations, seen in the matrix (5.77). Again, evaluating the
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Figure 5.4: Diagrammatic representation of pair vertex (5.98) according to Eq. (5.99) up
to O(g?) as ladder-like summation.

Nambu-trace yields

Aus(q) = (=1)%Xas(q) (5.97a)
Ays(q) = ixys(q)- (5.97b)

We illustrate them diagrammatically in Fig. 5.3 with the same Feynman rules as above.
Physically, these diagrams represent the vertex coupling of the density sources j; to the
collective modes via a normal and an anomalous propagator. It resembles a process involv-
ing the induced interactions via Cooper pairs. More important is the pair vertex function
' !, which reads

rt=—— g (lj‘ngy Tk ) , (5.98)
(1 - gXxm)(l - ngy) + 9" XayXyz 91 X yx Xz

where we neglected the ¢ arguments for conciseness. To draw actual Feynman diagrams for
the irreducible contribution, we expand the above expression in orders of the bare coupling
g up to second order. As a result, we find a Random-Phase-Approximation (RPA)-like
result as a resummation of ladder type, see Chapter 2, which reads

[ —) +—2
=979 Xee WG Xay ), o(53). 5.99
( ZQQXym g+92ny (9 ) ( )

Hence, we directly observe that the A — \ and 6 — 6 matrix elements are of the order O(g),
while the coupling of amplitude and phase is of the order O(g?). We illustrate the ladder
summations in Fig. 5.4. However, we note that the ladder becomes more complicated from
the third order on, as it involves products of susceptibilities in all the matrix elements.

Having established all the building blocks of the diagrammatic representation, we now
proceed with constructing the diagrams of the irreducible contribution.

Irreducible diagrams

In this section, we provide a brief discussion of the physical meaning of the irreducible
part of the response function (5.89), which we separated into the direct coupling to the
amplitude and phase fluctuations Dy (q) and the contribution coming from the mode-
mixing Ky (q) in Egs. (5.90) and (5.91), respectively. We see that both functions D and
K have the same type of topology. Both couple the source terms to a part of the pair vertex
function via the direct exchange of a Cooper pair. We illustrate this in Fig. 5.5. A direct
comparison with Fig. 5.4 reveals that D is a RPA summed diagram, as it directly couples
to amplitude-amplitude (zz) and phase-phase (yy) fluctuations. For weak interactions,
D scales as O(g), while K is of the order O(g)?, leading to K << D, and we can treat
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Figure 5.5: Gauge invariant irreducible diagrams in Gaussian fluctuation response tensor,
separated into clean A — A\ or ¢ — # diagrams in the upper row, Dy and mode-mixing
contributions in the lower row, K.

the irreducible diagrams in a perturbative way by only looking at isolated amplitude and
phase modes. Only when the interactions grow stronger, the influence of the mode mix-
ing becomes relevant, namely in the BEC limit. The resulting response function X (q)
is invariant under U(1) gauge transformation in any order of g, as we illustrate diagram-
matically in Appendix 5.B. This is an important observation and validation of our explicit
calculation, as the result agrees with the general statements in Section 5.2.1, where we
derived constraints on the correlation and response functions. In Appendix 5.B.2 we go
into deeper detail on the structure of the irreducible contribution when expanding it as a
ladder-like summation in g, and the consequences for the EoS.

Having thoroughly investigated the response functions systematically and their dia-
grammatic interpretation, in the following, we combine the information gathered in the
last three sections to improve the GPF EoS of the BEC-BCS crossover.

5.3.4 Equation of state and gauge symmetry

To obtain the EoS, various approaches are found in the literature. We focus here on the
equations of state, which can be derived in a functional-integral formalism. The standard
procedure is to start with the SP EoS, which we already derived previously in Eq. (3.63),
in our formulation expressed as

1 SS
nses= 375 Zk:GSP(k). (5.100)

It is hence governed by only the normal Green’s function for equal spins. The second
equation of state we consider is the one obtained by including GPF. We derive it via the
thermodynamic relation of N = —=0Q/du, with 2 = =TW,, which leads to

0
Opts

1 1
"GP = 575 ; G (K) - 351m § Indet [AT(g)] - (5.101)

Both equations of state (5.100) and (5.101) follow from thermodynamic considerations
in the grand-canonical ensemble, which is not locally particle conserving, even though
choosing Fermi units later on fixed the total (global) number of particles. This is equiv-
alent to being globally, but not locally U(1) gauge invariant, which is straightforward to
see as both equations of state depend solely on |Ag|? and hence are not affected by the
gauge choice. Since the GPF EoS does not include the local coupling of the density to
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the collective excitations via A, using Eq. (5.101) as an EoS is not a viable option when
thinking about experimental setups, where a local particle density is relevant. To take this
into account, we consider the fluctuation-dissipation theorem, relating the compressibility
matrix and the response functions to a local equation of state. The fluctuation-dissipation
theorem [413] reads

T 32W 7]
L2P §js(t, x)djy (¢,

Xss (25 t, ") = : (5.102)

) js:()

which leads to the equal real-time response function in real space and is the Wick rotation
of Eq. (5.41). The response in the fluctuation-dissipation theorem has to be equal to the
product of the expectation value of two density operators, which for equal positions = =
' and equal spins s = s’ ultimately leads to the fluctuation-dissipation equation of state
reading

~(0 1 ST
nips = - LQDZ % (0) - 57ap LR (). (5.103)

This equation of state is in agreement with gauge symmetry and the Pauli exclusion prin-
ciple by design, which is why from now on, we refer to it as the Pauli-respecting (PR) EoS.
We review the various diagrams that contribute to all equations of state in Appendix 5.B.

The above discussion is valid for any dimensionality D and any mass and popula-
tion imbalances of the fermions. In the next section, we particularise the discussion to
a two-dimensional system, D = 2, of a Fermi spin mixture with equal masses and equal
populations, since recent experimental developments allow for a direct measurement of
the correlation functions in such systems [ 83—187].

5.3.5 2D BEC-BCS crossover with improved equation of state

In this section, we focus on the three equations of state elaborated in the previous section,
namely the SP (5.100), the GPF (5.101) and PR (5.103) equations of state. We evaluate
the Matsubara sums at 7' = 0 using the technique described in Appendix B.4, which is
imaginary frequency integration. This leads to

— 1 ° gq _ m 2 2
nsps = o fo dpp[l— = ]— o [,LH\/M +]A| ] (5.104)

q

for the SP equation of state, using &, = p?/(2m) — p for the free and E, = \ /&2 +|Aq|? for
the quasiparticle dispersion. Furthermore, we obtain

nGF,s:%fomdpp[ —éqq‘l E/ ng[ dQ Q—lndet[ﬁr(zqf,Q)] (5.105)

as the GPF equation of state, already investigated in 2D for instance from Refs. [ 102, 107],
where () = |q| since the system is isotropic. Lastly, we obtain
d Jirr
nl%R,s = n%p s / qz f Q QXss (ZQg, Q) (5106)

from the PR formulation. The L? term is absorbed to solve the k-sum in Y7 (Q),ig,) in
the thermodynamic limit. In addition, the 2D version of the superfluid order parameter
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Figure 5.6: Order parameter and chemical potential in units of Fermi energy s versus
scattering parameter (lower z-axis) and binding energy (upper x-axis) in upper and lower
panel respectively. The left side, i.e. eg — 0 represents BCS side, while eg — oo corre-
sponds to BEC limit. Lower panel shows an inset with a zoom to BCS side to better resolve
differences between the approaches. Dashed black line stands for the SP, dash-dotted red
line for GPF and solid blue line for PR equation of state.

Reprint from [P2] under the terms of the Creative Commons Attribution 4.0 International (CC BY
4.0) license.

equation, 0 = OSsp/0A, is used. At T = 0 the summation is explicitly solvable [107],

leading to
|Ag| = Ve (eB +21). (5.107)

Since in 2D a contact potential always exhibits a bound state, we use the binding energy
ep > 0 as interaction parameter, where eg — 0* corresponds to the BCS and eg — +o0 to
the BEC side. Fixing the particle number leads now to Fermi units, with the Fermi energy
er = k2/(2m) and the Fermi momentum kp. This allows us to relate the binding energy
and the 2D scattering parameter [4 14, 1,

Inkpa = In(8cp/ep)/2 - Vg, (5.108)

where g ~ 0.577 is the Euler-Mascheroni constant.

We depict the findings of the three different equations of state in Fig. 5.6, where the
upper panel illustrates the order parameter ||, while the lower panel depicts the chem-
ical potential . in units of ep against the scattering parameter In kra (lower x-axis) and
the binding energy ep/er (upper z-axis). The inset illustrates a close-up of the chemi-
cal potential in the BCS side. The GPF equation of state overestimates the influence of
the bound states as well as vertex corrections by neglecting the coupling of the collective
modes to the density itself. This leads to an underestimation of both |A,| and x compared
to the PR approach, where these effects are consistently accounted for by invoking gauge
symmetry and the Pauli principle. Hence, our novel PR results always lie between SP
and GPF theory because it allows for a self-consistent feedback loop between density and
collective excitations.
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Case || Equation of state | Response function | Gauge | Pauli Line style
I SP (5.104) only ¥ (5.68) v v | dashed black
11 SP (5.104) full Y,s (5.88) v X dotted green
I11 GPF (5.105) full Y, (5.88) v x dash-dotted red
1A% PR (5.106) full Y, (5.88) v v solid blue

Table 5.1: Table for different cases covering distinct levels of approximation, depending on
the preservation (v”) or violation (x) of gauge invariance (Gauge) and the Pauli exclusion
principle (Pauli). The corresponding line styles for figures 5.7, 5.8, 5.9, 5.11 and 5.12 are
indicated as well.

These are important findings that may impact various applications in the context of 2D
superfluids and are straightforward to extend to three dimensions or to population imbal-
ance. In the remainder of this chapter, we will focus on one particular consequence, which
is the prediction of anti-bunching of opposite-spin fermions.

5.4 Real-space correlation functions

In this section, we focus on the findings our improved equation of state provides when
considering the density-density correlation function in a spin-resolved way, namely g( )
and g( ), as well as the charge density-density correlation function g( ). The remainder of
the chapter will follow a general convention for the figures and discussions based on the
involved equation of state and the approach we use for the correlation functions, shown in
Table 5.1. We discuss four different combinations of results for the correlation functions
and equations of state in figures 5.7, 5.8, 5.9, 5.11 and 5.12:

I: Using the SP equation of state and the standard SP correlation functions, as done
for instance in Refs. [106, , ]. This provides reference curves, as they stem
from a globally gauge invariant equation of state with a Pauli principle respecting
response function. The results are presented as dashed black lines.

IT: Using the SP equation of state and the correlation functions including the irreducible
terms, a procedure which is close to what was proposed in Refs. [397, ]. These
curves are depicted as dotted green lines.

I1I: Using the GPF equation of state together with the full correlation function includ-
ing the irreducible terms. This is the standard fluctuation approach to the correlation
functions, similar to the treatment in supplemental material of Ref. [107]. We illus-
trate those as dash-dotted red curves.

IV: Using the fully gauge invariant equation of state derived in this section. In addition,
the correlation functions, including the irreducible contributions, are considered.
We represent the findings extending our original publication [P2] as solid blue lines.

We exploit the rotational symmetry of the system, allowing us to evaluate the azimuthal
angle integral, resulting in a Bessel function of the first kind in 2D. Furthermore, in the
ground state, the Matsubara sum becomes an integral along the imaginary line, see Ap-
pendix B.4, ultimately resulting in

d
g2 (o7) —1+f =l i sts (Q,iqe) Jo(Qor), (5.109)
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Figure 5.7: Equal-spin density-density correlation function in case I (dashed black line),
case II (dotted green line), case III (dash-dotted red line) and case IV (solid blue line) for
different scattering parameters. Those are In kra = 2.11in(a), In kpa = 1.1in(b), In kpa = 0
in (c) and In krpa = —0.6 in panel (d). Finally, panel (e) shows case IV for large range of
scattering parameters illustrated by colour code.

with @) = |g| and ér = |07|. For case I we replace Y« (@, ig¢) with the SP response function
%gg,) (Q,iqe). To obtain the charge density-density correlation function we use ¢ (or) =

p gs(SQ,)(ér) /4 since ny = n;. In the following, we analyse the three different correlation
functions separately, starting with the equal-spin case.

5.4.1 Equal-spin density-density correlations

In this section, we investigate g2’ (0r). Because of SU(2) symmetry, we only investigate
the case for s =1. This correlation function includes the irregular term at 6r = 0, as X
probes the density-density correlation function. Due to our numerical routine, we show
only o7 > 0, which is why our result is indistinguishable from the pair correlation function.

We evaluate both integrals in Eq. (5.109) numerically, whose results are shown in
Fig. 5.7. Here panels (a) to (d) each depict all four cases discussed in Table 5.1 for different
interaction strengths ranging from the BCS to the BEC limit, with panel (a) representing
In kpa = 2.1, panel (b) showing In kra = 1.1, panel (c) In krpa = 0 and finally panel (d)
depicts In kra = —0.6. We observe that only the two cases I and IV fulfil the Pauli prin-
ciple, i.e. follow gﬁ )(57‘) — 0 as or — 0. On the other hand, case II, using the SP EoS
together with the gauge invariant response function, undershoots the correlation function,
leading to a negative correlation function at small distances. This is unphysical as gg,)
measures a scaled number of particles. Case III, in contrast, using the GPF EoS and the
gauge invariant response function, overshoots the correlations, which cause the Pauli hole
to be filled up to a certain degree. In case II, the violation of the exclusion principle be-
comes larger for stronger interactions. In case III, the violation of the Pauli principle is
quantitatively smaller, but nevertheless this disqualifies the approach. This shows that the
vertex corrections presented by the A functions are indispensable, not only for the corre-
lation functions, but also to obtain the correct equation of state. The failure of both cases
IT and III illustrates the increasing importance of the vertex corrections, present only in
the EoS discussed in case IV. Comparing the two theoretically consistent cases I and IV
for weak interactions, we see that the SP (case I) and the self-consistent fluctuation results
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Figure 5.8: Opposite-spin density-density correlation function evaluated for cases I
(dashed black line), II (dotted green line), III (dash-dotted red line) and IV (solid blue
line) for various scattering parameters: In krpa = 2.1 in (a), Inkpa = 1.1 in (b), In kpa = 0
in (c) and In kpa = —0.6 in panel (d). Panel (e) depicts case IV for large range of In kra
denoted by a colour code.

(case IV) produce indistinguishable equal-spin density-density correlation functions. This
is because most fermions are essentially free particles. Thus, the influence of interactions
encapsulated in the irreducible terms has to be small. For stronger interactions, see in par-
ticular panels (c) and (d), where we are in the crossover, and BEC regime, the SP and PR
correlation functions deviate, with the SP approaching a fully uncorrelated system much
faster. This manifests in a closing of the Pauli hole, which corresponds to the drop of gﬁ )
to 0 at small distances. This closing does not happen as fast in the PR approach, where
fluctuations reduce the order in the system. This shows that the mean-field theory overes-
timates the influence of pairs in the strong coupling regime. A quantitative illustration of
the PR approach is seen in Fig. 5.7 (e), where we depict the results of case IV for inter-
action parameters ranging from In kpa = 2.5 (BCS) to In kra = -1 (BEC), corresponding
to binding energies of cg = 0.02 ep to eg = 18.6 €, encoded by the colour bar. From
weak to strong interactions, the Pauli hole is continuously shrinking. For weak interac-
tions, In kpa > 0 the size of the Pauli hole barely changes, and for In kpa — o0, eg - 0
it approaches a universal shape, which we identify with the Pauli hole of the ideal Fermi
gas. In contrast, at strong interactions, that is for negative In kra or for eg > cp, the width
of the Pauli hole changes a lot with the interaction strength. This is due to the pairs being
more tightly bound, which causes the gas to behave similarly to a system of composite
bosons, which are only affected by their composing fermions at small distances. For dis-
tances larger than the pair size, equal-spin particles are essentially uncorrelated due to a
lack of equal-spin interactions. This was also seen in recent experiments and supported
by QMC calculations [187]. A deeper analysis of the experimental findings needs more
details about opposite-spin and charge correlation functions and is found in Section 5.5.
Therefore, next we analyse the opposite-spin density-density correlation function.

5.4.2 Opposite-spin density-density correlations

In this section, we evaluate the opposite-spin density-density correlation function gg ) (7).
Like in the previous section, the explicit choice of spins is irrelevant due to SU(2) symme-
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try, which is why we restrict the discussion to gﬁ) (dr). Since we deal with opposite spins,
no irregular terms are present, meaning density-density and pair correlation functions are
identical.

We again evaluate the correlation functions numerically, showing our results in Fig. 5.8.
As in the previous section, we choose to depict the four approaches discussed in Table 5.1
for interaction parameters of In kra = 2.1 in panel (a), In kra = 1.1 in panel (b), In kra = 0
in panel (c) and finally In krpa = —0.6 in panel (d). A first remark is that, even though the
opposite-spin correlations also rule out case 11, as in panel (d), the opposite spin correlation
function becomes negative. An argument like this is not possible for case III, represented
by the dash-dotted red line. However, we know from the equal-spin correlation functions
that this approach is disqualified because it violates the Pauli principle. Therefore, we will
not discuss further the dotted green or dash-dotted red line in this section. However, be-
fore dismissing cases II and III, it is worth mentioning that the opposite-spin correlation
functions in all approaches diverge like In*(kpd7) at small distances. The prefactor of
this divergence, up to numerical constants, is known as Tan’s contact [357]. We already
discussed it in the context of the 3D WHFB approach in Section 4.4. Analysing the SP
evaluation of case I, illustrated as the dashed black line, we notice that the correlation
function is strictly larger than 1. This was already expected due to the functional form in
real space observed in Eq. (5.29). Since in case I the irreducible terms are not present, the
correlation function reads

|y (67)]2

(2) _
9y,sp(07) =1+ o, (5.110)

with the homogeneous anomalous Green’s function F; (dr) = F;,(0,0;0,|d7|). Compar-
ing this case to case IV we see that the irreducible parts, which are negative in this case,
lead to an anti-bunching at intermediate distances. We define anti-bunching as a region of
the correlation function below the uncorrelated value of 1. Interestingly, this has recently
been experimentally observed for the first time in Ref. [187] in a 2D spin-mixture of SLi.
This is a non-trivial effect of the coupling of the collective excitations in the system to the
density via the vertex A. The physical origin of this effect lies in the irreducible term,
which reduces correlations in the system due to pair fluctuations. What is happening mi-
croscopically is that opposite-spin particles attract and hence approach each other. This
causes an excess of opposite-spin fermions at small separations, but leaves a lack of par-
ticles at distances of the order of the non-interacting average distance between atoms, due
to the local particle number conservation in our theory. For large distances, we see that
gﬁf) (0r) approaches 1 from below, which agrees with the expectation of a free Bose gas.

We go further into detail in Fig. 5.8 (e), showing the results of case IV for opposite-
spin density-density correlation function versus the dimensionless distance krdr for a set
of interaction parameters In kra ranging from 2.5, to In kpa = —1. We represent the min-
imum for each scattering parameter as a dot in the respective colour. In general, weaker
interactions cause a smaller dip of the correlation below 1, which occurs at larger separa-
tions compared to stronger interactions. For strong interactions, the minimum is deeper,
showing the stronger binding between opposite-spin particles. An in-depth discussion of
the correlation minimum will follow in Section 5.5. Before doing so, we use the upcoming
section to combine the equal- and opposite-spin correlation functions to discuss the charge
correlation function, which is the easiest to access experimentally.
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Figure 5.9: Charge density-density correlation function g,(ﬁl) for cases I (dashed black line),
IT (dotted green line), 11T (dash-dotted red line) and IV (solid blue line) using a set of
scattering parameters being In kra = 2.1 in panel (a), In kra = 1.1 in (b), In krpa = 0 in (c)
and In kpa = —0.6 in (d). Panel (e) represents charge correlation function in case IV for a
range of In kra denoted by a colour code.

5.4.3 Charge density-density correlations

We investigate the charge density-density correlation function by adding the equal- and
opposite-spin correlation functions, see Eq. (5.8). We present the results in Fig. 5.9, where
in panels (a) to (d) we again compare the four approaches, cases I to IV, for In kra = 2.1 in
panel (a), In kpa = 1.1 in panel (b), In kra = 0 in panel (c) and finally In kra = —0.6 in panel
(d). In this evaluation, we discard the discussion of cases II and III because of the already
mentioned violations of the Pauli principle. However, for the sake of completeness, these
cases are nevertheless shown in the figure. As in the previous two cases, we see that in
the weakly interacting limit, panel (a), the two cases I an IV are close to one another,
as the irreducible terms are small compared to the reducible contributions and the bound
states have a small binding energy, that is eg << ep. On the other hand, when going to
larger interactions as in panels (c) and (d), we see that in case I, representing the SP theory
as dashed black line, the correlation hole below 1 closes. This comes from the Pauli hole
shrinking, compare for instance the dashed black line in Fig. 5.7 (c) and (d). Conversely, in
case IV the behaviour of the correlation hole changes dramatically for strong interactions,
since the irreducible term grows, enlarging the anti-bunching in gﬁ), while the shrinking
Pauli hole in gﬁ ) makes equal-spin particles essentially uncorrelated. This causes the
charge correlation function to retain an anti-correlated region at distances around kgdr €
O(1). Again, as for the opposite-spin correlations, this is related to the local conservation
of particles.

We investigate case IV in more detail in Fig. 5.9 panel (e), where we illustrate a large
set of scattering parameters from the BCS side In kpa = 2.5, to the BEC side In kpa = —1.
For weak interactions, i.e. In krpa >> 1, the anti-correlation is large in magnitude and spans

a large range of separations krdr. This comes from gﬁ ) exhibiting a large Pauli hole,

while at the same time the divergence in gg) is happening at small distances. The min-

imum in g,(ﬁl) is therefore mostly determined by the equal-spin properties. When slightly
increasing the interaction, the Pauli hole does not change much, while the divergence of

the opposite-spin correlation function becomes more pronounced, ultimately taking over
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Figure 5.10: Correlation contributions to the full equal-spin, panels (a) and (b), opposite-
spin, panels (c) and (d), as well as charge, panels (e) and (f), density-density correlation
functions. Interaction parameters in panels (a), (c), (e): Inkpa = 2.1 (BCS limit), and
Inkpa = —1.1 (BEC limit) in panels (b), (d) and (f). Dashed black line shows the SP
reference curve, dashed grey depicts ideal Fermi gas. Solid blue line depicts case IV

result, dotted green curve represents gr(eziss,(ér), while dash-dotted orange line stands for
(2) (7).

girr,ss’

and closing the correlation hole in g,%). However, when the interactions become strong,
towards the crossover regime and beyond, as we discussed in the previous section, the Pauli
hole shrinks, making the equal-spin components of the gas uncorrelated outside a narrow
range of separations near the origin. At the same time, the correlation hole in gﬁ) grows,

making it the dominant over the equal-spin correlation function. As a result, the charge
density-density correlation function starts to be solely determined by gﬁ), meaning that
the trend of a closing anti-correlation reverts and the correlation hole grows again. This
effect is best seen by analysing the marked dots in panel (e), showing the position of the
minimum as well as its depth.

Before analysing the minima, we want to first understand what the direct influence of
the terms in case [V actually is. Hence, in the next section, we focus solely on case IV and

discuss the contributions coming from the reducible and irreducible terms separately.

5.4.4 Influence of irreducible terms

In this section, we examine the various contributions to the full correlation functions (5.109)
using the locally gauge invariant linear response function (5.88) and the EoS (5.106). We
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make this comparison in Fig. 5.10 for two distinct scattering parameters, In kpa = 2.1 in
the left and In kpa = 0 in the right column. We added two reference lines, already dis-
cussed in the previous sections, that are the dashed black line, i.e. case I, and the dashed
grey line, representing the ideal Fermi gas. The solid blue line stands for case IV result,
which is obtained via Eq. (5.88). We make use of the decomposition in this equation to
define the correlation obtained via the reducible terms as

dgy [ d2
g () =1+ f — ) @ 6)22629752)(@ iq0) Jo(Qor), (.111)

as well as the correlations coming from the irreducible terms

oo = e [ TS [T QRE@Quindh@n), i
illustrated in the dotted green and dash-dotted orange lines, respectively. We observe that
for weak interactions (left column), the reducible terms dominate the full correlation func-
tion. This is true for all three versions of the density-density correlation function. Phys-
ically, this is straightforward to understand as, when dealing with weak interactions, the
energy of the bound state is small, being eg = 0.04 ep. This means that the bound states
are too weak and too delocalized to alter the system’s overall behaviour away from a purely
fermionic nature. In other words, the gas consists primarily of free fermions with weak
attractive interactions, whose behaviour is well captured by a SP description.

In contrast, when considering strong interactions with a binding energy of g = 23 ep
(right column), almost all fermions are found in two-body bound states, and only a small
fraction of fermions act as unbound particles. The gas behaves more like a gas of compos-
ite bosons with a small spatial extent compared to the mean distance between two particles.
This becomes evident when considering the equal-spin correlation function in panel (b),
where the reducible correlation function only deviates slightly from 1, while the full cor-
relation function follows the irreducible term. For the opposite-spin and charge density-
density correlation function, we observe a dominance of the irreducible contributions only
for larger separations. Only for those ranges of separations, the full correlation function
follows gi(rzr?ss, (6r). For small distances, the composite bosons follow their fermionic nature
and the pairing divergence. Therefore, at small distances, two-body physics is observed,
while at large separations, low-energy collective excitations dominate. This makes sense
also considering that at 7" = 0 the Goldstone mode is excited due to small quantum fluctu-
ations. As no thermal fluctuations are present, the pair breaking and the amplitude mode
are only relevant via virtual processes. These modes are all captured in the irreducible
term and are the main source of correlations at distances comparable with the possible
wavelengths of the Goldstone mode.

After understanding the physical reasons behind the anti-correlation effects and the role
that the irreducible diagrams play, we continue in the upcoming section by performing a
qualitative comparison with recent experimental data and making predictions.

5.5 Anti-bunching of fermions in the continuum

This section is divided into two separate parts. In the first part, we compare our results,
discussed in the previous section, directly with recent experimental data and QMC calcu-
lations found in Ref. [187]. The data is obtained via continuous quantum gas microscopy,
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Column || Inkpatt®® | Inkpa®™® | et [ep] | eR? [ep] | TP [T¥]
1 215 | 2.08703 | 0.03 | 0.04°001 [ 0.11=0.02
117 | 121700 [ 024 | 0.227900 | 0.09£0.01
101 | 0.9809 1 0.33 | 0.36:0% | 0.09%0.01
0.68 | 0.66°005 | 0.65 | 0.67°01 | 0.080.01
0.36 | 0287090 | 123 | 144797 | 0.08£0.01

QU | W DO

Table 5.2: Comparison of parameters used in numerical evaluation of correlation functions
in Fig. 5.11 and experimental parameters found when evaluating the data and used for
the auxiliary field QMC calculation [187]. We present the values sorted by the columns
of Fig. 5.11 and give theoretical and experimental values of scattering parameter In kra,
binding energy cp in units of e and temperature. The temperature used in our theoretical
evaluation is always 7"the = ().

developed recently by several groups [183—187] for Fermi and Bose quantum gases. The
QMC data is obtained via auxiliary field QMC methods, which is a numerical procedure
close to the HS transformation formulation we use in our analytic approach. In the second
part, we use the numerically obtained data to make predictions on the location and depth of
the correlation hole for equal- and opposite-spin correlation functions, which are possibly
experimentally measurable within the near future.

5.5.1 Comparison with experiment

In the recent experimental work of Ref. [187], a 2D spin-mixture of equal populations,
ny = ny of SLi has been prepared in a homogeneous 2D trap, with a tight harmonic con-
finement in the third dimension. As such, for weak interactions, their data can be seen as
a strict 2D gas. For strong interactions, there is, however, the possibility of exciting higher
modes in the third dimension, making the gas a quasi-2D gas. Therefore, comparing the
experimental data with a pure 2D theory is only viable for weak interactions, as no good
2D confinement is possible for strong interactions.

We present our findings in comparison with experimental results in Fig. 5.11, where
the solid blue line represents case IV, i.e. the Gaussian fluctuation response function with
PR EoS. The dashed line stands for the mean-field correlation function, denoted by case I
from Table 5.1, the orange points show measurements obtained with CQGMs and the dot-
ted cyan line auxiliary field QMC calculations, both from Ref. [187]. First, we consider
the equal-spin correlation function in the upper row of Fig. 5.11. For weak interactions,
the measurement of gﬁ ) shows the Pauli hole, tending to 0 as small separations are ap-
proached. For stronger interactions, this is no longer true as higher z-dimension modes
are occupied. Due to the measurement method, different particles appear at the same po-
sition in the 2D projection, while their positions in the third dimension are not directly
resolvable. Hence, there is an offset for the equal-spin correlation function at zero sepa-
ration, constituting a measure of the quality of 2D confinement. Besides this effect, the
general trend in the experimental data and the QMC results is that the Pauli hole is bigger
than expected from the mean-field evaluation, especially for stronger interactions. This
qualitatively agrees with our observation, but not to the extent predicted by QMC calcula-
tions. A possible explanation is that non-Gaussian fluctuations become important at larger
interaction strengths in 2D and a different EoS is used in the QMC calculation. Further-
more, we restricted the calculation to 7" = 0, while QMC calculations were performed at
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In kpa = 2.15 In kpa = 1.17 In kpa = 1.01 In kpa = 0.68 In kpa = 0.36

ot

Figure 5.11: Numerical results for gT(T2 )(57“) in top panels, gﬁ)(dr) in middle panels and

gr(ﬁl) (0r) in bottom panels versus distance kpdr. Dashed black line illustrate case I, solid
blue line stands for case IV, see table 5.1. Grey area in middle panel shows anti-correlation
region. Theoretical interaction parameter In kpa ranges from 2.15 in BCS regime (left
side) to 0.36 in crossover regime (right side) and are related to experimental values used
in Ref. [187]. In middle and bottom panels y axis start at 0.7 and 0.5 respectively, to
highlight anti-correlation effects. We compare with experimental data from Ref. [187]
as orange dots and auxiliary field QMC data at finite temperatures as dotted cyan line.
Measured interaction parameters and temperatures of both measurements and QMC curves
are found in Table. 5.2.

experimental temperatures, and we used slightly different scattering parameters due to our
numerical routine, see Table 5.2 for more details.

We now move on to consider the opposite-spin density-density correlation functions in
the middle row in Fig. 5.11. While equal-spin and charge correlation functions are directly
measured in the experiment, the opposite-spin correlation functions are extracted using the

experimental data for gﬁ ) and 97%) in combination with equation (5.8). Experimentally,

an anti-correlation gﬁf) < 1, was observed, conflicting the standard mean-field theory of
case I, see the dashed black line. The QMC data presented in Ref. [187] also shows the
correlation hole, whose location and depth are comparable to the results we obtain within
the gauge-invariant and Pauli-respecting calculation, case IV in Table 5.1. For stronger
interactions, the QMC data, as well as our theoretical results, deviate quite a lot from the
experimentally obtained correlations. This is attributed to the quasi-2D confinement as
well as the finite temperature in the experiment, being of the order of 1" ~ 0.17F (see
Table 5.2), making the appearance of vortices important. These are effects not captured in
our approach. On the other hand, it remains unclear whether these effects are intrinsically
included in the QMC calculation.

Lastly, we compare the charge density-density correlation function measured in the
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experiment as well as QMC calculations with our results in the lower row of Fig. 5.11.
Unsurprisingly, the charge correlation function shows a minimum below one for interme-
diate distances away from the pairing divergence. For weak interactions, the data follow
closely the SP curve obtained via case I, which in this regime is close to the curve predicted
by case IV. At strong interactions, deviations from the SP curve occur, as the minimum
of the correlation function does not close as strongly as the SP evaluation would suggest.
Instead, the minimum remains open but closes stronger than predicted by QMC calcula-
tions or our case IV, both of which are similar, again because of the finite temperature and
the quasi-2D confinement. As such, we can safely state that our approach can qualitatively
explain the experimental data and the QMC calculations. With this, we provide the first
physical explanation for the anti-correlations of opposite-spin fermions, which was first
seen in a numerical calculation in 3D [173] without a physical picture explaining why this
effect occurs. To quantitatively explain the experimental data, we would need to extend
the calculation to finite temperatures and potentially include particle-hole fluctuations, see
Chapter 3. We prepared the formalism to describe finite temperatures as well. The final
evaluation of the bosonic Matsubara summation over ¢, is more involved for 7" > 0 and
hence not done in this thesis. Furthermore, for stronger interactions, also the third dimen-
sion becomes relevant, together with vortex creation.

After having thoroughly compared our results with recent experimental data, we con-
clude by presenting predictions concerning the minimum of the correlation functions, in
order to present a possibility of quantitatively testing our approach in the near future.

5.5.2 Correlation hole

In this section, we quantitatively evaluate specific properties of the density-density corre-
lation functions, which are in principle experimentally accessible, even though the current
data sets are too noisy to make a quantitative statement. These quantities are shown in
Fig. 5.12, being the half-width kg7, of the Pauli-hole, defined via gﬁ ) (kprp) =1/2 in the
top panel, the width of the correlation hole krdr,;, in the middle panels, and the depth
hmin of opposite-spin and charge density-density correlation functions in the lower panel.

The latter is defined via hyin = [¢ (kpdrmm) — 1], where for g(2) we either insert gﬁf) or

g%). The solid red line shows all quantities obtained for gﬁ ), the solid blue line denotes

results for gT(f), while the solid green line represents 9532 Furthermore, we add the spe-

cific values of the interaction parameters used in Fig. 5.11 as red squares, blue circles and
green diamonds. The size of the Pauli hole for weak interactions approaches a constant
at kpr, ~ 1.6, associated with the Pauli hole seen in an ideal Fermi gas at 7" = 0 and in
2D. Starting from there, kp7, reduces when the interactions become stronger, which we
quantify in the upper panel. This happens when eg becomes comparable or larger than
er, and means that indistinguishable fermions become uncorrelated at smaller distances,
as they are found only in two-body bound states once the interaction is large enough. Only
when the composite bosons have a small separation are they affected by their underlying
fermionic nature, which is best seen by the fact that, despite the Pauli-hole shrinking, it
never disappears at any finite interaction strength. As such, the width of the Pauli hole for
increasing interaction strength approaches zero asymptotically.

Analysing the middle panel, we observe that for weak interactions the location of the

minima of gﬁ) and g,(l%) are at different scales and behave qualitatively differently. The

minimum of gT(f) at weak interactions is at larger separations and fully controlled by the
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Figure 5.12: Half-width of Pauli hole, kg1, in panel (a), location of correlation minima
in panel (b) and depth of correlation hole in panel (c) versus dimensionless scattering
parameter In kpa (binding energy ep/cr) on lower (upper) z-axis. Solid red line shows
equal-, solid blue line opposite-spin and solid green line charge density-density correlation
function. The red squares/blue circles/green diamonds show values of scattering parameter
used in Fig 5.11, strongly oriented on values measured in Ref. [187].

Adapted from [P2] under the terms of the Creative Commons Attribution 4.0 International (CC BY
4.0) license.

irreducible contributions. In contrast, the minimum of g%) is dominated by the Pauli prin-
ciple, since equal-spin fermions are anti-bunching. This identification becomes evident
as the minimum of g,(ﬁl) is at almost zero separation, exactly where the Pauli hole is lo-
cated. When increasing the interaction, we already established in the discussion of the top
panel that the Pauli hole shrinks. Thus, no correlation contribution in the charge density-
density correlation function comes from equal-spin fermions. All the correlations of the
full density must originate from the correlations of opposite-spin atoms. Thus, we observe
in the figure that the two lines representing gT(f) and 9532 approach each other and merge
when considering strong interactions with binding energies eg > ep. The anti-correlation
in the opposite-spin density-density correlation function shifts to smaller separations and

deepens as collective modes become more important for stronger interactions.
Ultimately, in the bottom panel, we see the same qualitative behaviour of h,,;,. For
weak interactions, opposite-spin and charge density-density correlation functions behave

differently. The depth of the minimum of gﬁ? is solely determined by gﬁ ) and hence close

to 1/2, while the depth of the minimum of gﬁ) is close to (. At larger interactions, the
curves merge again, as the equal-spin fermions become uncorrelated at dr >> 0.
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Having derived general statements for fermionic correlation functions, applied the the-
ory in 2D, and discussed experimental data, we present further details in the Appendix.
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Appendix

5.A Explicit expressions for D-dimensional loop functions

In this Appendix, we present explicit expressions for all the loop functions beyond the
formal version found in the main chapter. To this end, we evaluate the ¢k, Matsubara
summations and present the resulting loop functions as momentum sums in D dimensions.
In general, these were evaluated using Cauchy’s residue theorem, formally explained in
Appendix B. We do not present the explicit calculations there, as they are straightforward
following the examples given in Appendix B. After this, we particularise to 2D in the
thermodynamic limit, and present the angular and radial integrals, together with more
details on the numerical strategy for evaluating them. To have a concise notation we set
=& =Kk*/(2m) —pand & = &g, as well as E = By, = /€2 + |Ag|? and E’ = Ey.q. We
focus on the equal-spin population case to obtain simpler expressions. Generalizing to the
ns # ny or my ¥ m, case is straight-forward.

5.A.1 General expressions in ) dimensions
Saddle-point response functions

At first, we evaluate the SP response functions, found in the matrix (5.68). We start with
the two equal-spin density-density susceptibilities seen in Eq. (5.69) for two 1-spins

Y(O)(q):Z E+FE 1SS _ 1qe SE'-E'E '
it 2| 2EE" (iq)? - (E+E")? 2FEFE (ig)? - (E + E')?

(5.A.1)

Although the second term vanishes as it is antisymmetric under the transformation k& —
-k, we mention it for completeness because it is relevant in the case where SU(2) sym-
metry is explicitly broken. Using the above symmetry, we simplify and find

~(0) E+E EE - ff’
q) = ; .
Xir (@) Zk: 2EE" (iqp)?> - (E+ E")?

(5.A2)

In the case of balanced populations we find )'Zg?)(q) = 5{5?) (q). We also consider the off-

diagonal matrix elements of the SP response tensor found in Eq. (5.70), which evaluates
to
~(0) B E+FE' |A0|2
) = LS e — (B B

(5.A3)

Having the SP expressions, we continue with the pair fluctuations.

Pair vertex function

We now evaluate the Fermi Matsubara sums of the elements of the fluctuation matrix (5.73).
To obtain amplitude-amplitude (xx) and phase-phase (yy) propagators from Eqgs. (5.74)

144



5.A. EXPLICIT EXPRESSIONS FOR D-DIMENSIONAL LOOP FUNCTIONS

and (5.75), respectively, we use the superfluid order parameter equation (2.26) in order to
eliminate the bare coupling, independent of the dimensionality. This leads to

1 E+E EE +£& —ReA?
I..(q) = — : , 5.A4
(@=2 [E "TEE (iq)? - (E+E') ©-Ad)
1 E+E EE +£&+ReA?
r = — . 5.A.4b
Furthermore, we obtain the amplitude-phase coupling element (5.76) via
« iqp F&+ FE'&—iImA2
L, = - , 5.A.5
AD == BE Gy (B + Y 6-A-)

which also includes the second off-diagonal element via Iy, (¢) = 'y, (-¢q) = -I';,(q) as
the function is odd.

Fluctuation-density couplings

To determine the elements of the density-fluctuation coupling matrix (5.77), we exploit
the SU(2) symmetry when the spin populations and masses are identical. Hence, for an
arbitrary spin s we obtain

E+E Ag(E+E)

Asx = - R 5.A.6a

(9) Ek: QEE (iq))? — (E + E')? ( )
. E+ FE' iquO

A =—i - , 5.A.6b

y(Q) zk: 2EE (iq)? - (E + E')? ( )

for the density-amplitude (5.78a,5.78b) and the density-phase coupling (5.79a,5.79b) re-
spectively. Those expressions are valid for all dimensions D and all temperatures 7. We
now particularise to a spherically symmetric homogeneous system in 2D in the thermo-
dynamic limit.

5.A.2 Simplifications for 2D, infinite rotationally symmetric systems

Spherical symmetry allows for an alignment of the k; vector along g, so that without
loss of generality we have k - ¢ = |k||g|cos?. With this, the free dispersion becomes
& = |kPP/(2m) — u+|q|*/(2m) + |k||g| cos¥/m. We now substitute € = |k|?/(2m) and
set Q@ = |g| to write £ = ¢ — p as well as £’ = £+ Q?/(2m) + \/2¢/m(Q) cos ). Doing so
yields a constant dimensionless density of states in 2D, i.e. D(e) = 1. Thus, we obtain the
particle-hole bubbles from Egs. (5.A.2) and 5.A.3) as

W@ -2 [Ty [Tac B P € 5A7
U (9= 53 o CTEE (g2 _(E+E)? (5.A.72)
0y~ T Q”dqgf”d L+ [AoP 5.A.7b
RIAC Uiy o “TEE G- (E+E) (5.4.7)
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Furthermore, the pair propagators, Egs. (5.A.4a,5.A.4a) and (5.A.5) become

m [ oo 1 E+E EE +££ —ReA?
r,. =—f dﬁf de | = o 5.A.8
@) =122 J, o O [E+ EE (iq0)? - (E+ E')? (5.A-82)
mo e [1 E+E EE 466+ ReA2
r =—f dﬁf de | = 0| 5.A.8b
w(4) 4m2 Jo o [E+ EE" (iq)*-(E+E")? ( )

iqp E&' + E'E —iTmA}
EFE' (iq)?-(E+FE")?

m 27 =)
Lol) = -1 [ dv fo de (5.A.8¢)

Lastly, the coupling vertices, Egs. (5.A.6a) and (5.A.6b) read in the thermodynamic
m o [2r o E+E  Ag(E+E)
Awlq) = — [ dv f d _ , 5.A.9
(9) 8n2 Jo o “EE (iqe)? - (E + E")? ( 2)

_am [ ©  E+FE 1q0A
ASy(Q)_—&T2 0 dﬁ](; e EE" (iq)?-(E+FE")?

(5.A.9b)

In order to numerically evaluate the response tensor (5.86) at 1" = 0, it is favourable to
scale all the energies in the system not by the Fermi energy cp, but by the superfluid order
parameter |Ao| > 0. We do so, since the entries Y (¢) are not functions of both p and | A,
but can be expressed as a function of 11/|Aq| only, when multiplied by |A|. This multipli-
cation comes about when scaling the ) integral with \/2m|Ay|. Therefore, a whole degree
of freedom is eliminated, and we can determine the numerical response tensor much faster.

5.B Gauge invariance and ladder summation

Here, we establish a diagrammatic interpretation of the irreducible contributions derived
in Section 5.3 of the main text. We present the full RPA sum of the respective Feynman
diagrams to find the correct physical interpretation in the superfluid state. First, we have a
more detailed look at the standard GPF equation of state used in most approaches to find
the beyond saddle-point description of the BCS-BEC crossover. After this, we evaluate the
EoS used in this chapter, respecting the Pauli principle, and express it diagrammatically
as an expansion in terms of small g.

5.B.1 Diagrammatic representation of Gaussian equation of state

In this section, we provide a deeper insight into the diagrammatic expansion of the GPF
formalism, already started in Fig. 5.4. Most diagrammatic investigations, see for instance
Ref. [84, 100], build the diagrams in the normal state and approach the critical temperature
from above. In Chapter 5, we are interested in the correlations within the superfluid phase,
requiring a closer look at all diagrams, including also anomalous lines, which are only non-
zero in the superfluid state. We obtain the corresponding grand-canonical potential via the
generating functional (5.83), resulting in

2
QLP, T, i) = =T Y Indet [-BGgh (k)] + 1Al
k g

_ g S Indet[ST'(q)]. (5.B.10)

Here we especially care for the GPF contribution Qqpr(L”, T, p1s) = =1/2 %, In det [6I‘71 (q)]
Using the expansion for small g in Eq. (5.99) we express the GPF grand-canonical potential

146



5.B. GAUGE INVARIANCE AND LADDER SUMMATION

BQQQ
OO

Figure 5.B.1: Vacuum diagrams of the GPF grand-canonical potential up to second order

in g. We suppressed the spin and momentum indices for the sake of simplicity, since they
are straightforward to assign considering Eq. (5.B.11).
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The fermionic sums over k, k' lead to a ladder-type summation, while the bosonic ¢-sum
"bends" the lines together. This means that the diagrammatic representation of the GPF
grand-canonical potential is as shown in Fig. 5.B.1. We call them vacuum diagrams, as
they are completely closed on themselves without any externally fixed degree of freedom.
We see a bubble-type summation of particles and holes, akin to the diagrams that would
be associated with a Hartree self-energy shift in leading order, i.e. O(g). Furthermore,
we see higher terms involving ladders with particle-hole bubbles and anomalous bubbles
of quasi-particles and quasi-holes as a broken symmetry extension of the diagrams found
in Ref. [122]. We have not assumed balanced populations here, so we distinguish between
particle and hole diagrams. If we assumed x4 = p, all diagrams that convert into each
other by inverting every arrow direction would be identical and might be summarised,
halving the number of diagrams per order in g. We have an offset of the grand-canonical
potential — In(5g), which has no thermodynamic relevance.

We obtained the grand-canonical potential expressed as an infinite summation of bend
ladder diagrams, which we now want to convert to the particle number equation, including
a derivative with respect to the chemical potential. We have to keep in mind that this
includes two terms, as already discussed in the introduction of this thesis in Eq. (2.58).
The GPF equation of state consists of two terms, which roughly are associated to NSR and
superfluid depletion terms, leading to —0$2gpr/0fts = Ns.GPF = s NSR + Ms.depl, Which are

15,9
Tlg,NSR = — aGPF ) (5.B.12a)
Hs |7,1,A0
. _3QGPF ONo(pts) B OQapr aZO(MS)
s,depl — — - a .
9Ag T,L. Ko Ipus TR 080 1A, s T,L e, Ao
(5.B.12b)

Since we do not invoke any gauge fixing to obtain the full set of diagrams, the deple-
tion term contains both Ay and A, as separate variables. We now aim to determine the
Feynman diagrams of the GPF EoS up to O(g)? explicitly.
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Figure 5.B.2: Illustration of derivatives of Green’s function lines. Panel (a) shows deriva-
tive of Gigp with respect to (4, panel (b) the order parameter derivatives and panel (c)
derivative of G'sp with respect to the superfluid order parameter A, and its complex con-
jugate.

In the following, we obtain an explicit representation of n,, but keep in mind that
for n, the process is analogous, using inverted spin indices. To see what a derivative
does we consider the matrix derivative 0Gsp (k)/Opr = Gsp(k)[0Gsp (k) /O] Gsp (k).
Performing this matrix multiplication reveals

B G (F)GEp (k) Gip (k) Fip (’f))' (5.B.13)

oy 05 (H) = (Gypwg;(k) Fib (k) oL ()

Furthermore, the depletion term also requires derivatives with respect to the superfluid
order parameter, which, by a similar scheme, leads to

1 ! 11 N
aGaSZSk) - (GS;P((Z))FS;éZ)) Zzg((k))%f ((k))) (5.B.14a)
9Gsp(k) _ GIL (k) Fip (k) Ig(k)pm( )

Furthermore also the superfluid order parameter itself, as a closed anomalous loop, is
needed. Performing those derivatives results in

0N (s
80,5? ) - ﬁiD ;GMU@)FS%(]?)? (5.B.15a)
TanU‘i:AO
OB (1
80,5? ! - ﬁiD ;GTT(k)FSl;(k) (5.B.15b)
TanU‘i:AO

We diagrammatically represent all these derivatives in Fig. 5.B.2. Panel (a) shows that
a derivative of a closed Green’s function with respect to ji4 also yields a closed loop of two
Green’s functions, where the derivatives of anomalous terms yield a mix. In the normal
state, the |-spins decouple from 4 since the anomalous Green’s function vanishes. Panel
(b) illustrates that the derivatives of the order parameter variations add a tadpole-like term
to a given Feynman diagram, which is used when performing derivatives with respect to
the order parameter variations as depicted in panel (c). Furthermore, derivatives of nor-
mal Green’s functions produce a loop, while derivatives of anomalous Green’s functions,
associated with Cooper pairs, produce either a normal or an anomalous ladder diagram.
Combining panels (b) and (c), we see that, while the NSR contributions are of the same
order as the corresponding vacuum diagram from Fig. 5.B.1, the depletion term adds one

148



5.B. GAUGE INVARIANCE AND LADDER SUMMATION

R 0000
O Q hdepl = —2 D+ D+Q+Q +O(g)"
4 o2 H|HO) _Q Q D D_

Figure 5.B.3: Diagrammatic representation of GPF particle number as series expansion in
interaction strength g, represented as dashed line. Left side illustrates NSR contribution
coming directly from thermodynamic derivative with respect to chemical potential, while
right side stands for superfluid depletion term arising from change in superfluid order
parameter over the crossover.
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interaction via 0A/0u4, making it sub-leading for weak interactions. Hence, the deple-
tion of the order parameter is relevant only for strong interactions, possibly beyond the
two-body bound-state threshold, where resummation of all diagrams becomes necessary.
We further note that the only appearing combinations have the same number of Fs% lines
as F¢l, and hence are U(1)-gauge invariant.

Applying the cutting rules established in Fig. 5.B.2 to the vacuum diagrams of the
grand-canonical potential in Fig. 5.B.1 yields the particle number equation up to second
order in g. We present the resulting diagrams of both the NSR and the depletion contri-
bution in Fig. 5.B.3. We notice that the leading order contribution coming from the NSR
scheme, seen in panel (a), is of order O(g), as already described in Refs. [80, 88]. Hence,
the leading-order corrections at weak interactions are Hartree-like bubble contributions
altering the particle number obtained in a mean-field description. At the second order, we
find diagrams involving particle as well as anomalous ladders, showing that the Cooper
pairs in the pair fluctuation pose a second-order effect for weak interactions, explaining
why mean-field and pair fluctuation approaches are exponentially close to one another in
the deep BCS limit, where ¢ — 0. In addition to the second-order ladder diagrams, we
find second-order bubble (beyond mean-field Hartree) diagrams contributing to the GPF
number equation, via the superfluid depletion term first described by Ref. [93] and shown
on the right side of Fig. 5.B.3. These are bubble-shaped diagrams, involving also partially
normal and partially anomalous bubbles, which show the direct interaction of Cooper pairs
and unpaired particles. Since these diagrams are of second order, the superfluid depletion
is subleading for weak interactions, whereas as interactions grow stronger, the perturbative
series must be resummed, yielding an important contribution that adequately describes the
crossover. The RPA resummation of the NSR terms leads to a ladder summation, involving
normal and anomalous ladders, while the depletion term amounts to a bubble summation
involving anomalous bubbles. The bubbles involved in the depletion term are not to be
confused with the bubbles of the GMB approach, shown in Fig. 2.4, which only involve
normal Green’s functions and describe interaction screening. Going to the normal state,
all anomalous lines vanish, and only the standard ladder summation remains, additionally
to a single Hartree-like diagram in ng nsr, while the depletion term vanishes, as it always
involves anomalous lines.

After establishing the perturbative expansion of the GPF equation of state, we have a
look at the results of our PR equation of state in the next section.
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Figure 5.B.4: Feynman diagrams of D function for equal spins in panel (a) and of K
function in panel (b). Panel (c) shows full Gaussian approximation to equal-spin response
function Y (¢q) up to next-to-next leading order in g, including two-particle reducible
particle-hole bubble as leading order diagram.

5.B.2 Diagrams of irreducible contribution

To obtain the EoS of the PR theory, rooted in a linear-response framework, we first find all
the diagrams contributing to the response function. As established in Eq. (5.89) x11(q) is
separated into pure amplitude and phase terms D;; and mixing terms K, all depending
explicitly on the gauge of the pair field Ag. Only x41(q) itself is invariant under U(1) gauge
transformation of the superfluid order parameter A,. We expand the functions Dy and Ky
for small interaction strengths g and present the resulting diagrams in Fig. 5.B.4 (a) and
(b). In panel (a), we see that the amplitude-amplitude and phase-phase terms have lead-
ing order contributions of the order O(g). This represents an interaction of the 1-density
with the propagation of a Cooper pair, represented by the anomalous lines. Although the
two diagrams are rotationally symmetric, we represent them separately as they show the
symmetry of the momentum ¢. As rotating the diagram amounts to inverting ¢ — —q,
the leading-order contribution of Dj;(q) is invariant under space-time inversion. Further-
more, we see that in the second order in g there are eight distinct diagrams contributing to
Dy1(q), involving the propagation of particle or hole ladders as well as anomalous ladders,
coupling to the density via vertices involving a Cooper pair. Four of these diagrams do not

150



5.B. GAUGE INVARIANCE AND LADDER SUMMATION

n%:— +2- +
4 ++ + ' +0(g)?

Figure 5.B.5: Feynman diagrams of square of spin-resolved particle number up to next-
to-next leading order in g. First line stands for saddle-point result (first diagram) and next-
to-leading order corrections of order O(g). Second line represents next-to-next leading
order O(g)? involving first ladder terms.
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conserve spin at the single-particle vertices, which are represented as black dots. Among
these kinds of diagrams, the two involving the anomalous ladders are not U(1) gauge in-
variant, as they only include quasi-particles or quasi-holes. The same eight diagrams also
appear in the function K;(¢), depicted in panel (b) and describing the influence of mode
mixing between amplitude and phase. Due to the mixing, four of these elements have op-
posite signs, while four have the same signs as in Dj;(q). We notice that the diagrams
in conflict with spin conservation retain the sign of Dj;(q), meaning that in the response
function 5{?{‘" (q) = K11(q) - Dy;(q) they cancel out. In addition we show the power series
of the Gaussian approximation to the response function Y;(¢) in panel (c), including the
standard 11 particle-hole bubble as the two-particle reducible contribution, as well as the
next and next-to-next leading order coming from the two-particle irreducible term up to
Gaussian order in the quantum fluctuations.

To obtain the local particle number, we sum over all momenta ¢, hence closing the
diagrams by joining the two external vertices where the source terms couple. This leads
again to vacuum diagrams governing the mean particle number square (ﬁ%) We depict
the diagrams up to next-to-next leading order, i.e. O(¢)?, in Fig. 5.B.5. The mean-square
number of {-particles is governed by two intertwined loops of normal 1 Green’s functions
on the SP level, and corrections in the form of ladder summations in the superfluid phase.
The irreducible diagrams represent the corrections to the particle number, accounting for
the fact that the interaction g is capable of forming Cooper pairs and many-body bound
states. They cannot be separated into two diagrams, as in the mean-field diagram. This
contains both the ladders of particles and holes, representing the propagation of a Cooper
pair, and anomalous ladder diagrams containing processes involving more than one Cooper
pair. When crossing towards strong interactions, especially for interactions larger than the
threshold ¢. announcing the formation of two-body bound states, a resummation of all
diagrams is essential to account for the full physics, leading to a RPA result for the mean-
square particle number. Finally, it is worth noticing that all the diagrams involving an
interaction g contain at least two anomalous propagators, that is, lines with two arrows,
proportional to the superfluid order parameter. Thus, all these diagrams contribute to the
superfluid broken-symmetry phase but vanish in the normal state. In other words, our
corrected equation of state has no reminiscent terms coming from pair fluctuations in the
normal state and therefore will not reproduce the NSR approach of 7. [80].
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Chapter 6

Summary

To myself I seem to have been only
like a boy playing on the seashore [...]
whilst the great ocean of truth lay all
undiscovered before me.

Isaac Newton

Degenerate Fermi gases pose an interesting experimental and theoretical playground
to investigate the behaviour of many-body quantum systems, consisting of a few thousand
atoms. Since they represent an ideal quantum simulator, the insights gained via those
small laboratory systems provide us with a deep insight into the structure of matter in
constellations, which are hard or even impossible to investigate directly as, for instance,
subatomic structures or astrophysical objects. This thesis provided a theoretical framework
that helps understanding, analysing, and predicting the behaviour of not only ultracold
fermionic quantum gases, but also to extrapolate this knowledge to other physical systems
on smaller or larger scales. To establish this theoretical building, we first reviewed the
framework to describe the BEC to BCS crossover known in the literature in Chapter 2. In
particular, we discussed three different approaches, the operator-based Leggett crossover
in Section 2.2, the functional integral approach in Section 2.3 as well as diagrammatic
methods in Section 2.4. And we pointed out in Section 2.5 that all those descriptions
inherently carry a bias from approximations, an ambiguity in transformations, or even
human intuition due to the choice of diagrams.

To circumvent this arbitrariness, an overarching principle is needed, by which the
system itself decides which processes are important, i.e. which diagrams contribute to
which extent. We developed such a framework formally in Chapter 3 and named it the
Weighted Hartree-Fock-Bogoliubov (WHFB) method. We allowed the interaction to de-
scribe Hartree, Fock, and Bogoliubov processes simultaneously by partitioning it accord-
ing to Eq. (3.11). This enabled us, in turn, to eliminate the ambiguity in the Hubbard-
Stratonovich transformations in a functional integral approach by performing all possible
transformations simultaneously. As such, we obtained a generalisation of the BCS effec-
tive action in the form of Eq. (3.44). We derived the corresponding saddle-point equations
in Section 3.3 to investigate the immediate consequences of our partitioning, which lead, in
the case of population balance, not only to the self-consistency equations of Hartree (3.57a)
and Bogoliubov (3.57b) energies, but also to the partitioning itself (3.59a,3.59b). The par-
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titioning we introduced is therefore a mathematical tool to describe the interplay between
different interaction processes which represents a new phenomenon of general interest.
We found that the partitioning factors, effectively describing the interaction of Hartree and
Bogoliubov channels, can be interpreted as a screening effect, which one channel has on
another, by assigning different interaction strengths to them via the corresponding weights.
This promotes the Hartree self-energy to some order parameter, allowing in mean-field for
a splitting of the superfluid phase at weak interactions and large interaction ranges.

We then moved on to explicitly work out the consequences of our approach for a three-
dimensional Fermi spin mixture in thermal equilibrium and for equal populations. We
aimed to select realistic parameters for our theoretical study, matching the properties of
6Li and “°K in Chapter 4. At the beginning, in Section 4.2, we delved deeper into the
theory of ultracold scattering events in order to adequately describe the particle-hole sec-
tor, which requires more than the simple zero-energy scattering considered so far in the
literature. This necessitates including the effective range as a competing length scale to
the s-wave scattering length, characterising the interaction strength of a 3D system. This
speaks against the ubiquitous notion of a universal theory and is something not yet con-
sidered in the study of quantum gases, but is a consensus, for instance, when describing
superfluid properties of nuclei. Due to screening effects, our partitioning method intro-
duced a many-body version of the effective range, with different values in the different
channels. We applied this approach in Section 4.3 to investigate the ground state of the
spin mixture in a saddle-point approximation and found a new, so far overlooked phase of
superfluid fermions, which we named Hartree superfluid (HSF), in contrast to the already
known standard superfluid (SSF). We calculated the ground-state phase diagram of this
system and presented our findings in Fig. 4.3. This phase diagram showed that the HSF
phase can only exist for weak interactions and relatively large interaction ranges, as oth-
erwise the formation of Cooper pairs is energetically favourable, and, as such, no residual
energy can be attributed to particle-hole scattering. After this, we further characterised
the two superfluid phases and found that the HSF phase is a superfluid phase support-
ing interactions in the particle-hole sector, while the SSF phase does not. This finding
is striking and shows similarities of ad-hoc assumptions in diagrammatic methods, as-
suming that a mean-field self-energy shift of the chemical potential is needed to achieve
a consistent treatment of the so-called GMB mechanism at weak interactions [ 100, ].
We found that our approach solves the issue of including the Hartree channel in a BCS
theory as it prevents divergences in the self-energy and, as such, in the chemical potential
by proper regularisation. This was a long-standing problem in the literature [28], which
until now had no solution and led many groups to disregard the Hartree channel as being
irrelevant [290, ]. This, however, can not be true as the value of the chemical potential
is important in an experimental setup because it determines the number of particles. As
such, our theory proves to be not only of theoretical importance from the standpoint of a
clean, unbiased theory, but also has potentially vast implications on measurable quantities.
We investigated a few of those in Section 4.4 in the ground state. At first, we showed that
our approach also prevents divergences in the free energy, which in the standard treatment
would appear. In particular, it turned out that Tan’s contact can be described much better
in our approach, improving the qualitatively wrong prediction of a simple BCS treatment,
as is illustrated in Fig. 4.11. Furthermore, we also found the first analytical solution for
the size of a Cooper pair in three dimensions, which we derived in Eq. (4.78). To wrap
this up we investigated the influence of thermal fluctuations in Section 4.5, showing that
the HSF is an intermediate phase separating the "clean" Hartree-channel normal fluid at
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higher temperatures and the SSF for lower temperatures, including only the Bogoliubov
channel. In the end, we analysed slices of the three-dimensional parameter space for fixed
temperatures in Fig. 4.15 and fixed range parameters in Fig. 4.17, respectively. And by in-
vestigating the critical temperature, we illustrated that our approach partially leads to the
same behaviour for the critical temperature as the GMB mechanism, which is a beyond
mean-field, i.e. a fluctuation effect. In this way, we confirmed that our newly developed
method proves as a better starting point for fluctuation theories than the standard single-
channel BCS theory.

After having studied the partitioning of interactions in ultracold Fermi systems, we
investigated a different problem motivated by recent experimental findings of continu-
ous quantum gas microscopes [|84—187]. Those microscopes are able to analyse short-
distance properties of Fermi and Bose gases with a never before seen accuracy in continu-
ous space. As such, they require a precise, realistic, and consistent theoretical background
in order to describe and explain their measurements, and to make predictions for further
investigations. In Chapter 5 we developed and presented exactly this theoretical frame-
work. To this end, we first considered fundamental rules for fermionic correlation func-
tions in quantum many-body theory, which are indisputable and must be satisfied by any
theory that aims to describe experimental findings. Those are the necessity of U(1) gauge
invariance, associated with conservation laws, and the Pauli principle as a fundamental
property of fermionic systems. In Section 5.2 we used those seemingly simple constraints
and Wick’s theorem to formulate several important measures, quantifying the quality of
calculated correlation functions independent of the underlying fermionic system. Espe-
cially the Pauli principle proved to be of great importance, as it led to an equation of state
which goes beyond the standard thermodynamic procedure. By considering not the par-
ticle number, but by taking into account the fluctuation-dissipation theorem and the fluc-
tuations of the particle number, we were able to present a local equation of state (5.17),
which also includes irreducible Feynman diagrams. The latter describes the influence of
quantum entanglement, many-body effects, scattering states, and vertex corrections on
the number of particles. We emphasised that this is a fundamental result following from
model-independent symmetry considerations and, as such, is applicable irrespective of
the exact realisation in a laboratory or natural setup. We then continued in Section 5.3 by
specifying the developed theory to the D-dimensional BEC-BCS crossover for an ultra-
cold Fermi spin mixture. To obtain a realistic description, we incorporated Gaussian pair
fluctuations only in the Bogoliubov channel into a linear response theory with the aim of
fulfilling all established constraints. We found that the effective action (5.62) is expressed
as combinations of one-loop integrals (5.64) of Fermi propagators. This action gave rise
to the generating functional by integrating out the quantum fluctuations, which essentially
means taking all possible U(1) gauge choices into account. As such, we mended the flaw
in the saddle-point theory where the gauge of the pair field is globally fixed, making the re-
sponse function (5.86) independent of the U(1) gauge. Comparing with the general results
of the previous section, we identified that the correlations arising from pair fluctuations
are a Gaussian approximation to the irreducible contributions dictated by Wick’s theorem
in the form of a ladder summation. Furthermore, those terms have a clear interpretation
in terms of amplitude and phase fluctuations of the pair field. With this, we were able to
specify the general equation of state (5.17) to the D-dimensional BEC-BCS crossover in
Eq. (5.103). Ultimately, we evaluated the three equations of state for mean-field, Gaus-
sian quantum fluctuations, and Pauli-principle ensuring in D = 2 dimensions and at 7" = 0
in Fig. 5.6. There, we found that the effects of bare fluctuations are weakened due to
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the coupling of the collective excitations to the density response. We used this insight
in the subsequent Section 5.4 to evaluate real-space density-density correlation functions
and to compare our results with recent measurements [187] in Fig. 5.11, finding good
qualitative agreement with both the experimental data and quantum Monte Carlo calcu-
lations. We obtained those agreements despite working with an idealised, homogeneous
two-dimensional system at zero temperature, which are requirements partially violated in
the experiment. This demonstrated the strength of our symmetry approach compared to
the approximations found in the standard literature. We showed that quantum fluctuations
cause an anti-correlated region for opposite-spin particles due to the local conservation of
particles. This is an effect that was so far not described theoretically and was only mea-
sured in the recent experimental setup. We do not only find this phenomenon, but also
explain it theoretically and, in the following Section 5.5, we even made further predictions
on the behaviour of this correlation minimum in Fig. 5.12 in the experimentally accessi-
ble weak and intermediate interaction regime. We further extended the theory to strong
interactions, where experiments have yet to be performed. All in all, this chapter presents
a new, consistent theoretical description of correlation functions in a fermionic system
and applies this framework to recent experimental measurements. This refines the funda-
mental theory of superfluidity and superconductivity, as is recognised and highlighted in
Ref. [416].

Lastly, we used the Appendices A and B to build a formal foundation of our work,
presented in a clean way in order to allow for further improvements on the basis of this
thesis. Appendix A presents the field quantisation and notational conventions to unify the
languages of operator, functional integral, and diagrammatic methods for the BEC-BCS
crossover. We reviewed the standard means of quantum statistical field theory beyond the
common textbook content in keeping causal infinitesimal time factors in the description
to agree with basic mathematical rules. This became important in Appendix B, where we
discussed the necessity of the infinitesimal time displacements when dealing with formally
divergent objects like functional integrals. We first discussed in Section B.2 a heuristic way
of curing issues arising from switching limiting procedure and integration. Afterwards,
we used Section B.3 to work out how to calculate partition functions in general without
the necessity of switching limits and integration, an ill-defined operation applied in most
works. With this, we were able to calculate all energy contributions of the BCS free en-
ergy without having to deal with complicated complex analysis methods like branch-cut
integrations, artificial convergence factors or switching between operator-based and func-
tional integral methods. This is important from a mathematical viewpoint as it shows that
the framework used throughout this thesis is mathematically fully consistent.

To summarise, in this thesis, we presented two original improvements of the theoretical
description of ultracold Fermi gases. We refined the standard description of Fermi gases
by partitioning the interaction and by improving the equation of state based on fundamen-
tal symmetries. The latter method was verified by explaining recent measurements. Those
findings are significant not only in the area of interest in this thesis, but way beyond, as
the description of Fermi superfluids ranges from the smallest imaginable scales of the sub-
atomic world, to the ultra-dense remnants of stars, such as neutron stars and white dwarfs,
all of which exhibit a similar behaviour. Our findings are also of importance consider-
ing that superconductivity is just the superfluidity of charged fermions, i.e. of electrons.
Thus, this thesis potentially presents an important first step towards a unified theoretical
description of those vastly different, but nevertheless similar systems.
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Chapter 7
Outlook

The road goes ever on and on, down
from the door where it began.

J. R. R. Tolkien

In this chapter, we outline future directions opened up by this thesis. To this end, we
concisely discuss the respective theoretical foundations and their connections to previous
sections as well as preliminary results already obtained.

7.1 WHFB approach in 2D

Since we already established a I dimensional formulation of the WHFB approach in
Chapter 3, applied in 3D in Chapter 4 and Ref. [P1], a direct extension is to look also at
lower dimensional systems, especially at 2D. Despite the necessity of considering the BKT
mechanism at finite temperatures, already at 7' = 0 the mean-field description provides a
reliable approximation, which can be extended by including Gaussian pair fluctuations.
In question is, however, how to treat the scattering problem in two spatial dimensions.
The notion of the effective range parameter is not as straightforward as in 3D. Even if
we assign a physical meaning to the UV cutoff in 2D, determining its value is challeng-
ing. Possible solutions to this might be to consider the quasi-2D limit, which could allow
us to physically relate the two-body effective range to the confinement in the z-direction,
expressed in terms of a harmonic oscillator frequency w,, to a quasi 2D effective range.
In the following, we disregard this problem and only consider the WHFB approach for a
Fermi spin-mixture in true 2D, using the UV cutoff k. as a free parameter. The scattering
parameter here is obtained by standard scattering theory, via
1 1 1

g 2L2 k% k*/(2m) + e /2’ .h

relating the binding energy ep and the scattering parameter In kra via the relation In kra =
In(8er/ep)/2 — vg Where g ~ 0.577 stands for the Euler-Mascheroni constant [102, 414,

]. Note that in 2D, there exists a two-body bound state irrespective of the attractive
interaction strength, making the scattering length always positive and yielding a non-
zero binding energy. In 2D, due to a constant density of states the integrals in the self-
consistency equations can be explicitly solved at 7" = 0, leading to the following set of

157



CHAPTER 7. OUTLOOK

(a): 20
0
1.5
—2
Yy 0 &
23 =) 1.0 =
L =] m
T -6 064 -6 4
-8 0.5
—10
0.0

(c) 2- '
O_
—9 4
L 41 = ’
=) <L)
L
g —61 .
_8_
710_
T 0.0

4 2
In kpa In kra

o

Figure 7.1: Self-consistent solutions to WHFB equations. Panel (a) shows Hartree self-
energy, panel (b) superfluid order parameter, panel (c) chemical potential and panel (d)
partitioning factor by in the In(ep/e.) - In kpa plane. All energies are depicted in units of
the Fermi energy ep. Solid white line stands for the HSF-SSF transition line and the grey
region represents a parameter region, where the notion of a contact potential fails.
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Afterwards we perform a Taylor-expansion for large UV cutoff . = k2/2m > ep in
Egs. (7.2b) and (7.2c), yielding
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Figure 7.2: Panel (a): Phase diagram of WHFB ground state in the In(ep/e.) - Inkra
plane. Grey region depicts HSF phase, orange region SSF phase and red region stands
for forbidden parameter combinations. Panel (b): Universal contact in units of kﬁ versus
In kra for various effective range parameters. Red dots indicate experimental measurement
from Ref. [187], dashed grey line stands for Fermi liquid prediction and dash-dotted black
line depicts zero-range BCS result.

All those energies are functions of the screened many-body UV cutoff (7.2d), which tends
to ecp = €. when Ay — 0. We illustrate preliminary numerical results in Fig. 7.1,
showing the order parameters Ay o, Ag o, the chemical potential y, and weighting factor
bo, Eq. (3.59b) in four panels as colour maps in the In(ep/e. ) - In kra plane. The boundary
between HSF and SSF regions is shown as the solid white line. The figures also have a grey
region, where the approximation of a 2D contact potential breaks down due to too large
a value of the UV cutoff €, compared to Fermi ¢ and binding ep energies. We further
present the corresponding phase diagram of the WHFB ground state in Fig. 7.2 (a), where,
like in the 3D case in Fig. 4.3, the grey region represents the Hartree superfluid (HSF) and
the orange region the standard superfluid (SSF). In addition, we represent the forbidden
parameter region in red.

We can also obtain the contact C as a central quantity for quantum gases in general and
for crossover physics in particular, which has recently been measured within a continuous
quantum gas microscope setup [ 87]. The contact obtained in our case reads

_ kg
B 4el

C (|Amo* +[Apl?), (7.4)

compare Eq. (4.72). In the SSF phase this reproduces the standard contact obtained in
a BCS mean-field theory of Cpcs = ki exp(—21Inkra), while in the HSF region and for
extreme weak interactions we obtain

~ 3
compi| L T 0( ! ) ]+ O (e inkea) (7.5)
4| (Inkpa)” (Inkpa) Inkra
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where the constant in second order depends on the effective range parameter via 7 =
g — In(4)/2 + In(e./er)/2. This is formally equivalent to the Fermi-liquid prediction,
where the second-order prefactor is Fpr, = 3/4 — In(2) [187, , ]. We present our
results for the contact in Fig. 7.2 (b) for various values of In(ep/e..), together with the BCS
asymptote as dash-dotted black line and the Fermi liquid prediction as dashed grey line. In
addition, the experimental data obtained in Ref. [187] are shown as red dots. In the HSF
region, the contact obtained in a WHFB approach qualitatively follows a similar behaviour
as the Fermi liquid theory, while in the SSF region, we obtain the BCS curve. This is a
strong indication that our mean-field analysis is qualitatively capturing effects beyond the
standard BCS approach, even if 2D quantum fluctuations are included. However, to un-
derstand the discrepancies between ¥ and 7py, needs further investigations and might be
resolved by including particle-hole fluctuations in addition to pair fluctuations.

7.2 Collective modes of WHFB approach

A straightforward extension of Chapters 3 and 4 is to look beyond the SP analysis by taking
into account quantum fluctuations. This has been done over the last decades by various
groups considering only the Bogoliubov channel, pioneered in Refs. [87, 88]. In our case,
we aim to consider simultaneous quantum fluctuations both in the Bogoliubov and the
Hartree channel, for now in general D dimensions. To this end, we again consider a SP
decomposition (3.45a) and (3.45b) which reads

AB,q = AB,O + )‘q + igq, (763)
Ang = Ano + Mg (7.6b)

with \,, 0, as real fields, representing real part (amplitude) and imaginary part (phase)
fluctuations of the pair field, while 7y, is a real field describing the fluctuations in the
Hartree field. For the sake of conciseness, we consider here only fluctuations of the total
Hartree channel, even though imbalance fluctuations might also occur. We expand the ac-
tion (3.44) from the main text in orders of the quantum fluctuations, leading to a vanishing
first order due to the SP condition. The Gaussian term, however, is determined by a 3 x 3
matrix coupling the quantum fluctuations, formally reading

SGauss[/\a 0777H] = g ZanPHB(Q)nq . (77)
q

This is the effective action describing the quantum fluctuations, summarised in the vector

n,= 6, | (7.8)

Furthermore, the matrix

Tup(q) = [Tye(q) Tyy(q) Tya(q) (7.9)
I.(q) Toy(q) T.z(q)

is the pair propagator, i.e. the inverse t-matrix of the quantum fluctuations, whose zeroes
denote collective excitations in the system. As previously discussed, they are carried by
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7.2. COLLECTIVE MODES OF WHFB APPROACH

the amplitude or the phase of the superfluid. But in our weighted theory, the fluctuations
in the Hartree channel are also capable of supporting a collective excitation. The matrix
elements of I'yp(q) are fermionic loop functions (2.54), already seen in the introduction,
formally written as

2LP 04

— %y (q), 7.10
5ang + (5ax - 5ay)gB X b(q) ( )

Fab(Q) =

where we define the traces as the respective susceptibilities
1
Xab(q) = 5 D tr{Gsp(k)v.Gsp(k+ )7} - (7.11)
%

In this definition Gisp (k) is the SP Green’s function, see Eq. (3.56b), Vi, = Oz, are the
first and third Pauli matrix, respectively and, to take the imaginary unit of the phase into
account, we set 7y, = 1o, hence the ¢ in the definition (7.10). We now focus only on the
matrix elements of Eq. (7.10), which we explicitly obtain at 7" = 0, leading to the functions

' BE' + €€/ - |Ap g2
Tu@= (% AR fé( L 5{;2 ) | (7.120)
' EE' + €€+ |Ap g2
Lyy(q) = LLD |k|;kcﬁ (% N EE+E]? (W; ff( ;|+ 5()>|2 ) , (7.12b)
I..(q) = 2gL—HD E %ﬁ EE+E},E, ?ZZ); fg(, ; LAE};E , (7.12¢)
Ty (q) = =i(ige) Xk: Eajlf Ga)es (1E B (7.12d)
Ty (q) = ij EE+EI,E, (Z;f)ff |Ei7+f],;)/)2 , (7.12¢)
Ty:(q) =i(iqe) Y, R A5l (7.12f)

=~ EE (iq)*-(E+FE')?’

Here we used the shorthand notations for the free dispersions § = &g, &’ = &k+q and the
analogous notation for the quasi-particle dispersions £/, E’. Note that we know, for in-
stance, from Refs. [88, ] that for zero energy and zero momentum, there exists a gap-
less Goldstone mode. Furthermore, for energies larger than the pair breaking continuum
energy epp(q) = ming(E + E’) < 2|Ap | the collective modes couple to the continuum of
free fermions, potentially dissolving the Cooper pairs. In order to investigate the collec-
tive modes, we perform an analytic continuation ¢q, - w + 70" and expand all the matrix
elements for small g and w. With this, the inverse pair t-matrix reads

A+Clq)? - Mw? iBw F +d|q|? - Pw?
Tus(q) = —iBw Qlgl]? - Rw? iSw : (7.13)
F + Glq]? - Pw? —-iSw H+ J|q)? - Kw?

Here, A, B,C, M, F,G,P,Q,R, S, H, J, K arereal-valued functions of 11, Ag o, Ap o, andk. g,
the dimensionality D and the length of the confinement L. Here, we note several things.
The first notion is that for zero energy, i.e. w — 0, the phase mode decouples from the
amplitude mode, seen in the zy and yxr matrix elements +:5w. This is already known,
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but beyond this, we find that the phase mode also decouples from the Hartree mode, as
seen in the yz and zy matrix elements, which behave as +iSw. However, amplitude and
Hartree mode remain coupled, even at zero energy and zero momentum, with strength .
Furthermore, we recognise that for low momenta and energies the mode associated with
the Hartree channel is gapped by H > 0 as well, similarly to the amplitude mode, which is
gapped by A. The quantity H acts as a mass-square of the Hartree fluctuations and is pro-
portional to 1/gy, meaning that in the SSF phase, when gy — 0, the Hartree fluctuations
become infinitely heavy and can not propagate any more.

Using the fluctuation propagator matrix (7.13) we obtain the t-matrix as a scalar func-
tion via taking the determinant. For energies below the pair breaking, we find

det Trp(w, @) ~ C (gl - w?) + O(|ql, w)*, (7.14)

with C denoting the spectral weight of the phase mode and

' _F_
CSZ\’ M (7.15)

R+ B%[/A+«

representing the Goldstone speed of sound. The abbreviation

_ F(FR+BS)+S(AS+BF)
o = (7.16)

defines the correction relative to the single-channel BCS Goldstone speed of sound de-
nominator. Furthermore, the numerator also has a correction factor in the brackets. Both
corrections are proportional to the inverse of the product of amplitude and Hartree en-
ergy gaps and linearly depend on the coupling between amplitude or phase to the Hartree
channel, i.e. on F' or S, respectively. Because of this, we see that, as soon as the mass
of the Hartree fluctuations diverges, for instance when approaching the SSF phase, the
corrections vanish, and we find the standard BCS speed of sound ¢, - \/Q/(R + B2/ A).
As an example, we illustrate in Fig. 7.3 the speed of sound (7.15) in units of the Fermi
velocity vgp = kg/m, using the SP solutions in 3D obtained in Chapter 4. We illustrate
the speed of sound versus the dimensionless scattering parameter 1/kpag for various ef-
fective range parameters, namely kpr, = 0 (solid black line), kpr, = 0.5 (solid blue line),
kgre = 0.08 (solid green line), kpr. = 0.14 (solid red line), which is the same colour
scheme used throughout Chapter 4. We depict the asymptote for weak interactions, i.e.
¢s = vp/\/3, as dashed grey line. We furthermore represent the ill-regularised theory [28,
] with a naive Hartree shift as magenta dash-dotted line. Its divergence indicates the
necessity of using both the proper effective range regularisation and the partitioning when
aiming to include the particle-hole sector into the description of collective excitations. The
divergence of the speed of sound in the unweighted and unregularized approach occurs for
negative scattering parameters prior to unitarity, after which it becomes imaginary, mak-
ing the theory completely unphysical. In contrast, our WHFB approach always leads to
a real and finite sound velocity. Furthermore, we see that fluctuations in the HSF phase
are slowed down, relative to the zero-range theory, due to the finite corrections seen in
Eq. (7.15), compared to the standard BCS result, which is valid in the SSF region. As a
reminder, the HSF region appears for extremely weak interactions only, 1/kpas - —oo,
while for stronger interactions the system is in the SSF region. In the SSF region, the
Hartree shift vanishes, and the speed of sound is altered due to the presence of an effective
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Figure 7.3: Speed of sound ¢ in units of vg at 7' = 0 for 3D WHFB approach, versus
interaction parameter 1/kras. We use various effective range parameters with colour code
indicated in the figure, identical to encoding established in Fig. 4.3, with solid black line as
zero-range reference. Dashed grey line is BCS prediction of sound velocity and magenta
dash-dotted line represents unweighted poorly regularised standard approach [2&]. Inset
shows same curves enlarged for weak interactions.

range. This comes about from the fact that a positive chemical potential yields a persist-
ing Fermi surface, and as such, the particles behave fermionic, which means that their
Pauli repulsion speeds up the propagation of sound as a pressure wave. When the chem-
ical switches sign for even stronger interactions, we are dealing with a gas of composite
bosons, and a finite interaction range actually slows down the broken symmetry sound.
The strength of all those effects scales with the effective range parameter. However, one
has to be cautious with those preliminary results, as for reliable predictions, it has been
shown in 2D [107] that using the SP self-consistent solutions of the order parameters and
the chemical potential is not sufficient. Hence, the effect of quantum fluctuations on the
equation of state is required to be taken into account for a consistent theory. This is the
subject of further studies in progress.

From here on, there are several directions to follow. Obviously evaluating the speed
of sound numerically exact and finding the full spectral function beyond small energies
is an important benchmark, as this can be accessed via Bragg spectroscopy in two and
three dimensions. Besides this, it is worthwhile to obtain an effective field theory for the
collective excitations, for instance, the Goldstone mode, by integrating out amplitude and
Hartree fluctuations. This would lead to equations of motion going beyond the simple
resonant excitation condition w(q) = ¢|q|. In this context, also calculating the higher-
order terms of the Goldstone dispersion beyond the linear regime is a reasonable task in
view of a thorough comparison with measurements.

Having achieved this, one could aim to consider the Gaussian equation of state includ-
ing all quantum fluctuations, and compare it diagrammatically with GPF [84, 88, 418] and
GMB [94, 99, ] formulations.
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7.3 Correlation functions from WHFB theory

Based on the previous two sections, the next topic relies on fusing the WHFB approach
developed in Chapter 3 and the gauge invariant Pauli principle respecting response theory
established in Chapter 5. This envisioned research direction serves two purposes. First,
this approach directly allows working out quantum fluctuations simultaneously in differ-
ent interaction channels, as in the previous section 7.2 in a consistent way, which agrees
with the Pauli principle. Secondly, by including the Hartree self-energy and its fluctua-
tions, we would be able to make more reliable predictions regarding two-point correlation
functions. This will allow a direct experimental test of the WHFB approach in 2D quan-
tum gas microscope experiments and, if verified, would also enable experimental access
to beyond-zero-range physics. To see how this formally works, we again couple the action
of the system to bosonic source terms via minimal density-coupling. We then perform the
WHEFB approach in parallel to the standard BCS approach found in Chapter 5. After this,
we include simultaneous quantum fluctuations in both Hartree and Bogoliubov channels,
see Egs. (7.6a) and (7.6b). As a result, we find a Gaussian term of the effective action,
similar to the one presented in Eq. (5.62), which reads

_~(0) AT -
SGauss[)\,e,nHuy] = gzq: (JTq 'rITq) ( ECA(;;]) I‘—/I:B((;])) ) (f}z) . (717)

In contrast to Eq. (5.62), here we have a 5 x 5 matrix, since the fluctuation vector 1, has

three entries according to Eq. (7.8). The upper left matrix is the 2 x 2 matrix X*)(¢), de-
scribing the mean-field response, and coincides with the result obtained without a WHFB
approach (5.68), provided we replace ;1 - p + Apg. The 3 x 3 fluctuation propagator
I'yp(q) is the one seen in Eq. (7.9). Here, the notation from Chapter 5 is unhandy, which
is why we change it slightly here. From now on, we denote the regularised loop functions
by I'y;, instead of II,;,, see the definition in Eq. (7.10). We do so, since the full matrix in
Eq. (7.17) contains zz-loop functions in two different ways, regularised ones, in the pair
propagator (7.9) and unregularised ones in the coupling matrix

Aar(q) Asy(q)
A(Q): AyT(Q) Ayl(Q) . (7.18)
Aa(q) Az(q)

The latter coupling matrix elements hence read

'5ay
Aas(Q) = 2/6 Ztr {GSP(k)’YQGSP(k + Q)'YS} = Zb&ayXas(Q)? (719)
k

where a is the index of the quantum fluctuations a € {x,y, z}, while s € {?, |} stands for the
spin index. Here y,s(q) represents a susceptibility characterising the interplay of quantum
fluctuations and spin densities. We obtain the corresponding generating functional by
functional integration of all quantum fluctuations, which results in

Z[]] - ZSPG_SLm[j] —¢\ CD[)\, 9’ rr]H]e_SGauss[AvevnHyj] - GW[]'L (7.20)
P

which is analogous to the result in Eq. (5.80). Expanding the 1/ -generating functional in
terms of the source term leads to

W[j]~ Wo+Wilj]+Walj]+O()>. (7.21)
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Here the first term

Wo = > Indet [-BGgp(k)] - )] - BULP, T, ps) (7.22)
k

A2
18
g

is related to the grand-canonical potential when including quantum fluctuations in both
Hartree and Bogoliubov channels. It could also be obtained in Section 7.2 when calculat-
ing the thermodynamic potential. The linear term is identical to Eq. (5.84), as quantum
fluctuations have no influence on the linear terms in general. And the second-order term
in j yields the response function

- g 23 X(@), (7.23)
q

which now includes the influence of both pair and Hartree fluctuations. We find the re-
sponse function to be decomposed similar to Eq. (5.86), reading

~(0) 4 ~irr 5(/ (Q) 5(’ (q)
X(0) =X (@) * X (1) - (sﬁ(q) yﬁ(q))' (124)

However, in this case, the irreducible contribution includes more families of diagrams as
the ones introduced in Chapter 5. The irreducible term reads

Xi(7) = A (- Tip(9)Alq). (7.25)

The full set of diagrams involved here goes beyond the scope of this outlook. A set of
additional diagrams will remain finite even upon reaching the normal state. This is due to
Hartree fluctuations, allowing for diagrams without anomalous propagators. Furthermore,
this yields a set of bubble diagrams, analogous to a bubble summation rather than a ladder
summation. In addition to this, we also will find diagrams, starting in second order and
becoming more important for even higher orders in g, which involve mixtures of ladder and
bubble pieces, reflecting the interplay of pair and Hartree fluctuations on a diagrammatic
level.

7.4 Systems with non-singular interactions

To gain more insight into the general properties of the WHFB approach, it is worthwhile
to think about systems with non-singular interactions. This means considering interaction
potentials beyond a simple contact interaction potential. Steps towards this were already
presented in the Appendix 3.A, where we considered a general interaction potential. In
this outlook, however, we make things more specific and think explicitly about the Fermi
system in question. The most straightforward idea to generalise Chapter 3 is to consider
a balanced SU(2) symmetric Fermi spin mixture, where equal spin particles still do not
interact, while opposite spin particles interact via a short-ranged potential, which is sep-
arable in momentum space. This means that we are able to express Uy, = gI'(k)T'(K'),
where the function I' is commonly known as the form factor [67]. This is a simplifying
assumption often used in theories of the nucleus [310]. In a standard BCS SP evaluation,
we find that the superfluid order parameter becomes a function of the momentum in the
form Ap g = AgoI'(k), leading to the superfluid order parameter equation

[Asol = 975 Zr(k) (2Ek) (7.26)
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where the quasi-particle dispersion is altered via

K’ ’
Ek = (— - ,UH) + |F(k)AB70|2. (727)

2m

Here we use again the shifted chemical potential py = o + Ap o, where the Hartree self-
energy reads

Ao = %F(O). (7.28)

The latter only depends on the zero-momentum component of the interaction potential, as
the Hartree self-energy is diagrammatically an attached bubble diagram, like a tadpole.
Hence, no momentum transfer can happen there, see for instance Refs. [5, ]. The
form factor closest to our contact interaction potential is a Heaviside form factor I'(k) =
O (k. — |k|), with the cutoff being determined via the effective range (4.4). However, also
more complicated form factors might be considered, like Gaussian or Lorentzian curves,
or even further constructions suitable for d-wave superfluids [420].

So far, results in the literature have entirely ignored the partitioning and can be obtained
via a standard Hartree-Fock-Bogoliubov approximation. When dealing with our WHFB
approach, not only do we need to partition the interaction strength g, but also at the same
time the form factor I'(k) such that the original interaction is preserved. How this is done
explicitly is a subject of an ongoing collaboration with the group of Jacques Tempere at
the University of Antwerp. Here, however, we will present a brief summary concerning
the Heaviside form factors in three dimensions. When partitioning the interaction, we
assume, for simplicity, that both the shape and the strength of the potential are partitioned
separately, and hence they do not directly affect each other. Under those circumstances,
we perform the same partitioning as in Chapter 4, i.e. g = gg + g, for which we then
separately solve the respective Lippmann-Schwinger equations. This again leads to the
same conditions for the many-body UV cutoff, as we still absorb all the partitioning into
the effective range, since the s-wave scattering length, as a physical observable, should
be independent of our artificial separation of the interaction. We then continue with the
form factors and assume that in the respective form factors we replace the UV cut-off k. by
Hartree or Bogoliubov cut-offs, respectively. This is extremely close to the formulation we
found in Chapter 4, with the only difference lying in the quasi-particle dispersion (7.27),
which in the case presented here has a discontinuity at |k| = k. 5. Thus, momenta smaller
than the cut-off are affected by the Cooper pairs, while momenta larger behave like an ideal
Fermi gas. However, since we deal with large UV cut-offs by the assumption of a small
effective range, compared to the mean-particle distance, the overall effects of the altered
dispersion should turn out to be negligible.

A fully self-consistent treatment of the form factors is more involved and part of the
ongoing project. Hence, the mathematically rigorous derivation of the WHFB method for
separable potentials is not yet done. This includes the question of whether and how the
case discussed in Chapter 4 can be explicitly derived from an effective field theory with
form factors.

7.5 Further directions

At the end of this outlook, we highlight some other important research questions, which
are opened by this thesis and are potential subjects of further research.
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Firstly, we aim to consider the WHFB SP theory in 3D and 2D for imbalance popu-
lations ny # n,, or even for mass-imbalance m; # m,, for instance when investigating a
mixture of °Li and “°K. In such a system, the question is, how stable the superfluid actually
is and how the influence of the partitioned Fock contribution comes into play. To this end,
we aim at investigating the FuldeFerrellLarkinOvchinnikov (FFLO) phase, where Cooper
pairs form at a finite momentum q due to Fermi surfaces of different sizes [421]. In ad-
dition, there exists the Sarma phase, where the Cooper pairs form with zero momentum,
even though there is an imbalance in the system [422]. Although the latter phase is usually
unstable, it would be interesting to investigate whether the partitioning of the interaction
and the influence of Hartree and Fock channels present a mechanism to potentially stabilise
this phase.

Furthermore, in the spirit of the Appendix 3.A and the previous consideration on sep-
arable potentials, it is of interest to consider how the WHFB approach deals with dipolar
systems. A first step might be to consider a weighted Hartree-Fock theory of the spin-
polarised, i.e. one-component dipolar gas, which then can be extended to a full WHFB
description of dipolar gases of two components. This is of particular interest, as more
experimental setups are able to deal with dipolar gases, to prepare and manipulate them,
as well as ultimately to measure their properties.

Especially in the context of the response theory developed in Chapter 5, a more the-
oretical interest lies in the construction of the Luttinger-Ward energy functional via the
effective action approach as a Legendre transformation of the generating functional

[lo] = WEilel] - [ 42" o(a)jlo()], (1.29)

where ¢(z) = 6W[7]/dj(x) is the Legendre transformed field of the source term j(x) [14,

]. This effective action poses the set of all one-particle irreducible (1PI) diagrams
and is normally difficult to evaluate. Different schemes exist to approximate the effective
action, i.e. the Luttinger-Ward energy functional. One example is the Baym-Kadanoff
approach, which was already mentioned in the introduction to Chapter 5. Our approach
allows for a systematic construction of the Luttinger-Ward functional without an arbitrary
choice of various 1PI diagrams. In doing so, we will be able to obtain an effective field
theory for density or spin modulations in Fermi gases beyond their background and away
from resonant excitations. Furthermore, this also leads to a self-consistent diagrammatic
theory because the Luttinger-Ward energy functional allows for the inclusion of all self-
energy terms arising from a given set of diagrams. Together with the modified Pauli-
respecting equation of state (5.103) via the mean square of the particle number, we aim
to close the loop between fluctuation-dissipation theorem and dressed Green’s function,
potentially generating a scheme for many-body correlation functions, which agrees with
both the Pauli-principle and the Ward-Takahashi identities by being ®-differentiable. We
can also think about extending the WHFB response theory, as a fusion of Chapters 3 and 5,
in order to go beyond the scope discussed in Section 7.3.
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Appendix A

Field theoretical considerations

Le bon Dieu est dans le détail (the
good god is in the details)

Gustave Flaubert, 19tk century
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A.1 Second quantization

In this Appendix, we establish the mathematical and conventional foundations of the field
theory used throughout this thesis. In this section, in particular, we discuss the operator-
based formulation of many-body quantum mechanics starting from a single-particle frame-
work, ultimately culminating in the introduction of fermionic coherent states. Those are
vital to introduce the functional integral version of many-body field theory.

A.1.1 Single particle quantum mechanics

To describe quantum systems, usually the time-dependent Schrodinger equation 10y =
H |h) is put to use, where H denotes the Hamiltonian of the investigated system. Given
an initial configuration of the state at initial time ¢;, the time evolution of such a system is
described by the unitary time evolution operator U via

[ (te)) = Ut te)l (1)), (A.D)

This, for a time-independent Hamiltonian, reads U (;;t¢) = exp [—i(ti —t)H ] Note that
we use natural units with ~ = 1 = kg. When considering a real-space representation, we
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Fermions Bosons

Figure A.1: Illustration of the occupations of 10 particles in a harmonic oscillation in the
ground state. The fermions are illustrated for two distinguishable species of fermions with
each 5 particles. The bosonic case is illustrated by using 10 indistinguishable bosons with
a spread around the ground state for better visibility.

go one step further and obtain the propagator of a particle travelling from z(¢;) = x; to
x(t¢) = z¢ as matrix elements of the time evolution operator, i.e.

K (tr, e ty, ;) = (e U (b 1) |21). (A.2)

For an initial wave function ¢ (#;, x;), we obtain the state of a system at any time via

fo(tf,-ff):/dﬂ?i K (te, xe by, )Y (6, 7). (A.3)

Up to a factor of 7, these propagators are closely related to the Green’s function, which is
a causal propagator, i.e. G(t¢, xs;t;, x;) = —iO(tr — t;) K (t¢, w¢; t;, 73 ), of the Schrodinger
operator. Throughout this thesis, the phrasing propagator and Green’s function appear
several times. We mostly use the Green’s function in the context of many-body physics
but in the literature on superfluidity, the wording propagator is also common.

The next section generalises this methodology by investigating the Fock space.

A.1.2 Fock space

As a prerequisite to developing the technique of functional integration, which is used
throughout this thesis, we need to make a brief detour to the concepts of operator many-
body physics. To this end, we use this section to discuss the Fock space and coherent states,
ultimately leading to functional integration. This section follows the leading textbook de-
scription found, for instance, in Refs. [5, , , ]. A key difference to single-particle
quantum mechanics, which we need to point out early on, is the underlying quantum statis-
tics. Bosons are particles with integer spin, like the fundamental gauge bosons or, more
akin to the topic discussed here, the atoms “He, “Li and 3°K. A collection of those particles
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can all occupy the same quantum state. In contrast, fermions, like fundamental quarks and
leptons, or in our case the atoms SLi and “°K, have to be different in at least one prop-
erty, i.e. one quantum number. This is an expression of the Pauli exclusion principle first
developed in 1925 by Wolfgang Pauli in Ref. [54]. This is illustrated for ten particles in
Fig. A.1, where the bosons all occupy the same harmonic oscillator ground state, while
each state can only host one identical fermion. Since we illustrate two different fermion
species, indicated by their pseudospins, each oscillator level hosts exactly two particles.

Fock states

In the following, we consider only fermions, as this thesis investigates the properties of
fermionic many-body systems. To obtain the Fock space, we consider a single-particle
Hamiltonian /® for particles of spin s. The eigenvalue equation associated with this Hamil-
tonian is R

1o = &5, (A4)

where « denotes the quantum number of the eigenstate. Those eigenstates should be or-
thonormal y(a/|a)s = daardsy and form a complete basis of the underlying Hilbert space.
In real space, the eigenstates are represented by x5 (x) = (z|a)s, with x = (¢,x) as posi-
tion in space-time and are called orbitals. Those orbitals form the Hilbert space Hj of one
particle. A N-particle state is now a state in the product space HY; = QN Hs for N > 1,
with H§ = C as vacuum state containing no particles. This space has to be properly anti-
symmetrised in order to be compatible with the spin-statistics theorem first proposed by
Markus Fierz in Ref. [55], who was a student of Pauli. The many-fermion wavefunction
has to be antisymmetric under particle exchange. This means the N-particle wave-function
describing a system of indistinguishable fermions is expressed as a Slater determinant

(r1|on)s (x2|an)s ... (zn]an)s
G o |:0‘2>S . (A.5)

VN

(1| an)e (22| an)e - (ox ] an)s

As such the total state is expressed as [1)), = |aq), ® |az), ® ... ® |ay),. Dealing explicitly
with these wave functions is quite complicated, so we now switch to field operators. To
this end, we first need the vacuum state |0), € H5. A quantum state of N particles is
characterized by the occupied orbitals, and thus we describe it by an occupation vector
Ny = (Ns,a1 Nsay o Nsan ), with «; as the numbered orbitals. Since we deal
with fermions, the only occupation numbers per state allowed are N;,, € {0,1} in the ith
orbital, due to the Pauli principle.

Field operators

We now define the annihilation and creation operators ¢, ¢!, annihilating or creating
a particle of spin s in the orbital «, respectively. Since those operators map between N
and NV + 1 particle Hilbert spaces we introduce the Fock space 7* = @3_,H?,. The field
operators act in the Fock space. Any state with the occupation vector Ny is constructed
from the vacuum according to

N, = TT(E)"" o)., (A6)
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By the standard second quantisation prescription, non-interacting quantum many-fermion
systems are described by a many-body Hamiltonian which reads [424]

~

H=Y 3¢ hipésa (A7)

We now continue with interactions. To this end, we consider four orbitals «, 3,~,
and an interaction potential V. Assuming we have two isolated particles in orbitals «, 3
they might interact in the form

@), ® |8)y — 16), ® 7). (A.8)

To include this interaction into the Hamiltonian we sum over all possible initial and final or-
bital configurations, weighted with the respective matrix element of the four-dimensional

interaction tensor V;SBI_) 5y = slaly (B IV]7)«|0)s. Using the completeness relation of the
orbitals we obtain the Hamiltonian including two-particle interactions
- T 1 P b
H = Z Z c;ahsépcw + 3 Z Z cl’acl,ﬁvof;_mcsggcw. (A.9)
s« ss’ afBdy

The easiest and, in fact, most used orbital basis would be the basis of plane waves, where
the quantum numbers «, 3, v, 6 are momenta. Under the assumptions of on-shell scattering
and translational symmetry, the many-body Hamiltonian reads

H= Z Z @Z,k&?i@s,k + % Z Z Z égykéz,yk,V,ff,;,’qéslvquésvk_q, (A.10)
s k ss’ kk' q

which is the standard Hamiltonian used in many approaches. Here k, &’ are the incoming
momenta of the two particles and ¢ is the exchanged momentum in the scattering. To
obtain the original simplified BCS Hamiltonian, we assume that the two particles come in
with exactly opposite momenta, meaning &’ = —k. Rephrasing then k — g — £’ leads to the
well-established BCS Hamiltonian Eq. (2.14).

To obtain the picture in real space used in most cases of this thesis, we will proceed
to the field operators, which are constructed out of the orbital creation and annihilation
operators together with the orbital wave function. They are defined as

7725(55) = Zés,aXZ(x)a (Alla)
i) =Y xe(2), (A.11b)

with 2 = (¢, z) as space-time in D+ 1 dimensions. This means that ¢! (z) creates a particle
of spin s at space-time position z, while 1);(z) annihilates it. Those operators have to be
anti-commuting in order to be compatible with the exclusion principle, leading to

[¢s(2), 0 (2")], = 0ud(x - '), (A.12a)
[0i(2), ¥ (2")], =0 =[vs(z), e (2], , (A.12b)
with [0, o], being the anti-commutator. This directly causes each field operator to be

nilpotent [¢s(z)]? = 0. With those field operators the many-fermion Hamiltonian from
Eq. (A.9) becomes

A= [ de Y v g [ dede’ @IV (-2 ()).
(A.13)

Before diving into the realm of path and functional integration, there is one last require-
ment: We have to introduce the coherent states, which are discussed next.
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A.1.3 Fermionic coherent states

In this section, we will discuss the basis in which any functional integral within this thesis
is expressed: The fermionic coherent states. We first briefly define the algebra underlying
coherent states before discussing their properties. To this end, we need to find an appropri-
ate algebra that resembles the anti-commuting property of the fermionic field operators,
which leads to the so-called Grassmann numbers.

Grassmann Algebra

A Grassmann algebra G(V') of order n € N is an exterior algebra over a vector space V'
with n anti-commuting generators 64, ..., #,, and dimension dimG = 2", obeying

07;9]' + HJHZ =0. (A14)

They are nilpotent objects of second order, i.e. #7 = 0. Additionally, in combination with
an object of the parent vector space x € V', we demand commutativity

Any function of those Grassmann generators can be expressed as a summation over all
possible permutations of 0, ..., n generators weighted by some complex number. In gen-
eral, the product of two Grassmann numbers is not an element of the Grassmann al-
gebra but rather of the parent vector space V. Considering three Grassmann numbers
0;,0,,0, € G(V') for which hold the identity

0,0,0, = 0,0,0;. (A.16)

This means that the product of two Grassmann numbers is commutative with a third Grass-
mann number, yielding 0;0; € V. In the following, we define the pseudo-derivatives and
the Berezin integration in Grassmann algebras.

Definition: Grassmann pseudo-derivative

One can define a pseudo-derivative operation in a Grassmann algebra by the definition

d d
dezl_o and d—QZ

9]‘ = 5@]

Definition: Berezin integration

The standard integral in a Grassmann algebra is called the Berezin integral [425]
defined by the properties

f d9] =0 and [ d@ﬂl = 61]

Thus, differentiation and integration are defined by the same rules.
As an example, we consider the special case of a Grassmann algebra with two real
generators 01, 0, and any function f mapping from the Grassmann algebra G to a sum of

\.
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complex and Grassmann numbers. Since we deal here with nilpotent generators, the most
general function possible in such an algebra is given by

f(61,62) = foo+ frobr + fo102+ f1.10:65. (A.17)

Applying the pseudo-derivatives defined earlier leads to the most general derivative in this
Grassmann algebra as

0
[ (01,02) = fr0+ fi102, (A.18a)
00,
0
——f(01,02) = fo1 - fi101, (A.18b)
00,
O (6,6 P 0,0 A8
mf( 1) 2)——f1,1——mf( 15 2)‘ (A.18¢)

Since we have these nilpotent generators, all second derivatives of one variable must van-
ish. Comparing this to the integral Berezin integral, we deduce

[ do1 f(61,62) = fr0+ f1,102, (A.19a)
[ 62£(01,62) = fo - fr.6, (A.19b)
fd@ldégf(Ql,Qg) = fii= —fd02d91f(91,92). (A.19¢)

We directly notice that taking a derivative is equivalent to integrating in a Grassmann
algebra.

Complex Grassmann algebra

Correspondingly, complex Grassmann numbers are then constructed as the complexifi-
cation Ve = V ® C. However, since for any real vector space the complexification is
isomorphic to the simple complex extension V¢ = V' @ ¢V we will use this instead. Since
we know about the isomorphism R? = C we can represent an element of a complex Grass-
mann algebra, say ¢ € G, as a complex version of a two-dimensional Grassmann variable
based on R?, namely 6,.,6; € G, should be real value based Grassmann numbers. Such a
Grassmann number is expressed as

b =N (6, +i6;), (A.20)

where AV is some normalisation factor that can be used to define a norm in this Grassmann
Algebra. Two familiar conventions here are either ' = 1or A = 1 / \/5, where the first one
preserves the regular complex norm while the second one normalises real and imaginary
parts to preserve the "vector length" and is more related to the norm of the real-valued
Grassmann variables. The conjugate v € G, is a complex Grassmann number in the same
algebra, meaning we demand G, to be closed under the Grassmann complex conjugation.
This directly requires 1192 = —191); and with that, we define the Grassmann complex
conjugation to obey the same rule as the regular complex conjugation:

= N(6, —i6,). (A.21)

By this, the product of a Grassmann variable with its conjugate becomes

Pip = 2i|N*0,0, € C. (A.22)
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This is not positively semi-defined, nor even a real quantity, since a Grassmann algebra
misses relations like that by the anti-commuting property. If we choose N = 1/ V2 we
obtain the self-product of a Grassmann number as

(1) = ¥y = i6,0,. (A.23)

Grassmann coherent states

Using the elements of a complex Grassmann algebra with C as the parent vector space, we
define the coherent states of an orbital « as the solution to the eigenvalue equation

Cs,alCa)s = Cs,alCa)ss (A.24)

where the eigenvalue ¢, , € G is a complex Grassmann number. In almost any standard
lecture about fermionic field theory, it is shown [274, ] that this state can be created
from the vacuum by applying the displacement operator. Generalised to the many-body
picture, this yields

|ca)s = exp (—csalln) [0).. (A.25)

From the coherent state of one orbital in one spin component, the idea of a coherent state
can straightforwardly be generalised by implying the same construction to the coherent
state wave function, which turns out to be

Us(2) =) csai (). (A.26)

It is a Grassmann valued function of space (and time if generalised) and fulfils an eigen-
value equation similar to Eq. (A.24), namely

bs(@) ) = vs()[). (A.27)

Note that this coherent state is an eigenstate of all spin field operators at any position and
is created by applying the displacement operator

w=en(-3 [ dr i) o) (A28)
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Remark: Properties of fermionic coherent states

Consider two coherent states |t)),|¢). They have the properties [274, 275, 411]

e Scalar product in Fock space:
619)-exp( % [ asti(aato)) (229

e Coherent states are not orthonormal:

1917 =019 =0 ( 5 [ 4Tu(ane)) = oo Souacaa ) £ 1.

(A.30)
e Closure relation:

id = f 4 dip W’J (A31)

[l ]
o Coherent states form a countable discrete degree of freedom besides the spin,
hence
WIXIp)
TeX = / 4 dop 2L
[ [

In the above remark, the integration over a coherent state has the combined measure over
the spins and the single-particle orbitals di) = []; , dcs o

Using the coherent states, we extend the many-body quantum mechanical formulation
established in this section to the field integral method, which allows for a formal treatment
of quantum field theoretical questions.

A.2 Quantum (statistical) field theory

We discuss here the definitions of the path and functional integral used throughout this
thesis. We start with the first quantised version of the one-particle Feynman path integral,
which will be an alternative description of Schrodinger systems described in Sec. A.1.1.
We will then use the tools developed in Sections A.1.2 and A.1.3 to generalise this path
integral concept to many-body systems, giving rise to the functional integral.

A.2.1 Feynman path integration
Time slicing path integral

The idea proposed by Feynman [299] in 1948! is to divide a given time interval [¢;, t¢] of
the evolution of a state into N € N pieces of spacing = (¢r — ¢;)/N > 0. Thus, the time
evolution operator decomposes into the steps

U(te;t) = [] Utniitn), (A.32)

n=0

!Actually the first approaches were developed in Feynman’s PhD thesis with John A. Wheeler in 1942
[298] generalizing an idea of Paul Dirac. The approach was unfinished and did only partially work.
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where we set the start point to ¢, = t; as well as the end point to £y = t;. Using the
completeness ¢d = [ dx,, |x,)(x,| for 1 <n < N, we insert basis projections and use this
to express the propagator (A.2) via

N-1 N-1
.K@ﬁxﬁmxn=“[[11dxnlrl.nHﬂU b b)), (A33)
n=1 n=0

The propagator for one particle is hence given by the time-sliced propagator in every step,
multiplied over and integrated over all possible intermediate positions at any intermediate
time.

To tackle a physical problem, we have to have a closer look at the general structure of
some Hamiltonian . Any typical Hamiltonian in a first quantized system can be separated
1nto a kinetic term 7 and a potential term 1% by H = T+V that do not commute in general,

e. [T, V] #0. Using the Baker-Campbell-Hausdorff (BCH) formula the exponential of
I:I separates according to [411]
=il = ginT g=inV g-in’X (A.34)
As we work with the time-sliced Hamiltonian, we only need to consider leading orders in
1 << 1 since in the end we approach a continuous limit 7 — 0, yielding

X = %[V, 71+ 0@). (A.35)
As in the continuous limit, the time-slice thickness 7 goes to zero, we neglect all but the
leading terms in 7 as this is proportional to an error of the order of at least 2. This renders
the kinetic and potential operators approximately commutative and leads only to the two
separate exponentials from Eq. (A.34). Using the completeness of the momentum basis,
reading id = [ dk |k)(k

(Zra e fdk; (|6 (k) (ke 2,) + O (). (A.36)

To perform the Fourier transform, we use a normalised plane-wave basis (z | k) = e?** [\/27.
In the kinetic operator, this replaces derivatives by momentum eigenvalues. Further, we
assume a momentum-independent potential, resulting in

<%AM%mmmm~/JMEMWM%MWW%%HMWMW. (A37)

The last term in the second exponential is a differential quotient x,,,; — z,, coming from
the kinetic term, which also leads to the kinetic energy T'(k,,t,) = k2/(2m). In order
to get the standard path-integral definition, we integrate the momenta explicitly. This is
possible by using standard Fresnel integration, which can be found in any complex analysis
textbook. Using the abbreviations a = -n/(2m) and b = x,,,1 — x,, the integral used is

fdk? 6z(ak +bkn) _ =1 , ZbQ/(4a) (A38)

using /i = (1+14)/v/2 = exp(in/4) as the principle De-Moivre root of the imaginary unit
and —i = 1/i. Note that this integral is convergent for any complex number a € C that has
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a non-negative imaginary part, except for the case when a = 0. As 1 > 0 this condition is
always true, and we obtain
. , mm
<xn+1|U(tn+1; tn)|xn> ~ e—m\/(xnﬂ,t,ﬁl) —e 2" i (T zn) (A39)
2min
As the arguments of the exponential functions are simple C-numbers, we can combine
them without the need to worry about the BCH formula. Doing so, we can sort the inte-
grations and the exponentials to rearrange Eq. (A.33) to

N-

K(tfvxf; ti7xi) =

zml fm

VR[S e Bl () v

Eq. (A.40) motivates the definition of a discrete path integral measure of spacing n > 0.

Definition: Discrete path integral

For any path z, ..., x ; of a countable set of time points %, ..., txy with tg =;, ty = t;
and spacing n = t,,.1 — t,, we define a discrete time slicing path integral measure as

=N () [T do(tn).

with V(7)) as an appropriate 7-dependent normalization constant. A discrete path
integral over all paths with initial and final positions z; = x(to) and ¢ = z(tx) of a
functional F is then defined by

fm(tf):a:f f de(t ) Flzo, 21,y an ],

x(ti):xi

using the notation z,, = z(%,).

. J

With this, the discrete path integral for the propagator of a given initial and final positions
x; = z(t;) and z¢ = x(t¢) reads
z(t)= ﬂﬁf :
K(ts, w3 b, 1) = f( . [x]enle]. (A41)
ti)=x;

Here we defined the discrete Minkowski action functional A, [z] as

= ",:ZV:I [%(ayx(tn)f - v(x(tn+1))]. (A.42)

It uses a differential quotient notation for a discrete derivative
x(ty) —x(tn_1)
n

Here, we made an index shift in the action for convenience and consistency with later
calculations. To deal with continuous quantum mechanics, we generalise this now for
continuous time intervals.

0fx(tn) =

(A.43)
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Continuous path integral

When sending the number of slicing operations, i.e. the number of included unities, to
infinity while keeping the interval finite, we approach the continuous limit. Despite the
naming, we have to keep in mind an infinitesimal retardation of the paths as n — 0*, which,
in most cases, can be neglected. This is now a major difference to most textbooks, as in

>

Figure A.2: Tllustration of discrete and continuous path integration from xy = x(%;) to
x' = x(t") for nine time steps in upper, and infinite time steps in lower panel.

general this fact is just glanced over because in most physical examples, it makes no dif-
ference. We point this out in this section of the simple Feynman path integral because
it will become important when dealing with second-quantised functional integrals in or-
der to correctly recover the vacuum energy term, which would otherwise be lost due to
normal ordering. With this short preliminary comment, we can perform the continuous
limit. In this case, the summation over the time indices converges to the Riemann integral
nY N - [tz ds . The upper boundary converges to the final time, and as a single point
in a continuous interval, it is a set of zero measure. Thus, it is legitimate to evaluate it
directly there.
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Definition: Continuous Feynman-path integral

Given any discrete set of times, one can transition to the formalism of continuous
paths by defining the continuous path-integral measure

D[] = Jim D,[x] = lim N (5(N)) Ij[ldx(tn) .

N—oo

The continuous path integral reads

L Dla)Fla] = Jim M(V)) Ijlldw(m Fl{a(to), s w(tn)}):

(t1)=;
Using the Riemann integral, the sum in the Minkowski action from Eq. (A.42) becomes
an integral over a finite domain [¢;, t¢] as

143

Ale] = Jim Ayl = [ dt | T @) - V(a0)|. (A44)
— 00 ti

Without the index-shift made in Eq. (A.42), the path in the potential term would require

an infinitesimal time step added to be V' (z(¢+0*)). As it shall turn out, when generalising

the Feynman path integral to the functional integral, this statement is not so easy to make.

Considering the Minkowski action, however, we define the Lagrangian L as

L(a(1) = 5 (9he(1))? - V((1)). (A45)

We find an illustration of discrete and continuous path integrals in Fig. A.2 in the upper
and lower panels, respectively. With all the introduced terminology, the propagator is the
standard form found in the literature

Result: Path integral propagator

x(te)=z¢ x(te)=z¢

K(taito,ao)= [ Dlaletled = 7 pgethil e KD (.46)

(ti)==; (ti)=m;

Remark: Convergence issues

The original approach Feynman made contains divergences in most physically realis-
tic cases [4 1 1], turning unphysical there. Even the Coulomb problem in first quantisa-
tion is not rigorously solvable in the original approach. Despite this, we still chose to
present the Feynman path integral here as its construction is instructive and straight-
forward to understand. It is sufficient to motivate the second quantised functional
integral in imaginary time, where the time-slicing issue does not arise, and the inte-
grals are fundamentally convergent. A well-defined version of the path integral was
introduced by H. Kleinert in Refs. [426, 427],going beyond the scope of this thesis.
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A.2.2 [Euclidean path integral

Definition: Trace and determinant

For an operator X, we define the trace as the sum of all eigenvalues
TrX = / da tr{z| X |z),
1%

where tr denotes the trace over the discrete degrees of freedom, is

tr X (z) = Y (s|X ()ls).

S

The determinant is defined as

DetX = I det (z|X|z),

zeV

where det stands for the determinant over the discrete degrees of freedom

det (x| X (z)|x) = H (s| X (x)]s).

To obtain statistical properties of an ensemble at finite temperatures, one generally needs
the Boltzmann factor exp(— BH ) leading to the partition function

Z =Trexp(-BH), (A.47)

using the inverse temperature 5 = 7-!. We use the definition of the trace to obtain the
partition function in terms of the Hamiltonian

Z- [ dz (e |) (A48)
- [ da {ale L),

defining the Wick rotation from real to imaginary time 7 — 7y = —i[3, see Ref. [428] for
general information about the partition function. W.l.o.g. one sets 75 = 0 and again divide
the imaginary time interval in N steps to perform the same steps as before, now with
imaginary 7. We slice analogously to Eq. (A.33) with equal starting and final positions.
Using n = 3/ N, we perform the same steps as for the real-time propagator and end up with
an analogous expression for the imaginary-time propagator, which is equal to the quantum
mechanical partition function

[[1‘[ dxn]exp( UZ[ G rn))2+V(x(Tn))]) (A.49)

Thus, defining the single-particle Euclidean action on a discrete imaginary time grid

as .
z)=nQ, [5(3’#%(%))2 + V(:c(fn))] : (A.50)
n=1
allows to write the quantum mechanical partition function as
Z= 95 D,[z]e e, (A51)
z(0)=z(8)
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The integral sign used in Eq. (A.51) indicates that the starting point x(0) and end point
x () are identical. The partition function is the sum over all periodic paths in 5 = 1/T, i.e.
z(1) = z(7n) = (). We express it using the Euclidean action S in quasi-continuous
time

Result: Continuous partition function

Continuous Euclidean action

B
Slel= [ dr [%(@x(f))? FV(z(r+ 0+))] . (A52)
0
Continuous quantum mechanical partition function
7 515 D[x]e S, (A.53)
z(0)=z(8)

This procedure generally allows us to investigate single-particle quantum systems by inte-
grating over all possible paths, a powerful tool. We now take this insight one step further.
Using the second quantisation developed in Sec. A.1.2, we derive the functional integral
as a quantum field theoretical method to investigate many-particle systems.

A.2.3 Functional integration
Many-body Green’s function in real time

To generalise the idea of Feynman to the many-body case, we consider now coherent state
solutions of the eigenvalue equation in Eq. (A.27). As this equation can have countably
many solutions to different coherent states, we shall label them with an index 7. We make
analogous steps to obtain the real-time Green’s function for a transition from one initial
coherent state |¢/;) at initial time ¢; to a final state |¢/¢) at a later time ¢ < ¢;. The propagator
from the initial to the final field configuration reads

K[ 00](t: 1) = (et

We divide the time interval [¢;,¢] into N slices and insert N — 1 € N identities by the
closure relation (A.31). This yields the propagation over a time slice n = (¢; — ¢;)/N and
by sorting terms we find

N-1 N-1
Kl (fr: 1) = ( [ [T %ndtn ‘W’")H (arle= i) (A55)

n=1 || ¢n ||2 n=0

Definition: Normal order

Consider a product of field operators. The normal order is the same product, but
with all annihilators to the right and all creators to the left, multiplied by (™ (+1 for
bosons/fermions), where n is the number of permutations:

:@S(x)@@g,(x'): = Ciﬁ;(m,)@ZJS(I)

i) (A.54)

To evaluate this, we want the annihilation operators to all act to the right, while the
creation operators should act to the left, so that we can apply the respective eigenvalue
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equations (A.27) and the conjugated version of it. Thus, we make the assumption that we
deal with a normal ordered Hamiltonian. Evaluating the expectation values of the respec-
tive time slices is simple for fermions, as the field operators are nilpotent and hence the
Taylor series of the exponential only has terms up to linear order. Apply then the eigen-
value equation (A.27) to replace the field operators by the coherent state wave functions
that are also nilpotent as Grassmann valued functions. Therefore, the Taylor series we
have for the coherent states is rewritten as an exponential of Grassmann variables, hence
giving rise to the following identity

(Yot FHEn) = H[W 1, ¥n) (W1 | ¥n)- (A.56)

Here H]|...] denotes the Hamiltonian functional of the Grassmann coherent states, where
one has to replace the field operators in Eq. (A.13) by the coherent state wave functions

N-1 N-1 _
Kol = f Tt do, Lol oy T e asm

Note that we factored out the end term containing the initial state matrix element {1y | 1)
as it is not fully integrated over, with 1)y = 7);. To obtain the standard representation, we
reorder the transition matrix elements (1, | 1,,_1) factoring out the final state instead of
the initial state, leading to

N-1 N _
K[, ;] (te; 1) = (f H dv,, diby, (¥n | lﬂnl)) (U | 1) H e MH el (A 58)
n=1

|4 [P n-1

To evaluate the propagator, we express the scalar products and the norm by using Egs. (A.29,A.30)

% = eXp(‘ Z f dPz Es,n(l')[d]s,n(l‘) - ¢s,n—1($)]). (A.59)

Between time steps, the field evolves from one coherent state to another, meaning s ,, () =
Ys(t,; ), with time ¢,, = nn, is a time-dependent field.

Definition: Time-sliced functional measure

The generalisation of the discrete path-integral measure

_ N-1 N-1 .
D, [$:9] = 1‘[1 o, di, = [1 1 f dz dip, ,,(x) dipun () . (A.60)

n=1 s

The functional integral of any functional  mapping the wavefunctions to a C number
is also defined by

— [ N_]‘ E— — E— —
/Dn[¢,¢]F[¢,¢]=f(qd¢n dq/)n)F[{¢1a¢2a"'7¢N;’¢17¢27-~a'¢)N}]‘

\

We use the definition of the time-sliced functional measure and the discrete derivative to
obtain

(te)=1¢ _ N
Kr ]t ) = fzﬁ v Dn[w;w]exp(mzl [ dva E(tn;aﬁ) (A.61)

(t)=vs

XeXp(—ZS:dex Ws(tf;ﬂﬁ)%(tzv;x)—in%(as(tf;x)>¢s(tN;af))]),
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where the discrete Lagrangian density is related to the Hamiltonian density H that defines
the Hamiltonian function H = [ dx H via

L(tn; ) = hg(tn; 2)i0] s (tn; ) = H(g(tn; ), Us(tn — 13 2)). (A.62)

Further introducing the Lagrangian L = [ dPz £ we introduce again the Minkowski action
as the standard notation

Ay [s0] =n iLnW(tn); (ta)] =1 i f dPx L(ty;x). (A.63)

With this, we write the propagator in the well-known way

P(te)=1¢ _

Klweuiltst) = [0 7D [BuVe i) (A64)

Y(ti)=ts
where we denoted the exponential of the final state as A'. Equivalently, we perform the
continuous limit NV — 0 yielding
Yte)=vy o
Gl i (test) = N Dl; ] A, (A.65)
Y(t)=1

where the final state weight A/ does not contain any integration variables any more and is
hence just a weight associated to the final state.

In the following, we will perform a Wick rotation
on a formal level to obtain the thermodynamic parti-

tion function. The formulation of many-body quan- T
tum mechanics is sometimes referred to as thermal \ t
field theory or quantum statistical field theory. M 7
= —iT,
Thermal field theory d
[ X

To get the quantum mechanical, or grand-canonical,
partition function, we first have to generalise the con-
cept of imaginary time introduced before. The gen-
eral procedure to go from real ¢ to imaginary time 7
is called a Wick rotation [411, , ]. This allows
us to calculate the thermodynamic properties of a sys-
tem in second quantisation by rotating the time from
the real to the imaginary domain. We illustrate this
rotation in Fig. A.3 and identify 7 = 7t. Because we
want to trace over the Boltzmann factor, we have to
consider only coherent state wave functions being either periodic bosons or anti-periodic
fermions over one imaginary-time interval [0, 5]. This respects the underlying quantum
statistics [411]. The Minkowski action A is Wick rotated to the Euclidean action S and
the metric signs go from the Minkowski metric, i.e. (+,—,—,—) to the Euclidean met-
ric (+,+,+,+). The partition function is hence nothing else than the Wick rotation of
the propagator over a specific time interval, where initial and final coherent state wave
functions are identical. Furthermore, we have to integrate over all possible initial states.
Following [274] we express the partition function as

<C¢o|€_ﬁﬁ|¢o>
ol

Figure A.3: Illustration of a Wick
rotation.

Z- f 4, dio (A.66)

186



A.2. QUANTUM (STATISTICAL) FIELD THEORY

where ( is the statistical sign of the quantum statistics. With the Wick rotation, we rewrite
the above equation to become

K[(tho; 10](5;0)
| o || '

We do not repeat the time-slicing steps here, as the idea is the same. Since the starting and
ending wave functions are identical due to the anti-periodicity, up to a minus sign, the trace
in the definition (A.66) causes an integral also over the initial/final state. In combination
with the additional term depending on the final state in the propagator (A.61), when Wick
rotated, this leads to

zZ- f i, dio (A.67)

2= [ (ddy iy D[ p]) 15 (A68)

Here, the Euclidean action for an imaginary time-sliced system is given as the sum over
all discrete time points of the Lagrangian
— N —
Syl; 9] =n Y Llv(m); ()] (A.69)

n=1

The imaginary-time Lagrangian is the spatial integral and the spin sum over the Lagrangian
density, which is written analogously to the real-time one and is the Legendre transforma-
tion of the Hamiltonian density

L’(Tn;w)=Zdefc [ (s ) 010 (T ) + H (U (s ); s (10 — ) | . (A70)

Definition: Thermal functional integral

We define the thermal field theory discrete functional measure in the continuous limit
(N - o0 and n — 0%) as

DI$; 9] = lim dipy dio Dy[¥; 9] (A1)

A continuous functional integral of a functional F is then defined by the periodic or
anti-periodic boundary conditions of the coherent state wave functions ¢/ and is

}iw)-ww) Dlusv] Flosv] = lim / dipg dipo Dy[4h; IF[{.- 1]

The shorthand notation {...} denotes the set of all coherent states at any point in the
discrete imaginary-time domain.

\.

Using the thermal functional integral, the partition function of any fermionic field with
inverse temperature (5 = 1/7 is given by

Z= jg D [ih; 9] S, (A.72)
¥ (B8)=¢y(0)

In the following, we will denote functional integrals with a bosonic sign, i.e. { =1 by ¢,
while fermionic integrals, i.e. having ( = -1 by ¢,. The Euclidean action for a system

187



APPENDIX A. FIELD THEORETICAL CONSIDERATIONS

with only two-body interactions can explicitly be expressed by the Lagrangian
LIE@e (=% [ a7 ,(ri@)0.6.(7 @) + (7 @) (7 - 07 )

F32 [ @) D) bu(ria WV (@ - 2 Y (- 0%52) (7 - 0% ),
(A.73)

that generates the action by integration over imaginary time. This integration is achieved
by taking the sum over all imaginary time steps, which converges to the true Riemann
integral in the continuous limit. Most functional integrals, however, have no closed, an-
alytical solution. Therefore, analytic approximations or numerical calculations are often
required. To simplify this, in the next section, we introduce a basis-less notation to make
calculations formally more concise and general.

Basis-less notation

We now discuss a useful notational technique that will help throughout the main work.
Furthermore, it will simplify transformations from real to momentum space. To this end,
we note that the coherent state wave function in real space ¢)s(z) with  now being the
D + 1-dimensional time-space vector mentioned before, can be written as dual product
Ys(x) = (x| ¥)s. To simplify the notation further, we use the combined Fock space
F = @, F*® such that we take the full dual product in this space. As such, we have to
introduce another way to trace out the species we look at. As the discrete degrees of
freedom (the spins, but in general, we can also refer to them as species) for a discrete
vector space structure, we can add this as a second type of bra-ket basis and treat it in this
space. For example, we could define (1| = (1,0) and (}| = (0, 1) in order to form this basis
of a two pseudo-spin space. Note that those are not vectors in the coordinate space but
elements of the spin space orthogonal to the real space. This notation technique gives rise
to a joint position/spin vector to evaluate the dual space coherent state, i.e. for ¢ € F as
an abstract object, in this case

(2,8 = (x| ® (s = (2,8 | ) = (). (A.74)

The kinetic term of the Euclidean action functional is hence the expectation value of the
kinetic operator 7" and the temporal derivative of a given coherent state

S[¥;4] = (¥|[0+ T]|w). (A.75)

Itis straight-forward to show that this is equivalent to the free Lagrangian, i.e. setting V' = 0
in Eq. (A.73) by inserting due to the completeness of the real space-time two identities
and proposing that (z,s|[d + T ]|a’,s) = [0; + V2/(2m) — 115]0ss0(x — 27), i.e. the kinetic
operator T6(x — z') = (z|T|z'):

S[J;w]:z;fd(x;x’) (1/1|x,s)(x,s|[3+’f’]|x’,s’) ('8 | ). (A.76)

Consistently, the potential operator V' (x — ') is also an abstract object mapping to
the complex numbers. However, as we deal with two-body, i.e. four-field interactions,
the potential operator V is more difficult to break down into that notation, but it is still
possible. So far, the interaction had been spin-preserving, meaning SU(/V) symmetric.
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However, this was for simplicity, and the notation used here gives rise to a much broader
case that is not only capable of breaking the underlying symmetry, but also we could, in
principle, allow for non-local terms?. The potential, hence, is a mapping that evaluates
four fields. The first expectation value gives rise to one particle, if it switches internal or
external degrees of freedom, and then the second particle’s response to it is evaluated. A
general interaction term then reads in this compact form

(W(W[V 1)) (A.77)

Note that the same state here is used as this is what the action functional describes, mapping
one state from the full Fock space to a C-number. Imposing SU(V)-symmetry means that
the first expectation value has to preserve the spin. Further, we have to ensure causality,
and hence the expectation value reads explicitly

@IV =3, [ d(,a’) @] 2s) (oo (@', | )
=¥ [ d(@a) B@) V7 (@)0d(w - 2"y (o) (A78)
=3 [ o D@V (@),

In a similar fashion, the second expectation value is also proposed to preserve the under-
lying symmetry as well as causality, and as such, we can insert two new unities to obtain

(GULIVIE)) = Y f d(w,a") ()b V¥ (2 = 2" Yoo (2 )y (). (A.79)
For reasons of translational symmetry, we only consider the distance between the two
points in space-time rather than considering them separately. However, this statement is
only true in a closed homogeneous system.

Remark: SU(V) spinors

If instead of evaluating the wave function in the general Fock space F over all degrees
of freedom, we only evaluate the spatial ones, for example, in space and time, we
create a SU(N) spinor object of the internal degrees of freedom, yielding

e
b (@)

where /N denotes the number of internal states the joint wave function can have. It
behaves like a spinor in the sense that we have the spin degrees of freedom as entries
in an abstract object, not being a vector. If the internal degrees of freedom turn out to
be, for example, relativistic spins, and we restrict ourselves to N = 2, this can in fact
describe Dirac spinors.

(z[9)=v(x) =

\. J

Using the notation introduced here converts the action functional to a generalised basis-
less representation in the form of

S[W;9] = (W|[0+ T ) + (LI [ [). (A.80)

During this work and also the appendix, we will do neither. Nevertheless, we will consider those general
cases here for notational reasons.
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The operator in the linear part is nothing but the inverse propagator, giving rise to a repre-
sentation without the need to specify a certain basis, like real or momentum space. Using
the identification (z| K ~1|z') = K~!(z; 2") leads to the representation of the inverse Green’s
function

Gl=-0-T, (A.81)

following, since when Wick rotating the Green’s function becomes the causal propagator
without prefactors, i.e. G(z,2") = O(7'—7) K (x,z"). This leads to the final formalism we
will use whenever we need a quite general picture in which the Euclidean action is given
by

S[W;9] = ~(YIGH) + (LI(W|V [ ). (A.82)

A.2.4 Gaussian functional integrals

Solving functional integrals analytically usually is traced back to Gaussian integrals, an
example of which for a scalar case we have already seen in Eq. (A.38). Gaussian integrals
commonly describe free theories and, as such, are not only the mathematically simplest
case, but they are also physically the basis of any description. It can be shown [430] that
such a Gaussian functional integral yields the result

e 4 [F@)G 10 @) @)@ @e@)] - [DetG]Cef 4= 4’ F@DE=iE) (A 83)
Y(B)=¢¥(0)

The current propagator is denoted by D and solved the equation G-'D(x - z') = =6(7 —
7)0P (2 — «') =1 —0(x — x’). Note that the Greens function has to be negative definite
for the integral to exist. Here, we introduced several new notations: First, we define a
joint D + 1-position vector = (7;z) in the Euclidean metric. Consistently also the in-
tegral measure is affected by that notation [ dz = [’ dr [ dPxz. The object G- is a
differential operator of the kinetic part and, for all purposes, will be denoted as the in-
verse Green’s function. The determinant here means the product of all eigenvalues of the
Green’s function operator G. Notably, the bosonic partition function will hence be the
determinant of the propagator, while for the fermionic case, the partition function is the
determinant of the inverse propagator. Further note that when setting the currents to zero,
we replace the inverse Green’s function operator by the single-particle Hamiltonian, which
then governs the canonical ensemble partition function. As in any experimental setup the
particle number is fixed, we perform a transformation to the grand-canonical partition
function by shifting from the Helmholtz free energy as the thermodynamic potential, i.e.
F(V;T;N) =-Tln Z to the Landau grand-canonical potential 2(V'; T’ 1) as the correct
thermodynamic potential by applying H — H — uN with N = [ dPz U(2)U(x) being
the particle number operator and p the chemical potential as the corresponding Lagrange
multiplier to fix the density. From now on, and in the main work, the sign Z denotes the
grand-canonical partition function associated with the Landau grand-canonical potential
) =-TIn Z. Additionally, we will introduce a new operator in a real space notation, called
the kinetic operator T =-v2 /2m — pu describing the kinetic term of a free gas with respect
to u. For said free gas with no external potential and no interactions, the inverse Green’s
function is G-1(x; ') = (-8, — T)d(x — &'). The grand-canonical partition function of a
free one-species Fermi gas is therefore given as

Zpee = Z[] = 0;j = 0] = Det[G]. (A.84)
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Matsubara summations

There is a difference between knowing
the path and walking the path.
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In this Appendix, we discuss the method of Matsubara summations, the derivation
and two independent ways of solving Matsubara summations analytically, as well as one
numerical strategy in the end. We build upon the previous Appendix A, where we already
established the Wick rotation as a method to construct a thermal quantum field theory by
promoting the time ¢ to an imaginary time 7 = i¢, which then is integrated from 0 to the
inverse temperature 5 = 1/T. In the whole appendix, we focus on fermions, but keep in
mind that all steps here are straightforward to generalise to bosons as well by exchanging
fermionic with bosonic Matsubara frequencies, as well as the Fermi-Dirac by the Bose-
Einstein distribution. At selected points, we will also state bosonic results. As a reminder,
we use notational conventions with & = 1 = kp.

B.1 Matsubara frequencies

In this section, we discuss the concept of Matsubara summation and its role in finite tem-
perature statistical field theory. We consider any function G(7), depending on imaginary
time 7 € [0, 8], which is either periodic, G() = G(0), or anti-periodic, G() = -G(0).
The discrete Fourier transform, mapping from the imaginary time axis to the imaginary
frequency axis, is commonly known as Matsubara transformation [344, ]. In our con-
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ventions, this means

G(1) = i Gigpe "7 = 3" Gig, e, (B.1)

ikn

with k,, = 2nxT for periodic and k,, = (2n + 1)#T for anti-periodic functions. We see this
when considering 7 = § = 1/T, the exponential equals either +1 or —1. Conversely, the
back-transform reads

Gk, = f ’ ﬁG(T)e“W. (B.2)
o f
For the remainder of this appendix, we will deal with Matsubara sums, which we com-
monly represent as
S[G]=> G, =G(1=0). (B.3)
ikn

In the language of field theory, we are interested in the zero-imaginary time Green’s func-
tion. Hence, we treat a Matsubara sum as a functional of a given, discrete mapping
G. Commonly, bosonic functions are periodic and from now on will be denoted with
qe = 2¢7T, while fermionic functions are anti-periodic and retain the &, -notation.

In the next section, we show how analytic continuation provides a powerful tool to
evaluate a large set of Matsubara sums, allowing for an analytical solution of those.

B.2 Complex integration contours

In this section, we discuss the method of residue integration in order to solve Matsubara
sums of the form of Eq. (B.3). For simplicity, we consider only functions with isolated
poles when considering an analytic continuation. This means that functions with branch
cuts or essential singularities are excluded. Those are called meromorphic and are math-
ematically defined by the analytic continuation G(z) for z € C only having a point-set of
poles in the complex plane, which we call P[G]. We furthermore distinguish two subsets
of those functions. The first set we identify as convergent, and the second as divergent
Matsubara sums. They are characterised by their asymptotic behaviour as |z| - oo and
need to be treated slightly differently.

B.2.1 Convergent Matsubara sums

If G(z) oc 1/z1*€ for € > 0 and |z| - oo, we speak of convergent Matsubara sums. This
prevents logarithmic divergencies when performing the complex integration. To calcu-
late fermionic Matsubara sums of such functions, we use the fact that the Fermi-Dirac

distribution 1

1 +eP
has poles at all the fermionic Matsubara frequencies ¢k,,, with a residue of —7". As such we

multiply the Matsubara summation of Eq. (B.3) by unities of the form 1 = -5 Res, i, np(2)
[420]. Because the residue is a linear operation, when GG does not have a pole at any Mat-

subara frequency, we obtain

np(z) = (B.4)

S[G]= 8% Res[G(=)nr(2)] (B.5)

~ z=i
ikn "
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(a)
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~
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Figure B.1: Illustration of contours used in complex plane for evaluating Matsubara sums
of meromorphic functions. Panel (a) shows initial contour along imaginary axis, enclosing
only the Matsubara poles of Fermi distribution at distance € > (. Panel (b) represents
extended contour of circle with radius R, also enclosing poles of the original function G
in counterclockwise sense at radius ¢;. For illustration purposes we consider a function
with one isolated pole in lower half plane.

We now impose Cauchy’s residue theorem [349] to convert the sums over the residues at
the Matsubara frequencies to a contour integral in the complex plane along a closed curve
C, encircling the imaginary axis clockwise at a positive, infinitesimal distance € > 0. If
there are poles on the imaginary axis, but not on the Matsubara frequencies, we simply
wrap the contour around those. As such, all the poles of the function G are excluded of
the interior of the contour, while the Matsubara poles of ng(z) are included. In doing so,
the Matsubara sum becomes

Gl=-8 95 S GEnx(2). (B.6)

The contour C' is shown in Fig. B.1 (a), along the imaginary axis. We deform the contour
to a circle of radius R > 0, denoted by C'r and depicted in Fig. B.1 (b). However, if the
function G has poles on the imaginary axis, we have to exclude those poles to continuously
deform the contour. As such any pole z; € P[(] is encircled counter-clockwise with a
radius § by a circle I'5(z;). This leads to the Matsubara sum becoming

SIG)=-0 §, 5=Gmez) -5 T $ ZGEme). B

4ePlG s(z) 2am

Since we deal with convergent Matsubara sums, when extending the contour to R — oo,
the outer circle integral vanishes due to Jordan’s lemma. Hence, only the isolated poles of
G remain, leaving us with

SI1=-8 Y ¢ SZo(mez). (B.8)

ZjGP[G] F(;(Zj) 27/7-(-

We again apply Cauchy’s residue theorem and take into account that the contours around
the poles are counter-clockwise, eliminating the negative sign and resulting in
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Result: Convergent Matsubara sums

ZG(M‘) 2, Res[G(2)ne(2)): (B.9)

ﬁ zkn z;€P[G]

An example for convergent Matsubara sums is the sum over the anomalous propagators
found in the BCS order parameter equation in the main text (3.55b). We set G(ik,) =
Fl(ikn) = Apo[(ik,)? - E3]~" and aim to determine the Matsubara sum

ES G = Z FlL(ik (B.10)
zkn

The set of poles for this anomalous propagator is given by P[Fup(ik,)] = {Ek, —FEx}-
Using the rule of I’Hopital, we obtain the two residues as

np(iEk)
Zliegk[Fgli(z)nF(z)] = B (B.11)
We reinsert the above residues into Eq. (B.9) to obtain
AB 0 Agy B
= ———tanh|=F, B.12
Z(zk )? - 2B, (2 ’“) (B.12)

providing the result found in Eq. (3.57b) of the main text. Most Matsubara sums appear-
ing in this thesis are of this form, some more involved ones occur in Chapter 5. Some
Matsubara sums we encounter in this thesis are not that simple, which are the divergent
Matsubara sums. In the next section, we discuss how to solve those sums systematically.

B.2.2 Divergent Matsubara sums

Matsubara sums of functions G, behaving as 1/z as |z| — oo, we denote as divergent.
In those cases, Jordan’s lemma is not directly applicable, and hence the contribution of
the infinite circle in Fig.B.1 diverges. Matsubara summations of this shape in general
are heuristically made convergent by equipping them with an appropriate convergence
generating exponential [275, 411, 431]. In the main text, the only divergent Matsubara
sum appearing is the momentum distribution, seen in the Hartree equation (3.55a). For
spin 1, the momentum distribution obtains an exponential factor and reads

ZG L (k)0 (B.13)

zkn

This factor is, by most authors, added in an ad-hoc scheme. In Section B.3 we present a
formal way which allows us to determine the correct convergence generating factor. The
argument appearing is SP normal Green’s function (3.56a)

1k, +§k

GgTP(k) = ( ik, )2 E27

(B.14)

which for large ik, — 2 behaves as GL(2,k) ~ 27! and hence diverges logarithmically
when integrated over. The exponential e?*n0" generates convergence for z with a negative
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real part, while for a positive real part, the Fermi-Dirac distribution (B.4) generates conver-
gence. With balanced populations and equal masses, the free dispersion is independent of
the spin, and hence we drop the index there. Similar to the anomalous propagator (B.10),
this Green’s function has poles at +Fy. Due to the convergence generating factor, we are
able to apply Eq. (B.9) and hence rewrite the Matsubara sum in Eq. (B.13) as

n= ¥ Reslz+5’“ e? ] . (B.15)

2 _ F2 z
ery o 22-FE21+¢€P

The residues of those can again be calculated by the rule of L'Hopital and equals

z+& eV Ep F& e
R = . B.16
eslz? “E2 1+ eﬁzL o 2E, L+eb (B.16)
And hence summing this up gives us the momentum distribution of the particles
s 1 §k s

This results in the same momentum distribution found in the main text (3.64). However,
one has to be careful, as for instance when considering the |-particles, due to the particle-
hole transformation performed in a BCS setup, a different convergence generating factor
is required.

Calculating Matsubara sums in the way outlined above is practical, as most Matsubara
sums can be evaluated either directly via convergent summation or via convergence gener-
ating factors, like for the momentum distribution. However, when dealing with sums that
show branch cuts, the residue theorem is difficult to apply. A prominent example here is
the free energy, where the Matsubara sum shows a branch cut on the negative real axis due
to the logarithm involved, making the action a multivalued function. See here, for instance,
the action (3.61) from the main text. In such cases, the Riemann sheet structure has to be
taken into account. As it is not always obvious how to accomplish this, we outline in the
following section a more systematic way of calculating Matsubara sums in a discrete way.
This is mandatory as this mathematical difficulty is rooted in the standard definition of the
functional integral.

B.3 Extension: Discrete Matsubara sums

To identify the reason for the divergences as well as the multivaluedness of some sum-
mations, we have to go back to the previous appendix A. There we made a great effort,
when deriving the functional integral, to keep the infinitesimal time spacing in the La-
grangian (A.73). We did so to use this spacing now, as the problem of how to properly
evaluate Matsubara summations lies in this spacing. When defining the functional integral
we made one implicit assumption, namely that we can exchange integration of coherent
states d),,, and limiting procedure of zero time step size 7 — 0%, in order to go from the
discrete (A.60) to the continuous (A.71) functional measure. This is, in a strict mathe-
matical sense, not a valid interchange because functional integrals in general are divergent
objects. In most cases, this is not relevant, since we are primarily interested in the finite
differences between infinite functional integrals. For Matsubara summations, however,
it does not matter, since divergent ground-state energy contributions are potentially lost
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when exchanging the limiting procedure and integration. We focus on fermions here be-
cause the thesis deals with those particles. In the end, we will also state the corresponding
bosonic formulation, as the explicit calculational steps are identical.

To this end, we again have a look at the discretised action of a Fermi system with
two-body interactions only, however with a finite imaginary-time step n = 5/M > 0, for
M e N, time steps, reading

. M _ _ R
SEv)=L Y [ dv [wsm;m)am(%w)+ws<fm;w>hws<7m—n;w) (B.18)

s m=1

+ % Z, f dPz’ Es(Tm? w)as’(Tm; w,)vss’(m - wl)¢S’(Tm - w)¢s(7m - 33) )

with 7,,, = mn as discrete time steps. For M — oo, we find the continuous imaginary time
limit which, as already mentioned, requires exchanging integration and limiting process.
In this continuum limit, the Matsubara transformation reads as at the beginning of this
chapter, in Eq. (B.1). However, for finite M < co the Matsubara transformation is math-
ematically a discrete Fourier transformation. Formally, we define T); = {mn : 1 < m <
M < oo} as the domain of time steps, such that the discrete Matsubara transformation of
a function f : T, — C reads

M M
f(Tm) — Z fne—i(2n+1)%7r — Z fne—i(2n+1)7rTTm7 (B19)
n=1 n=1

with the inverse transformation reading

1

M f(Tm)€+i(2n+1)%7r‘ (B.20)

Mz

fn= f(an) =

1

3
I

Note that we have an offset in the frequency of iw/M due to the anti-periodicity of the
fermionic fields. As such, the frequency domain is also restricted, since on 7}, frequen-
cies with n > M are indistinguishable at the time nodes. Due to the definition of dis-
crete Fourier transformations, the frequencies run from 1 to M. The key difference here
is the meaning of the discrete derivative 0; operator when performing this transforma-
tion. Inserting the definition of the Matsubara frequencies and using the differential quo-
tient (A.43) leads, after some basic algebra, to

M e M —_ M con/+1 M . / m
Z @Ds(Tm)aQ@bs(Tm) = Z ﬁ)syn_ (1 — ot W) ws,n’ Z ei2(n-n )Trﬁ’ (B.21)
m=1 m=1

n,n'=1 ﬁ

suppressing the spatial arguments. The last sum over the time steps m equals a Kronecker
symbol, i.e. a discrete Dirac-d, according to

M . ! m
3 e2mOTRE = M6, (B.22)
m=1
which then yields
M M
> V(1) O0s(Tin) = D Y nCntosn- (B.23)
m=1 n=1

with the derivative being replaced by the complex energy (,,.
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Result: Discrete Matsubara sum replacement

817-]_)Cn:

transformed as

\.

In a discrete Matsubara transformation using fermionic frequencies, the differential
quotient in a normal ordered Grassmann field product is transformed according to

M

o ( 1= )\2n+1 ) ,
g

with the phase increment \ = ¢/ Dealing with a bosonic system, the derivative is

O - (n = %(1 - A%,

(B.24)

(B.25)

The Matsubara transformation of the discrete derivative 0; exhibits real and imaginary
parts. However, when the spacing tends to zero, that is 7 — 0* for M — oo, the real part
vanishes. This is straightforward to see, considering the Taylor expansion

M 2n+1
n=—|1-1-14

= ik + 5 (k) + O(n),

for n << M /2 when defining the Matsubara
frequency k,, = (2n + 1)7T. Furthermore,
considering n = M —m and m < M /2 we
analogously find

o = =ik + 5 ik + O(0)

(B.27)
This means that for n < M /2 we con-
verge to the positive, and for n > M/2
to the negative Matsubara frequencies in
the continuum limit. As such, the continu-
ous imaginary-time limit is included as a
limiting case in our approach. For com-
pleteness, we furthermore consider an anti-
normal ordered product of fields where, by
similar reasoning, we obtain

M o M .
2 Ys(Tm) 00 (7) = M 3 benCaton

(B.28)
where the complex conjugate factor is ac-
quired, that is

- M

C,=—(1-) 21, (B.29)
8
We illustrate those two factors, ¢, and C,,,
in Fig. B.2 in the complex plane for differ-
ent numbers of points in units of the tem-
perature 7'. We notice that the derivative

1(2n+1 \?
3
™= 5 M T + O(T])
(B.26)
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Figure B.2: Illustration of ¢, and Zn with the
blue circles representing M = 10, orange di-
amonds M = 20, green triangles M = 50, red
squares M = 100 and violet stars M = 1000.
Black crosses stand for limit of M — oo,
where derivative factor (,, approaches Mat-
subara frequencies —ik,,. Solid arrow shows
increasing n for (,,, while dashed arrow de-
picts increasing n for Zn
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factors (,, arising from a normal ordered field product circle counter-clockwise. This is
associated with the causality imposed by the displacement 7). To ensure causality as well,
for anti-normal ordered products ¢, has to run clockwise.

Until now, the discussion has simply shown that the discrete Matsubara transforma-
tion changes the meaning of the derivative. We show next that this formulation, which
is meant to keep integration and limiting process in the same order, is capable of taking
into account infinite ground-state energy contributions. Otherwise, they would possibly be
missed when exchanging the two and then naively performing Matsubara summations with
branch cuts. To this end, we have to perform Gaussian functional integrals in a discrete
setting, after which we evaluate the free energy by solving Matsubara sums.

In the upcoming section B.3.1, we show this for a free Fermi system, whereas sec-
tion B.3.2 deals with an interacting gas in a BCS setup.

B.3.1 Free Fermi spin-mixture

Here we start with the action of a free Fermi system with two internal states, s;,s,, €x-
pressed in the basis of momentum modes k£ and Matsubara frequencies ¢k,,. The action is
obtained from Eq. (B.18) via discrete Fourier-Matsubara transformation

81 ['QD, @Z’] =1 Z Z 77Z)s,k:,n I:_Gs_,il(k)] ¢S,k,na (B3O)

n=1sk
using the complex-valued inverse Green’s function
- Goh (k) =G+ & ™. (B.31)

This action corresponds to the normal ordered Hamiltonian

N B dr N R A R
- [ T 2 (Gt (T (1) + Gy (T (7)) (B.32)
k
We summarise all the internal degrees of freedom in a spinor notation, reading
¢n7k — ¢s1,n,k (B.SS)
2/152,11,16
with the matrix-valued inverse Green’s function
- -Gt (k) 0
_ 1 - s1,n
G, (k) ( 0 G k)) , (B.34)
being diagonal in spin space. Using this we write the action of the spinor fields (B.30) as
S 0] =0 Y P [-Gol (B)] o (B.35)
k.n
which then yields the partition function via
M - _ L
Zl = H H [ d¢k,ndwk7n6_n¢k’n[_G7L (k)]wk,n7 (B.36)
k n=1

where we are allowed to exchange n and k product since one of them is by definition a
finite sum. In our case, this is already diagonal in all quantum numbers involved. In a more
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general case, the system would need to be diagonalised first. We perform each Gaussian
integral of any mode (k,n) separately, leading to

Z =] ﬁ [-nG,' (k)] (B.37)

k n=1
Here we used the Berezin integral and the Taylor expansion of the complex Grassmann
exponential, seen in Eq. (A.17) and following. We note that this result is just the deter-

minant of a much larger matrix -G , which consists of the inverse Green’s function for
every wave number separately, that is

. -G (k) 0
-G = 0 G (ky) | (B.38)

with the single momentum mode matrices being diagonal M x M matrices of the form

—Gil(km) 0 0
-1
G| 0 TG ) 0 (B.39)
0 0 o =Ghp(km)

Here, we need a countable, possibly infinite, set of modes k,,, for m € N. This means that
we separate the partition function now according to

2 =[] 2. (B.40)
k

where we seek to determine the partition function of a given wave vector

M M M

2y, = [T det[-nG, (k)] =™ TT(Ga + &™) ™ T](G + Gu ™). (BAD)
n=1 n=1 j=1

Since the spins are independent of each other, we evaluate each spin sector separately.

Inserting the definition of (,, from Eq. (B.24) and factoring out some momentum contri-

butions we find

M 1
Zop=(1- n§S7k)M H ( - >\2”+1) . (B.42)
n=1 1- nfs,k
For any complex number z € C applying the M binomial formula reveals
M
[J(z =1y =1+ 2M. (B.43)
n=1

Using this general identity to solve the product in Eq. (B.42) leads to the spin- and momentum-
dependent pieces of the partition function to become

Zop=1+ (1 - %fsyk)M, (B.44)

using again the time step = 3/ M. Now, taking the product over all spins and all momen-
tum modes leads to the partition function

2= T[2-T] ll N (1 _ %m)Ml l1 v (1 _ %gw)M] | (B 45)
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In the continuous imaginary-time limit, this converges to

z, M= I (1 + 6_5551”“) (1 + 6_5552"“) . (B.46)
k

We now obtain the thermodynamic potential via {2 = -T"In Z, leading to

Q(T,V,p) = =T Y [In(1+ePorr) +In (1 +e k)], (B.47)
k

Hence, for 7" = 0 we obtain the ground-state energy in the grand-canonical ensemble to be
Q1(T =0) =0, which is what we would expect, since the Lagrangian associated with the
action (B.30) originated from a normal-ordered Hamiltonian, causing (0|:H1:|0) = 0, with
|0) being the ground state.

In contrast to this, we now focus on the same system, however, where species s; is
normal and species s, is anti-normal ordered. This system is described by the Hamiltonian

A Ad . . R .
Hy = f = D [t o (T 1o (T) = EagieWsg o (7)1, 1 (7) ] (B.43)
o B %

The corresponding action in Fourier-Matsubara space reads

'52 [Ja w] =N Z {Esl,k,n [_Ggll,n(k)] ¢S1,k,n - ws%k,n [FSQ,n(k)] ESQ,’G,TL} : (B49)
k.n

Here, the second species of fermions propagates with the complex conjugate inverse Green’s
function, reading
G loyn(k) = C, = Eme™. (B.50)

We solve the functional integral in the same way as for the fully normal-ordered system,
which results in the partition function

-

M
Z2 — 77]% H (<n + gShkeikznn) 77M

j=1

(¢, = &ape™™ M) (B.51)

S
I
—

Since the first spin species is normal-ordered, we are able to apply the product formula (B.44)
found in the calculation of Z;, which results in the partition function

_ /8 M M i - —~iknn
Zo=|1+[1- Mgsl,k M TT (¢ - &eape™™ ). (B.52)
n=1
We rewrite the second term to become
M M 1 o1
Zo ke = (1 +n&,,, — =\, (B.53)
aie = (1176 ) ﬂ(1+77&2,k )

which is solved analogously to the normal-order case using the same product identity (B.43),
resulting in
6 M
ng,k =1+ (1 + Mgs’k) . (B54)
With this the partition function of the action (B.49) becomes

2= 2] l1 " (1 - %gshk)M] [1 + (1 . %gw)M] , (B.55)
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which in the continuous imaginary-time limit becomes
2, M2 (14 e Puw) (14 P5am). (B.56)

We factor out one exponential in the anti-normal ordered species to later on identify the
vacuum term, reading

2, M2 (14 e 06ak) (14 e Pak) Hork, (B.57)
With this, we obtain the grand-canonical potential

D(T, V) ==T Y [In(1+e k) +In(1+ePn)] =3¢ k. (B.58)
k k

Thus, in the ground state, we now obtain a divergent vacuum expectation value

Q(T=0) =~ 2552, (0|H>|0) * (B.59)

even though the normal order of both Hamiltonians is identical, i.e. (0|:I:I 210) =0

Having discussed the free fermion case, we now include interactions to derive the
grand-canonical potential of the BCS Hamiltonian in a discrete sense, including the vac-
uum terms.

B.3.2 Partition function of interacting Fermi gas

In this section, we present a discrete imaginary-time calculation giving rise to the full
vacuum energy contribution of the standard functional integral BCS theory. We will show
how the vacuum terms arise from the discretisation of the imaginary-time grid and also
derive additional energy contributions arising from the Hubbard-Stratonovich fields. In
order to do so we first use the retarded action (B.18) with contact interaction and two
species. Then we perform a discrete Fourier-Matsubara transformation. With the BCS
approximation, that is &’ = —k, since Cooper pairs are formed mainly at the Fermi surface,
we obtain

M
SBCS Qp ¢ 772 { snk: Cn"'g )\2n+1]¢snk (B60)
n=1

g
- L_D Z Z tn+l/2, k+q/2w¢, -n—£/2,~k- q/z% -n'—4-1,-k' qun+Z 1k'+q}7
n' k' £,q

with &, = k*/(2m) — p as free particle dispersion and L? as D-dimensional volume. We
have to impose here a discrete time version of the Hubbard-Stratonovich transformation,
introducing a momentum-dependent complex-valued field A, ;. We perform the HS trans-
formation, ultimately resulting in the HS action [420]

_ — AVE
SHS[¢7 wa A7 A] =7 Z { Z 77Z)s,n7k [gn + gkA2n+1:| ws,n,k + LD Z % (B61)
n,k S tq

+ Z [% n+0/2, k+q/2¢¢ -n—0/2,~k- q/zAlf 27 Iy, aWs—n—t/2-1,-k-qUt nrt/2- 1k+q]}

7q
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This allows us to obtain the partition function for a specific imaginary-time spacing as

M M _
ZBCS = H H H / das,mkd#}s,n,k H H J77 f ngquAque_SHS[MWA’A], (B62)

n=1 k s /=1 q

where .J,, = mg/(LPn) is the Jacobian of the HS transformation. Performing the SP approx-
imation resolves the bosonic functional integral by replacing A, 4 = Agdr,0dq,0, ultimately
leading to the partition function

M —_— —_— J—
2 =TI [ 0ol SmlBnsal (B.63)

n=1 k s

Note that we do perform the SP approximation before integrating out the fermionic degrees
of freedom, since we want to avoid interchanging the order of products. In order to perform
the functional integral, we rearrange the HS action at the saddle. To do so, we perform a
particle-hole transformation on the | particles, hence interchanging their order. This leads
to the action to become

— M —
Sus[0,1; 80, 201 =0 D" D (Vr ke Ytk

n=1 k

Cn + f_k/\Q"H A0)\2 _wT,n,k:
Ao ~Con = &AL,

2
spLpl2ol (B.64)

g
Note that the |-particles have an inverse order of the Matsubara frequencies due to a change
in index according to n — —n, not due to an initial anti-normal order, since the original
Lagrangian was normal-ordered. Furthermore, the \ factors still yield —2n + 1 because
they denote odd frequencies. To calculate the functional integral, we also need to anti-

commute the measures of the respective particles. As such, considering one momentum
mode with Zpcg = Z,ux [11 2k We find

M —_— PR— —_— —
Za= (DM TT [ Ayt ety g eSS0 20] (B.65)
n=1
Here, the auxiliary term is
Zo = JM e B0 g (B.66)

associated with the vacuum of the pair field. The integral in Eq. (B.65) is evaluated via
diagonalising the Grassmann basis. This is a standard procedure found in many text-
books [274, , ] and the result is simply the determinant of the inverse Green’s
function, ultimately reading

M
Z = (-D)MT] det [-nGsp . (K)], (B.67)
n=1

using the discrete SP inverse Green’s function

Cn + élc)\le AO)\Q )

- Gsb (k) = ( A oy (B.68)

We evaluate the matrix determinant, leading to

det [-nGgp (k)] = =1 = A2(1 = nék) = Nn?|Ao* + (1 - n&,) (A1 + A7271) . (B.69)
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After this, we factor out (1 —17&y ) because it yields a vacuum term. Proceeding to this, we
expand the determinant in orders of the imaginary-time spacing n = 3/ M, resulting in

2
det [—nGg}),n(k:)] = 2(1 - n&) [—1 - %nQE,z + % (A2"+1 + x2n+1) + (9(77)3] . (B.70)

using Ej, = /& +|Ao|? as quasiparticle dispersion. To save space, we set X = —1 —
A2n?EZ[2 and write w,, = A?"*1, hence 1/w, = A~2"~1. We now want to express the deter-
minant of the inverse Green’s function as a polynomial in w,,, which then factorises into
roots in the complex plane. To this end we set z = X + v X? - 1, with | X| > 1, allowing
us to decompose X = (z + 1/z)/2. Doing so makes the determinant factorise into

2 2
det [-nGsp,, (k)] =2(1 - nsk)g—z (W — 2] [z - A—] . (B.71)

n

We reinsert this into the partition function for a given momentum mode (B.67) to find

(_1)M M M et 2n+1 = -275+1
2= (1-ng) " (-1) [Tlz-2"]][z-A%"]. (B.72)
n=1 j=1

Both products actually result in the same overall factor, since the terms are identical,
only the order of multiplication is inverted due to A?**! running counter-clockwise, while
A~27*1 runs clockwise and is slightly displaced, which reads
M
[z - A=2net] = M4 1 (B.73)

n=1

With this, the mode partition function becomes
Zpo = (“1)2M (1 = &)™ (2M12 4 27 M12)* (B.74)
This can be expressed in terms of hyperbolic functions, leading to
Zi = (1 -n&k)M2 {cosh[MIn(z)] + 1}, (B.75)

where we also used, that M is an integer, i.e. (-1)?¥ = 1. In the end, we are interested
in the thermodynamic potential for continuous imaginary times. To this end, we use the
definition of z = X + VX? -1 as well as X = -1 - A232E2/(2M?) and perform a series
expansion for large M inside the hyperbolic cosine function, resulting in

1
Zk = (1—7]§k)M2 [COSh(—iMTI’—ﬂEk+O(M))+1:|, (B76)
restricting the logarithm to the principal branch. The direction of the complex limit does
not matter, since the hyperbolic cosine is an even function. Since we have M € N, the
complex cosh function simplifies, and we find

2, = (1—n§k)M2[(—1)Mcosh(ﬁEk)+1+0(%)]. (B.77)

This reproduces the correct partition function, agreeing with operator approaches, if and
only if the number of time steps M is an even number. So, without loss of generality, we
assume M to be even. The reason for this is beyond the scope of this appendix, but it

203



APPENDIX B. MATSUBARA SUMMATIONS

potentially is related to the fermion doubling problem in Fermi lattice theories. Under this
assumption, the partition function becomes

Zy, :2(1—n§k)M[cosh(ﬁEk)+1+(’)(%)]. (B.78)

We obtain the thermodynamic potential via Q2 = -T'In Z = -T' Y, In Zy, — T'In Z,,
M M 1 plAof?
Qpes = -1y In (2JM(1 - &)™ [cosh(BEy) +1]) + O (M) + P (B.79)
k g

In the large M limit (1 — n&,)™ = exp(-P& ). Using the definition of the hyperbolic
cosine with the exponential function, we find the thermodynamic potential to be

A 2
Opes =-T Y In [e*fﬂ(fk*Ek) (1+ e*ﬁEk)Q] + MY I, + 2P (B.80)
k k 9
We separate the logarithm to finally end up with the grand-canonical potential
_ Aol BB L T
Q= (G- E) + LP= 2T Y In (1+e7%) + lim M Y In(M7Tg). (B81)
k 9 k ce g

The first two terms represent the vacuum energy. Here, the first term arises from a proper
treatment of the imaginary-time slicing function integral, whereas the second term denotes
the vacuum of the auxiliary field, where all the M factors cancel out. Note that due to the
original BCS Hamiltonian being normal ordered, the vacuum energy is finite and nega-
tive. The third term stands for the thermal contribution to the thermodynamic potential,
and the last term represents an infinite energy shift coming from the Jacobian of the HS
transformation. In almost all approaches, the latter constant is absorbed into the functional
measure of the functional integral itself, since it is a simple offset without any influence
on the physics. When extending this calculation to the WHFB approach by p1 — j1 + Ap o,
we find a second divergent contribution originating from the Jacobian of the Hartree field.
Disregarding all the constant divergent terms, as they do not influence any observable, we
end up with the thermodynamic potential found in Eq. (3.62) in the main text.

After this detour in the last section, we focus on a different technique of solving con-
vergent Matsubara sums at 7" = 0, which is mainly used in numerical evaluations.

B.4 Numerical strategy at 7" =0

In this last section, we briefly present the numerical strategy used in Chapter 5 to solve
the 7' = 0 Matsubara sums of the response kernel. We first make some remarks on formal
summations at 7" = 0 and illustrate this with a simple analytical example, before explicitly
showing how to perform more complicated sums numerically. To this end, we consider a
general Matsubara sum of the form seen in Eq. (B.3), which in this specific case we express
as "

2rTS[G]=2nT . Gi,. (B.82)
We note that, since k,, = (2n + 1)7T, the difference of two consecutive frequencies yields
kn—k,—1 = 2nT'. Thus, the sum (B.82) is an upper Riemann sum with step size proportional
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T=1 T=05 T =025

|

v [arb.units] v [arb.units] v [arb.units]

f(iv) [arb.units]

Figure B.3: Representation of finite temperature Matsubara summations for three values of
T in arbitrary units, versus imaginary frequency v. Each term in the respective Riemann
sum is represented as the area of a given blue bar. Solid black line depicts the analytic
continuation of the function for a continuous set of imaginary frequencies.

to the temperature 7". In the limit of zero temperature, this is therefore converging to the
Riemann integral, if it exists, yielding

27 TS[G] 18 f " Ak, G(iky). (B.83)

We schematically represent this limit in Fig. B.3 for different values of temperature in
arbitrary units. We represent each term in the Matsubara sum as a bar, which has the area
of 2rTG(ik,). The solid line stands for the analytic continuation of the sum argument,
thatis G (iv) for v € R as imaginary frequency. As such, when dealing with any Matsubara
sum at 7' = 0 we might evaluate it via

[ee] oo d
Ty G, = f La(iv). (B.84)
n=—oo —o0 27T
As an illustrative example, we derive the superfluid order parameter equation (3.57b)
in the main text and Eq. (B.12) in this Appendix also via imaginary frequency integration
at T' = 0. The superfluid order parameter equation in the WHFB theory reads

Ago
B.85
Z Z < (iky)? - ( )
Applying Eq. (B.84) yields
QB dv Apy
Agg = f —. B.
B0~ Z 2 12 + E} (B-86)

This frequency integral is a standard one, whose antiderivative is the inverse tangent func-
tion arctan. Ultimately, this leads to

gB A1370
AB,o =7D Z

B.87
15 2o, (B.87)
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which is the 7" = 0 version of the superfluid order parameter equation.

So far, this was solvable analytically. However, the imaginary frequency integration
is more powerful when numerically evaluating Matsubara sums at 7' = 0, which are not
solvable analytically by standard means, as for instance when evaluating 7' = 0 Gaussian
pair fluctuations [102, ] or, as in this thesis, beyond SP correlation functions. We do
this when evaluating Eq. (5.109) numerically. The density-density correlation function
as derived from quantum statistical field theory includes a Matsubara sum at any given
temperature 7', reading

g (or) =1 *7h ZT > N (@, ige)e 00", (B.88)

iqe

where we set the imaginary-time difference to 67 = 0* and use iq, = 2iw¢1" as bosonic
Matsubara frequencies. Since the Riemann summation works well both for fermions and
bosons, due to the Matsubara frequencies becoming continuous, we again use the replace-
ment (B.84) to obtain

g2 (0r) =1+ — 7D Zfoo dVXSS (g,iv)e'a?". (B.89)

For D = 2 and spatial homogeneity, we obtain the expression in the main text (5.109). This
imaginary frequency integral has no solution in terms of standard functions, but since the
response function decays polynomially fast with increasing v/, the integral converges well
inD=2and D = 3.

206



Acknowledgement

Finalizing the PhD is very much like the end of a journey. First and foremost, I want to
thank my supervisor Priv.-Doz. Dr Axel Pelster for the opportunity he gave me, for guid-
ing me through new scientific terrain, and for countless hours we spend discussing results,
approaches and ideas. Another big thanks I have to direct to Prof. Dr. Carlos A. R. Sa
de Melo who, despite being not my supervisor, supported me like a second supervisor
during the last three and a half years. Both were a source of inspiration when I was stuck
at calculations. To mention are also Prof. Michael Fleischhauer and Prof. James Anglin
who enabled me to present my research in their group seminar.

I would also like to thank my family, especially my parents, who supported me from the
start. I also want to thank my grandparents for also always supporting me. The same holds
for my extended family, which is too large to mention everybody. Immense thanks I also
direct to my partner, Sandra, who had to listen to me referring about some mathematical
oddity on a Friday evening more than just once.

I also like to thank Sejung for living in the same office with me for four long years now,
for the input he gave me and for the open ear when I had some physics to discuss. The
same holds for Joshua. Furthermore I have to thank Mathis, Larissa and Daniel for every
(extended) Coffee break we had together. Beyond this, a big thank you to Flavia and Mar-
cos, who were both indispensable to me due to their knowledge about computers, without
which my computer might have stopped working right at the start. I also want to thank
some academia friends who I met outside of Kaiserslautern. A big thanks to Alice and
Lucas for the great time and also for the open ear about fermions. I also acknowledge the
help of Leon Mixa, who recently entered our group.

Lastly I have to thank friends outside of physics: Celine, Leon, Mirko and Saskia not
only for supporting me, but also for enduring my vanishing during the writing process of

the PhD.

I hope that most of you will remain part of the journey coming after finalizing the PhD!

207






Selected Schools, Conferences and Stays

Poster presentations

e "Steps towards a Beyond Mean-Field Theory of the BEC-BCS crossover for fermionic
Lithium" at Quantum Mixtures School, Les Houches School of Physics (France) ,
03. - 06. October 2022

e "Non-perturbative corrections to the weakly interacting two component Fermi gas"
at Brazilian-German Wilhelm and Else Heraeus Seminar Superconductivity and Su-
perfluidity: From Condensed Matter to Ultracold Quantum Gases, International In-
stitute of Physics (IIP) Natal (Brazil), 14. 18. October 2024 (Awarded with Best
Poster Award)

o "Weighted Hartree-Fock-Bogoliubov method for interacting fermions" at Bad Hon-
nef Physics School on Ultracold Quantum Matter, Physikzentrum Bad Honnef, 10.
- 16. August 2025 (Awarded with Best Poster Award)

e "Reduction of pair correlations below the background value in ultracold Fermi gases'
at WEH Seminar on Challenges of Low-Dimensional Quantum Gases, International
Center for theoretical physics (ICTP-SAIFR) Sao Paulo (Brazil), 23. - 27. March
2026

Contributed talks

e "Hartree-Fock-Bogoliubov Variational Approach for BCS Superfluidity" at Annual
Conference of the DPG and DPG Spring Meeting of SAMOP, Hannover 09. March
2023

o "A generalized formalism to describe multi-channel Hartree-Fock-Bogoliubov in-
teractions in fermionic systems" at Annual Conference of the DPG and DPG Spring
Meeting of SAMOP, Freiburg 13. March 2024

o "Weighted Hartree-Fock-Bogoliubov (WHFB) method and its applications to atomic
two-component Fermi superfluids in three dimensions" at APS Division of Atomic,
Molecular and Optical Physics Meeting, DAMOP, Portland Oregon, 19. June 2025

Invited seminar talks

e "A generalized BCS theory for atomic Fermi gases" at USP Sao Paulo, Brazil, in
Group of Prof. Arnaldo Gammal, 10. October 2024

o "The Weighted Hartree-Fock-Bogoliubov method for interacting fermions" at TQC
Antwerp, Belgium, in Group of Prof. Jacques Tempere, 19. May 2025

209






Curriculum Vitae

Personal Data

Name: Nikolai Kaschewski
Date of Birth:  14. September 1996
Office: Erwin Schrodinger StraSSe, Building 46,
67663 Kaiserslautern
Phone: +49 631 205 3167
E-mail: kaschews @rptu.de
Education

2022-06 Current

2019-09 2022-03

2016-04 2019-09

2007-09 2016-04

Research Stays
03/2023 06/2023
09/2024 10/2024
05/2025

Academic Service
10/2023 10/2025
08/2024

Teaching(Selected)
Summer 2021

Winter 2022/23

Ph.D.: Physics

Rheinlandpfilzische Technische Universitit (RPTU)

Topic: Multi-channel field theory and two-point correlations
for the BEC-BCS crossover

Supervisor: PD Dr. Axel Pelster

Master of Science: Physics

TU Kaiserslautern

Supervisor: Prof. Dr. James R. Anglin
Final Grade: 1.4

Bachelor of Science: Physics

TU Kaiserslautern

Supervisor: Prof. Dr. James R. Anglin
Final Grade: 2.0

Abitur

Eduard Spranger Gymnasium - Landau

Main Subjects: Mathematics/Physics/History
Final Grade: 2.0

PhD Exchange Student, Georgia Institute of Technology, USA
DAAD Exchange program, Universidade de Sao Paulo, Brazil
Visit of TQC at University of Antwerp, Belgium

Student Representative of SFB/TR 185 (OSCAR)
Co-Organizer: SFB/TR 185 OSCAR Intensive Week

Tutor "Classical Mechanics"

(Award for outstanding teaching performance)
Tutor "Classical Electrodynamics"

(Award for outstanding teaching performance)

211






Bibliography

[1] J. Dewar and J. A. Fleming, “XXVI. The electrical resistance of metals and alloys
at temperatures approaching the absolute zero ”, London Edinburgh Philos. Mag.
& J. Sci. 36, 271-299 (1893).

[2] The Nobel Foundation, The Nobel Prize in Physics 1913. Prize Announcement,
Nobel Prize Outreach AB, (1913) https://www.nobelprize.org/prizes/
physics/1913/summary (visited on 12/03/2025).

[3] A. Einstein, “Theoretische Bemerkungen zur Supraleitung der Metalle , (1922).

[4] W.Meissner and R. Ochsenfeld, “Ein neuer Effekt bei Eintritt der Supraleitfdhigkeit”,
Naturwissenschaften 21, 787-788 (1933).

[5] A.L.Fetter and J. D. Walecka, Quantum Theory of Many-Particle Systems (Dover
Publications, June 2003).

[6] F.London and H. London, “The electromagnetic equations of the supraconductor”,
Proc. A 149, 71-88 (1935).

[7] F.London and H. London, “Supraleitung und diamagnetismus”, Physica 2, 341—
354 (1935).

[8] H. London, “Phase-equilibrium of supraconductors in a magnetic field”, Proc. A
152, 650-663 (1935).

[9] A. B. Pippard and W. L. Bragg, “An experimental and theoretical study of the
relation between magnetic field and current in a superconductor”, Proc. A 216,
547-568 (1953).

[10] V.L.Ginzburgand L. D. Landau, “On the Theory of superconductivity”, Zh. Eksp.
Teor. Fiz. 20, 1064-1082 (1950).

[11] A. A. Abrikosov, “On the Magnetic Properties of Superconductors of the Second
Group”, Sov. Phys. JETP 5, 1174-1182 (1957).

[12] The Nobel Foundation, The Nobel Prize in Physics 2003. Prize Announcement,
Nobel Prize Outreach AB, (2003) https://www.nobelprize .org/prizes/
physics/2003/summary (visited on 12/02/2025).

[13] L. P. Gorkov, “Microscopic derivation of the Ginzburg-Landau equations in the
theory of superconductivity”, Sov. Phys. JETP 9, 1364—-1367 (1959).

[14] H. Kleinert, Particles And Quantum Fields (World Scientific Publishing Company,
2016).

[15] R. A. Ogg, “Bose-Einstein Condensation of Trapped Electron Pairs. Phase Sepa-
ration and Superconductivity of Metal-Ammonia Solutions”, Phys. Rev. 69, 243—
244 (1946).

213


https://doi.org/10.1080/14786449308620476
https://doi.org/10.1080/14786449308620476
https://www.nobelprize.org/prizes/physics/1913/summary
https://www.nobelprize.org/prizes/physics/1913/summary
https://doi.org/10.1007/BF01504252
https://doi.org/10.1098/rspa.1935.0048
https://doi.org/https://doi.org/10.1016/S0031-8914(35)90097-0
https://doi.org/https://doi.org/10.1016/S0031-8914(35)90097-0
https://doi.org/10.1098/rspa.1935.0212
https://doi.org/10.1098/rspa.1935.0212
https://doi.org/10.1098/rspa.1953.0040
https://doi.org/10.1098/rspa.1953.0040
https://doi.org/10.1016/b978-0-08-010586-4.50078-x
https://doi.org/10.1016/b978-0-08-010586-4.50078-x
https://www.w2agz.com/Library/Classic%20Papers%20in%20Superconductivity/Abrikosov,%20Type%20II%20Superconductivity,%20Sov-Phys%20JETP%205,%201174%20(1957).pdf
https://www.nobelprize.org/prizes/physics/2003/summary
https://www.nobelprize.org/prizes/physics/2003/summary
https://www.w2agz.com/Library/Classic%20Papers%20in%20Superconductivity/Gorkov,%20The%20G-L%20Equations%20from%20BCS,%20Sov-Phys%20JETP%209,%201364%20(1959).pdf
https://doi.org/10.1103/PhysRev.69.243
https://doi.org/10.1103/PhysRev.69.243

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

M. R. Schafroth, “Superconductivity of a Charged Boson Gas”, Phys. Rev. 96,
1149-1149 (1954).

M. R. Schafroth, S. T. Butler, and J. M. Blatt, “Quasichemical equilibrium ap-
proach to superconductivity”, Helv. Phys. Acta 30, 93 (1957).

J. Bardeen, L. N. Cooper, and J. R. Schrieffer, “Theory of Superconductivity”,
Phys. Rev. 108, 1175-1204 (1957).

J. Bardeen, L. N. Cooper, and J. R. Schrieffer, “Microscopic Theory of Supercon-
ductivity”, Phys. Rev. 106, 162—-164 (1957).

The Nobel Foundation, The Nobel Prize in Physics 1972. Prize Announcement,
Nobel Prize Outreach AB, (1972) https://www.nobelprize.org/prizes/
physics/1972/summary (visited on 12/03/2025).

J. G. Bednorz and K. A. Miiller, “Possible high Tc superconductivity in the Ba-La-
Cu-O system”, Z. Phys. B: Condens. Matter 64, 189—-193 (1986).

The Nobel Foundation, The Nobel Prize in Physics 1987. Prize Announcement,
Nobel Prize Outreach AB, (1987) https://www.nobelprize.org/prizes/
physics/1987/summary (visited on 12/22/2025).

M. K. Wu, J. R. Ashburn, C. J. Torng, P. H. Hor, R. L. Meng, et al., “Supercon-
ductivity at 93 K in a new mixed-phase Y-Ba-Cu-O compound system at ambient
pressure”, Phys. Rev. Lett. 58, 908-910 (1987).

A. Schilling, M. Cantoni, J. D. Guo, and H. R. Ott, “Superconductivity above 130
K in the Hg—Ba—Ca—Cu—O system”, Nature 363, 56-58 (1993).

P. Dai, B. Chakoumakos, G. Sun, K. Wong, Y. Xin, and D. Lu, “Synthesis and
neutron powder diffraction study of the superconductor HgBa2Ca2Cu308 + § by
Tl substitution”, Physica C 243, 201-206 (1995).

Q. Cao, F. Grote, M. Hussmann, and S. Eigler, “Emerging field of few-layered
intercalated 2D materials”, Nanoscale Adv. 3, 963-982 (2021).

A. P. Drozdov, P. P. Kong, V. S. Minkov, S. P. Besedin, M. A. Kuzovnikov, et al.,
“Superconductivity at 250 K in lanthanum hydride under high pressures”, Nature
569, 528-531 (2019).

L. Pitaevskii and S. Stringari, Bose-Einstein Condensation and Superfluidity, In-
ternational Series of Monographs on Physics (OUP Oxford, 2016).

W. Keesom and A. Keesom, “New measurements on the specific heat of liquid
helium”, Physica 2, 557-572 (1935).

P. Kapitza, “Viscosity of Liquid Helium below the A-Point”, Nature 141, 74-74
(1938).

J. F. Allen and A. D. Misener, “Flow of Liquid Helium II”, Nature 141, 75-75
(1938).

E. F. Burton, “Viscosity of Helium I and Helium II””, Nature 135, 265-265 (1935).
The Nobel Foundation, The Nobel Prize in Physics 1978. Prize Announcement,

Nobel Prize Outreach AB, (1978) https://www.nobelprize.org/prizes/
physics/1978/summary (visited on 12/01/2025).

J. F. Allen and A. D. Misener, “Flow Phenomena in Liquid Helium II””, Nature 142,
643-644 (1938).

214


https://doi.org/10.1103/PhysRev.96.1149
https://doi.org/10.1103/PhysRev.96.1149
https://doi.org/10.5169/seals-112808
https://doi.org/10.1103/PhysRev.108.1175
https://doi.org/10.1103/PhysRev.106.162
https://www.nobelprize.org/prizes/physics/1972/summary
https://www.nobelprize.org/prizes/physics/1972/summary
https://doi.org/10.1007/BF01303701
https://www.nobelprize.org/prizes/physics/1987/summary
https://www.nobelprize.org/prizes/physics/1987/summary
https://doi.org/10.1103/PhysRevLett.58.908
https://doi.org/10.1038/363056a0
https://doi.org/https://doi.org/10.1016/0921-4534(94)02461-8
https://doi.org/10.1039/D0NA00987C
https://doi.org/10.1038/s41586-019-1201-8
https://doi.org/10.1038/s41586-019-1201-8
https://doi.org/https://doi.org/10.1016/S0031-8914(35)90128-8
https://doi.org/10.1038/141074a0
https://doi.org/10.1038/141074a0
https://doi.org/10.1038/141075a0
https://doi.org/10.1038/141075a0
https://doi.org/10.1038/135265a0
https://www.nobelprize.org/prizes/physics/1978/summary
https://www.nobelprize.org/prizes/physics/1978/summary
https://doi.org/10.1038/142643a0
https://doi.org/10.1038/142643a0

[35] J.F. Allen and E. Ganz, “The influence of pressure on the thermal conductivity of
liquid He 11, Proc. A 171, 242-250 (1939).

[36] P.L. Kapitza, “Heat Transfer and Superfluidity of Helium II”’, Phys. Rev. 60, 354—
355 (1941).

[37] J. Gao, E. Varga, W. Guo, and W. F. Vinen, “Energy spectrum of thermal counter-
flow turbulence in superfluid helium-4", Phys. Rev. B 96, 094511 (2017).

[38] A. Ulmer, A. Heilrath, B. Senfftleben, S. M. O. O’Connell-Lopez, B. Kruse, et al.,
“Generation of Large Vortex-Free Superfluid Helium Nanodroplets”, Phys. Rev.
Lett. 131, 076002 (2023).

[39] A. K. Verma, S. Shukla, V. Shukla, A. Basu, and R. Pandit, “Statistical proper-
ties of superfluid turbulence in *He from the Hall-Vinen-Bekharevich-Khalatnikov
model”, Phys. Rev. E 108, 045103 (2023).

[40] F. Brieuc, C. Schran, and D. Marx, “Manifestations of local supersolidity of *He
around a charged molecular impurity”, Phys. Rev. Res. 5, 043083 (2023).

[41] T. Morresi and G. Garberoglio, ‘“Revisiting the properties of superfluid and normal
liquid 4He using ab initio potentials”, J. Low Temp. Phys. 219, 103122 (2025).

[42] H. Frohlich, “Die spezifische Wirme der Elektronen kleiner metallteilchen bei
tiefen Temperaturen”, Physica 4, 639-644 (1937).

[43] A.J.F. and H. Jones, “New Phenomena Connected with Heat Flow in Helium II”,
Nature 141, 243-244 (1938).

[44] F. London, “The A\-Phenomenon of Liquid Helium and the Bose-Einstein Degen-
eracy”, Nature 141, 643—644 (1938).

[45] L. Tisza, “Transport Phenomena in Helium II”’, Nature 141, 913-913 (1938).

[46] Bose, S. N., “Plancks Gesetz und Lichtquantenhypothese”, Z. Phys. 26, 178181
(1924).

[47] A.Einstein, “Quantentheorie des einatomigen idealen Gases”, Sitzungsber. Preuss.
Akad. Wiss., 261 (1924).

[48] A.Einstein, “Quantentheorie des einatomigen idealen Gases. 2. Abhandlung”, Sitzungs-
ber. Preuss. Akad. Wiss., 3 (1925).

[49] L. Landau, “Theory of the Superfluidity of Helium II”, Phys. Rev. 60, 356-358
(1941).

[50] D. D. Osheroft, R. C. Richardson, and D. M. Lee, “Evidence for a New Phase of
Solid He?”, Phys. Rev. Lett. 28, 885-888 (1972).

[51] D. D. Osheroff, W. J. Gully, R. C. Richardson, and D. M. Lee, “New Magnetic
Phenomena in Liquid He® below 3 mK”, Phys. Rev. Lett. 29, 920-923 (1972).

[52] G. D. Mahan, Many particle physics, eng, Physics of solids and liquids (Plenum
Press, New York, 1981).

[53] D. Vollhardt and P. Wolfle, The superfluid phases of helium 3, third ed. (Philadel-
phia, PA (USA); Taylor and Francis Inc., Jan. 1990).

[54] W. Pauli, “Uber den Zusammenhang des Abschlusses der Elektronengruppen im
Atom mit der Komplexstruktur der Spektren”, Z. Phys. 31, 765-783 (1925).

215


https://doi.org/10.1098/rspa.1939.0063
https://doi.org/10.1103/PhysRev.60.354
https://doi.org/10.1103/PhysRev.60.354
https://doi.org/10.1103/PhysRevB.96.094511
https://doi.org/10.1103/PhysRevLett.131.076002
https://doi.org/10.1103/PhysRevLett.131.076002
https://doi.org/10.1103/PhysRevE.108.045103
https://doi.org/10.1103/PhysRevResearch.5.043083
https://doi.org/10.1007/s10909-025-03283-6
https://doi.org/https://doi.org/10.1016/S0031-8914(37)80160-3
https://doi.org/10.1038/141243a0
https://doi.org/10.1038/141643a0
https://doi.org/10.1038/141913a0
https://doi.org/10.1007/BF01327326
https://doi.org/10.1007/BF01327326
https://www.uni-muenster.de/imperia/md/content/physik_ap/demokritov/mbecfornonphysicists/einstein_1924_1925.pdf
https://www.uni-muenster.de/imperia/md/content/physik_ap/demokritov/mbecfornonphysicists/einstein_1924_1925.pdf
https://www.uni-muenster.de/imperia/md/content/physik_ap/demokritov/mbecfornonphysicists/einstein_1924_1925.pdf
https://www.uni-muenster.de/imperia/md/content/physik_ap/demokritov/mbecfornonphysicists/einstein_1924_1925.pdf
https://doi.org/10.1103/PhysRev.60.356
https://doi.org/10.1103/PhysRev.60.356
https://doi.org/10.1103/PhysRevLett.28.885
https://doi.org/10.1103/PhysRevLett.29.920
https://doi.org/10.1007/BF02980631

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]
[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

M. Fierz, “Uber die relativistische Theorie kriiftefreier Teilchen mit beliebigem
Spin”, Helv. Phys. Acta 12, 3 (1939).

P. W. Anderson and P. Morel, “Generalized Bardeen-Cooper-Schrieffer States and
the Proposed Low-Temperature Phase of Liquid He®”, Phys. Rev. 123, 1911-1934
(1961).

R. Balian and N. R. Werthamer, “Superconductivity with Pairs in a Relative p
Wave”, Phys. Rev. 131, 1553-1564 (1963).

The Nobel Foundation, The Nobel Prize in Physics 1996. Prize Announcement,
Nobel Prize Outreach AB, (1996) https://www.nobelprize.org/prizes/
physics/1996/summary (visited on 12/02/2025).

A.J. Leggett, “Interpretation of Recent Results on He® below 3 mK: A New Liquid
Phase?”, Phys. Rev. Lett. 29, 1227-1230 (1972).

H. Feshbach, “Unified theory of nuclear reactions”, Ann. Phys. (N. Y.) 5, 357-390
(1958).

U. Fano, “Effects of Configuration Interaction on Intensities and Phase Shifts”,
Phys. Rev. 124, 1866-1878 (1961).

H. Friedrich, Scattering theory, Vol. 872 (Springer, 2013).

V. Gurarie and L. Radzihovsky, “Resonantly paired fermionic superfluids”, Ann.
Phys. (N. Y.) 322, 2-119 (2007).

W. Ketterle and M. W. Zwierlein, “Making, probing and understanding ultracold
Fermi gases”, La Rivista del Nuovo Cimento 31, 247422 (2008).

C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, “Feshbach resonances in ultracold
gases”, Rev. Mod. Phys. 82, 1225-1286 (2010).

A. Becker, “BCS Mean-Field Theory for Trapped Fermions”, MA thesis (Technis-
che Universitit Kaiserslautern, 2021).

D.J. M. Ahmed-Braun, “From few- to many-body physics in strongly interacting
quantum gases: A lot about the little and a little about the lot”, PhD thesis (Eind-
hoven University of Technology, May 2023).

J. J. Sakurai and J. Napolitano, Modern Quantum Mechanics, 3rd ed. (Cambridge
University Press, 2020).

K. M. O’Hara, S. L. Hemmer, M. E. Gehm, S. R. Granade, and J. E. Thomas,
“Observation of a Strongly Interacting Degenerate Fermi Gas of Atoms”, Science
298, 2179-2182 (2002).

C. L. Blackley, P. S. Julienne, and J. M. Hutson, “Effective-range approximations
for resonant scattering of cold atoms”, Phys. Rev. A 89, 042701 (2014).

M. Bartenstein, A. Altmeyer, S. Riedl, R. Geursen, S. Jochim, et al., “Precise De-
termination of 5Li Cold Collision Parameters by Radio-Frequency Spectroscopy
on Weakly Bound Molecules”, Phys. Rev. Lett. 94, 103201 (2005).

C. A. Regal, C. Ticknor, J. L. Bohn, and D. S. Jin, “Tuning p-Wave Interactions in
an Ultracold Fermi Gas of Atoms”, Phys. Rev. Lett. 90, 053201 (2003).

C. A. Regal, M. Greiner, and D. S. Jin, “Observation of Resonance Condensation
of Fermionic Atom Pairs”, Phys. Rev. Lett. 92, 040403 (2004).

216


https://doi.org/10.5169/seals-110930
https://doi.org/10.1103/PhysRev.123.1911
https://doi.org/10.1103/PhysRev.123.1911
https://doi.org/10.1103/PhysRev.131.1553
https://www.nobelprize.org/prizes/physics/1996/summary
https://www.nobelprize.org/prizes/physics/1996/summary
https://doi.org/10.1103/PhysRevLett.29.1227
https://doi.org/https://doi.org/10.1016/0003-4916(58)90007-1
https://doi.org/https://doi.org/10.1016/0003-4916(58)90007-1
https://doi.org/10.1103/PhysRev.124.1866
https://doi.org/https://doi.org/10.1016/j.aop.2006.10.009
https://doi.org/https://doi.org/10.1016/j.aop.2006.10.009
https://doi.org/10.1393/ncr/i2008-10033-1
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1126/science.1079107
https://doi.org/10.1126/science.1079107
https://doi.org/10.1103/PhysRevA.89.042701
https://doi.org/10.1103/PhysRevLett.94.103201
https://doi.org/10.1103/PhysRevLett.90.053201
https://doi.org/10.1103/PhysRevLett.92.040403

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

C. D’Errico, M. Zaccanti, M. Fattori, G. Roati, M. Inguscio, et al., “Feshbach res-
onances in ultracold 39K, New J. Phys. 9, 223 (2007).

D. M. Eagles, “Possible Pairing without Superconductivity at Low Carrier Con-
centrations in Bulk and Thin-Film Superconducting Semiconductors”, Phys. Rev.
186, 456-463 (1969).

A. J. Leggett, “Diatomic molecules and Cooper pairs”, in Modern Trends in the
Theory of Condensed Matter (1980), pp. 13-27.

W. Zwerger, The BCS-BEC crossover and the unitary Fermi gas, Vol. 836 (Springer
Science & Business Media, 2011).

G. C. Strinati, P. Pieri, G. Ropke, P. Schuck, and M. Urban, “The BCSBEC crossover:
From ultra-cold Fermi gases to nuclear systems”, Phys. Rep. 738, 1-76 (2018).

Q. Chen, Z. Wang, R. Boyack, S. Yang, and K. Levin, “When superconductivity
crosses over: From BCS to BEC”, Rev. Mod. Phys. 96, 025002 (2024).

P. Nozieres and S. Schmitt-Rink, “Bose condensation in an attractive fermion gas:
From weak to strong coupling superconductivity”, J. Low Temp. Phys. 59, 195-
211 (1985).

R. Haussmann, “Crossover from BCS superconductivity to Bose-Einstein conden-
sation: A self-consistent theory”, Z. Phys. B: Condens. Matter 91, 291-308 (1993).

H. Hu, X.-J. Liu, and P. D. Drummond, “Equation of state of a superfluid Fermi
gas in the BCS-BEC crossover”, Europhys. Lett. 74, 574 (2006).

R. Haussmann, W. Rantner, S. Cerrito, and W. Zwerger, ‘“Thermodynamics of the
BCS-BEC crossover”, Phys. Rev. A 75, 023610 (2007).

M. Pini, P. Pieri, and G. C. Strinati, “Fermi gas throughout the BCS-BEC crossover:
Comparative study of ¢t-matrix approaches with various degrees of self-consistency”,
Phys. Rev. B 99, 094502 (2019).

H. Tajima, A. Perali, and P. Pieri, “BCS-BEC Crossover and Pairing Fluctuations in
a Two Band Superfluid/Superconductor: A T Matrix Approach”, Condens. Matter
5, 10 (2020).

C. A. R. Sd de Melo, “When fermions become bosons: Pairing in ultracold gases”,
Physics Today 61 (2008).

C. A. R. Sa de Melo, M. Randeria, and J. R. Engelbrecht, “Crossover from BCS
to Bose superconductivity: Transition temperature and time-dependent Ginzburg-
Landau theory”, Phys. Rev. Lett. 71, 3202-3205 (1993).

J. R. Engelbrecht, M. Randeria, and C. A. R. S4 de Melo, “BCS to Bose crossover:
Broken-symmetry state”, Phys. Rev. B 55, 15153-15156 (1997).

P. W. Anderson, “Random-Phase Approximation in the Theory of Superconduc-
tivity”, Phys. Rev. 112, 1900-1916 (1958).

J. Goldstone, “"Field theories with i Superconductor z solutions"”, Il Nuovo Ci-
mento (1955-1965) 19, 154—-164 (1961).

J. Goldstone, A. Salam, and S. Weinberg, “Broken Symmetries”, Phys. Rev. 127,
965-970 (1962).

217


https://doi.org/10.1088/1367-2630/9/7/223
https://doi.org/10.1103/PhysRev.186.456
https://doi.org/10.1103/PhysRev.186.456
https://doi.org/https://doi.org/10.1016/j.physrep.2018.02.004
https://doi.org/10.1103/RevModPhys.96.025002
https://doi.org/10.1007/BF00683774
https://doi.org/10.1007/BF00683774
https://doi.org/10.1007/BF01344058
https://doi.org/10.1209/epl/i2006-10023-y
https://doi.org/10.1103/PhysRevA.75.023610
https://doi.org/10.1103/PhysRevB.99.094502
https://doi.org/10.3390/condmat5010010
https://doi.org/10.3390/condmat5010010
10.1063/1.3001867
https://doi.org/10.1103/PhysRevLett.71.3202
https://doi.org/10.1103/PhysRevB.55.15153
https://doi.org/10.1103/PhysRev.112.1900
https://doi.org/10.1007/BF02812722
https://doi.org/10.1007/BF02812722
https://doi.org/10.1103/PhysRev.127.965
https://doi.org/10.1103/PhysRev.127.965

[92]

(93]

[94]

[95]
[96]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

H. Kurkjian, S. N. Klimin, J. Tempere, and Y. Castin, “Pair-Breaking Collective
Branch in BCS Superconductors and Superfluid Fermi Gases”, Phys. Rev. Lett.
122, 093403 (2019).

J. Keeling, P. R. Eastham, M. H. Szymanska, and P. B. Littlewood, “BCS-BEC
crossover in a system of microcavity polaritons”, Phys. Rev. B 72, 115320 (2005).

L. Gorkov and T. Melik-Barkhudarov, “Contribution to the theory of superfluidity
in an imperfect Fermi gas”, Sov. Phys. JETP 13, 1018 (1961).

L. P. Gor’kov, “Energy spectrum of superconductors”, Sov. Phys. - JETP 7:3 (1958).

S. Floerchinger, M. Scherer, S. Diehl, and C. Wetterich, “Particle-hole fluctuations
in BCS-BEC crossover”, Phys. Rev. B 78, 174528 (2008).

Z.-Q. Yu, K. Huang, and L. Yin, “Induced interaction in a Fermi gas with a BEC-
BCS crossover”, Phys. Rev. A 79, 053636 (2009).

X.-X. Ruan, H. Gong, L. Du, W.-M. Sun, and H.-S. Zong, “Effect of the induced
interaction on the superfluid-transition temperature of ultracold Fermi gases within
the 7T-matrix approximation”, Phys. Rev. A 87, 043608 (2013).

Q. Chen, “Effect of the particle-hole channel on BCS—-Bose-Einstein condensation
crossover in atomic Fermi gases”, Sci. Rep. 6, 25772 (2016).

L. Pisani, A. Perali, P. Pieri, and G. C. Strinati, “Entanglement between pairing and
screening in the Gorkov-Melik-Barkhudarov correction to the critical temperature
throughout the BCS-BEC crossover”, Phys. Rev. B 97, 014528 (2018).

E. R. Anderson and J. E. Drut, “Pressure, Compressibility, and Contact of the Two-
Dimensional Attractive Fermi Gas”, Phys. Rev. Lett. 115, 115301 (2015).

L. He, H. Lii, G. Cao, H. Hu, and X.-J. Liu, “Quantum fluctuations in the BCS-BEC
crossover of two-dimensional Fermi gases”, Phys. Rev. A 92, 023620 (2015).

Y. Cao, X.-J. Liu, L. He, G.-L. Long, and H. Hu, “Superfluid density and Berezinskii-
Kosterlitz-Thouless transition of a spin-orbit-coupled Fulde-Ferrell superfluid”,
Phys. Rev. A 91, 023609 (2015).

B. C. Mulkerin, L. He, P. Dyke, C. J. Vale, X.-J. Liu, and H. Hu, “Superfluid density
and critical velocity near the Berezinskii-Kosterlitz-Thouless transition in a two-
dimensional strongly interacting Fermi gas”, Phys. Rev. A 96, 053608 (2017).

F. Pascucci and L. Salasnich, “Josephson effect with superfluid fermions in the
two-dimensional BCS-BEC crossover”, Phys. Rev. A 102, 013325 (2020).

J. C. Obeso-Jureidini and V. Romero-Rochin, “Density correlation functions and
the spatial structure of the two-dimensional BEC-BCS crossover”, Phys. Rev. A
105, 043307 (2022).

S. Van Loon and C. A. R. Sa de Melo, “Effects of Quantum Fluctuations on the

Low-Energy Collective Modes of Two-Dimensional Superfluid Fermi Gases from
the BCS to the Bose Limit”, Phys. Rev. Lett. 131, 113001 (2023).

S. Ramachandran, S. Jensen, and Y. Alhassid, “Precision thermodynamics of the
strongly interacting Fermi gas in two dimensions”, Eur. Phys. J. Spec. Top., 10.
1140/epjs/s11734-025-02021-z (2025).

218


https://doi.org/10.1103/PhysRevLett.122.093403
https://doi.org/10.1103/PhysRevLett.122.093403
https://doi.org/10.1103/PhysRevB.72.115320
https://www.osti.gov/biblio/7264948
https://doi.org/10.1103/PhysRevB.78.174528
https://doi.org/10.1103/PhysRevA.79.053636
https://doi.org/10.1103/PhysRevA.87.043608
https://doi.org/10.1038/srep25772
https://doi.org/10.1103/PhysRevB.97.014528
https://doi.org/10.1103/PhysRevLett.115.115301
https://doi.org/10.1103/PhysRevA.92.023620
https://doi.org/10.1103/PhysRevA.91.023609
https://doi.org/10.1103/PhysRevA.96.053608
https://doi.org/10.1103/PhysRevA.102.013325
https://doi.org/10.1103/PhysRevA.105.043307
https://doi.org/10.1103/PhysRevA.105.043307
https://doi.org/10.1103/PhysRevLett.131.113001
https://doi.org/10.1140/epjs/s11734-025-02021-z
https://doi.org/10.1140/epjs/s11734-025-02021-z
https://doi.org/10.1140/epjs/s11734-025-02021-z
https://doi.org/10.1140/epjs/s11734-025-02021-z

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

T. Mizushima, K. Machida, and M. Ichioka, “Direct Imaging of Spatially Modu-
lated Superfluid Phases in Atomic Fermion Systems”, Phys. Rev. Lett. 94, 060404
(2005).

P. Castorina, M. Grasso, M. Oertel, M. Urban, and D. Zappala, “Nonstandard pair-
ing in asymmetric trapped Fermi gases”, Phys. Rev. A 72, 025601 (2005).

M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and W. Ketterle, “Fermionic Su-
perfluidity with Imbalanced Spin Populations”, Science 311, 492—-496 (2006).

J. Tempere, S. N. Klimin, J. T. Devreese, and V. V. Moshchalkov, “Imbalanced d-
wave superfluids in the BCS-BEC crossover regime at finite temperatures”, Phys.
Rev. B 77, 134502 (2008).

J. Tempere, S. N. Klimin, and J. T. Devreese, “Phase separation in imbalanced
fermion superfluids beyond the mean-field approximation”, Phys. Rev. A 78, 023626
(2008).

A. Bulgac and M. M. Forbes, “Unitary Fermi Supersolid: The Larkin-Ovchinnikov
Phase”, Phys. Rev. Lett. 101, 215301 (2008).

S. N. Klimin, J. Tempere, and J. P. A. Devreese, “Pair Excitations and Parameters
of State of Imbalanced Fermi Gases at Finite Temperatures”, J. Low Temp. Phys.
165, 261-274 (2011).

S. Klimin, J. Tempere, and J. T. Devreese, “Pseudogap and preformed pairs in the
imbalanced Fermi gas in two dimensions”, New J. Phys. 14, 103044 (2012).

T. Kashimura, R. Watanabe, and Y. Ohashi, “Spin susceptibility and fluctuation
corrections in the BCS-BEC crossover regime of an ultracold Fermi gas”, Phys.
Rev. A 86, 043622 (2012).

S.-G. Peng, X.-J. Liu, and H. Hu, “Large-momentum distribution of a polarized
Fermi gas and p-wave contacts”, Phys. Rev. A 94, 063651 (2016).

B..Tiizemen and T. Sowi ski, “Hierarchy of pairing in an imbalanced three-component
one-dimensional Fermi gas”, Phys. Rev. A 112, 023322 (2025).

Y. Ohashi and A. Griffin, “Superfluidity and collective modes in a uniform gas of
Fermi atoms with a Feshbach resonance”, Phys. Rev. A 67, 063612 (2003).

R. Combescot, M. Y. Kagan, and S. Stringari, “Collective mode of homogeneous
superfluid Fermi gases in the BEC-BCS crossover”, Phys. Rev. A 74, 042717 (2006).

R. B. Diener, R. Sensarma, and M. Randeria, “Quantum fluctuations in the super-
fluid state of the BCS-BEC crossover”, Phys. Rev. A 77, 023626 (2008).

B. M. Breid and J. R. Anglin, “Postadiabatic Hamiltonian for low-energy excita-
tions in a slowly-time-dependent BCS-BEC crossover”, Phys. Rev. A 88, 033617
(2013).

S. N. Klimin, J. Tempere, G. Lombardi, and J. T. Devreese, “Finite temperature
effective field theory and two-band superfluidity in Fermi gases”, Eur. Phys. J. B
88, 122 (2015).

B.Liu, H. Zhai, and S. Zhang, “Evolution of the Higgs mode in a fermion superfluid
with tunable interactions”, Phys. Rev. A 93, 033641 (2016).

219


https://doi.org/10.1103/PhysRevLett.94.060404
https://doi.org/10.1103/PhysRevLett.94.060404
https://doi.org/10.1103/PhysRevA.72.025601
https://doi.org/10.1126/science.1122318
https://doi.org/10.1103/PhysRevB.77.134502
https://doi.org/10.1103/PhysRevB.77.134502
https://doi.org/10.1103/PhysRevA.78.023626
https://doi.org/10.1103/PhysRevA.78.023626
https://doi.org/10.1103/PhysRevLett.101.215301
https://doi.org/10.1007/s10909-011-0397-2
https://doi.org/10.1007/s10909-011-0397-2
https://doi.org/10.1088/1367-2630/14/10/103044
https://doi.org/10.1103/PhysRevA.86.043622
https://doi.org/10.1103/PhysRevA.86.043622
https://doi.org/10.1103/PhysRevA.94.063651
https://doi.org/10.1103/yf54-cg95
https://doi.org/10.1103/PhysRevA.67.063612
https://doi.org/10.1103/PhysRevA.74.042717
https://doi.org/10.1103/PhysRevA.77.023626
https://doi.org/10.1103/PhysRevA.88.033617
https://doi.org/10.1103/PhysRevA.88.033617
https://doi.org/10.1140/epjb/e2015-60213-4
https://doi.org/10.1140/epjb/e2015-60213-4
https://doi.org/10.1103/PhysRevA.93.033641

[126] L.He, “Dynamic density and spin responses of a superfluid Fermi gas in the BCSBEC
crossover: Path integral formulation and pair fluctuation theory”, Ann. Phys. (N.
Y.) 373, 470-511 (2016).

[127] S. Van Loon, J. Tempere, and H. Kurkjian, “Beyond Mean-Field Corrections to the
Quasiparticle Spectrum of Superfluid Fermi Gases”, Phys. Rev. Lett. 124, 073404
(2020).

[128] S. N. Klimin, J. Tempere, and H. Kurkjian, “Collective excitations of superfluid
Fermi gases near the transition temperature”, Phys. Rev. A 103, 043336 (2021).

[129] S.N.Klimin, J. Tempere, T. Repplinger, and H. Kurkjian, “Collective excitations of
a charged Fermi superfluid in the BCS-BEC crossover”, New J. Phys. 25, 063011
(2023).

[130] M. Iskin, “Structure factors and quantum geometry in multiband BCS supercon-
ductors”, Phys. Rev. B 112, 014517 (2025).

[131] E. Taylor, H. Hu, X.-J. Liu, L. P. Pitaevskii, A. Griffin, and S. Stringari, “First and
second sound in a strongly interacting Fermi gas”, Phys. Rev. A 80, 053601 (2009).

[132] J. Nespolo, G. E. Astrakharchik, and A. Recati, “AndreevBashkin effect in super-
fluid cold gases mixtures”, New J. Phys. 19, 125005 (2017).

[133] A. Boulet, G. Wlazowski, and P. Magierski, “Local energy density functional for
superfluid Fermi gases from effective field theory”, Phys. Rev. A 106, 013306
(2022).

[134] L. Levrouw, H. Takeuchi, and J. Tempere, “Vortex mass in superfluid Fermi gases
along the BEC-BCS crossover”, Phys. Rev. A 112, 043310 (2025).

[135] A. Rapp, G. Zarand, C. Honerkamp, and W. Hofstetter, “Color Superfluidity and
“Baryon” Formation in Ultracold Fermions”, Phys. Rev. Lett. 98, 160405 (2007).

[136] S.-y. Miyatake, K. Inaba, and S.-i. Suga, “Color superfluidity and trionic state of
three-component lattice fermionic atoms”, J. Phys. Conf. Ser. 273, 012008 (2011).

[137] D. M. Kurkcuoglu and C. A. R. Sa de Melo, “Color superfluidity of neutral ultra-
cold fermions in the presence of color-flip and color-orbit fields”, Phys. Rev. A 97,
023632 (2018).

[138] X. Liand Y. Wang, “Coexisting Néel and charge density wave orders in attractive
three-color fermions”, Phys. Rev. B 110, 115105 (2024).

[139] C. A. Regal and D. S. Jin, “Measurement of Positive and Negative Scattering
Lengths in a Fermi Gas of Atoms”, Phys. Rev. Lett. 90, 230404 (2003).

[140] C. A.Regal, C. Ticknor, J. L. Bohn, and D. S. Jin, “Creation of ultracold molecules
from a Fermi gas of atoms”, Nature 424, 47-50 (2003).

[141] M. Greiner, C. A. Regal, and D. S. Jin, “Emergence of a molecular Bose—FEinstein
condensate from a Fermi gas”, Nature 426, 537-540 (2003).

[142] T.Bourdel, J. Cubizolles, L. Khaykovich, K. M. F. Magalhaes, S. J. J. M. F. Kokkel-
mans, et al., “Measurement of the Interaction Energy near a Feshbach Resonance
in a 5Li Fermi Gas”, Phys. Rev. Lett. 91, 020402 (2003).

[143] M. W. Zwierlein, C. A. Stan, C. H. Schunck, S. M. F. Raupach, S. Gupta, et al.,
“Observation of Bose-Einstein Condensation of Molecules”, Phys. Rev. Lett. 91,
250401 (2003).

220


https://doi.org/https://doi.org/10.1016/j.aop.2016.07.030
https://doi.org/https://doi.org/10.1016/j.aop.2016.07.030
https://doi.org/10.1103/PhysRevLett.124.073404
https://doi.org/10.1103/PhysRevLett.124.073404
https://doi.org/10.1103/PhysRevA.103.043336
https://doi.org/10.1088/1367-2630/acdab5
https://doi.org/10.1088/1367-2630/acdab5
https://doi.org/10.1103/67gs-51xd
https://doi.org/10.1103/PhysRevA.80.053601
https://doi.org/10.1088/1367-2630/aa93a0
https://doi.org/10.1103/PhysRevA.106.013306
https://doi.org/10.1103/PhysRevA.106.013306
https://doi.org/10.1103/p24p-k59v
https://doi.org/10.1103/PhysRevLett.98.160405
https://doi.org/10.1088/1742-6596/273/1/012008
https://doi.org/10.1103/PhysRevA.97.023632
https://doi.org/10.1103/PhysRevA.97.023632
https://doi.org/10.1103/PhysRevB.110.115105
https://doi.org/10.1103/PhysRevLett.90.230404
https://doi.org/10.1038/nature01738
https://doi.org/10.1038/nature02199
https://doi.org/10.1103/PhysRevLett.91.020402
https://doi.org/10.1103/PhysRevLett.91.250401
https://doi.org/10.1103/PhysRevLett.91.250401

[144] T. Bourdel, L. Khaykovich, J. Cubizolles, J. Zhang, F. Chevy, et al., “Experimen-
tal Study of the BEC-BCS Crossover Region in Lithium 6”, Phys. Rev. Lett. 93,
050401 (2004).

[145] M. W. Zwierlein, C. A. Stan, C. H. Schunck, S. M. F. Raupach, A. J. Kerman, and
W. Ketterle, “Condensation of Pairs of Fermionic Atoms near a Feshbach Reso-
nance”, Phys. Rev. Lett. 92, 120403 (2004).

[146] J.Kinast, S. L. Hemmer, M. E. Gehm, A. Turlapov, and J. E. Thomas, “Evidence for
Superfluidity in a Resonantly Interacting Fermi Gas”, Phys. Rev. Lett. 92, 150402
(2004).

[147] J. Kinast, A. Turlapov, J. E. Thomas, Q. Chen, J. Stajic, and K. Levin, “Heat Ca-
pacity of a Strongly Interacting Fermi Gas”, Science 307, 1296-1299 (2005).

[148] M. W. Zwierlein, J. R. Abo-Shaeer, A. Schirotzek, C. H. Schunck, and W. Ketterle,
“Vortices and superfluidity in a strongly interacting Fermi gas”, Nature 435, 1047—
1051 (2005).

[149] G. B. Partridge, K. E. Strecker, R. I. Kamar, M. W. Jack, and R. G. Hulet, “Molec-
ular Probe of Pairing in the BEC-BCS Crossover”, Phys. Rev. Lett. 95, 020404
(2005).

[150] M. Greiner, C. A. Regal, J. T. Stewart, and D. S. Jin, “Probing Pair-Correlated
Fermionic Atoms through Correlations in Atom Shot Noise”, Phys. Rev. Lett. 94,
110401 (2005).

[151] B. Génger,J. Phieler, B. Nagler, and A. Widera, “A versatile apparatus for fermionic
lithium quantum gases based on an interference-filter laser system”, Rev. Sci. In-
strum. 89, 093105 (2018).

[152] X.-P.Liu, X.-C. Yao, H.-Z. Chen, X.-Q. Wang, Y.-X. Wang, et al., “Observation of
the density dependence of the closed-channel fraction of a 6Li superfluid”, Natl.
Sci. Rev. 9, nwab226 (2021).

[153] A. Perali, P. Pieri, L. Pisani, and G. C. Strinati, “BCS-BEC Crossover at Finite
Temperature for Superfluid Trapped Fermi Atoms”, Phys. Rev. Lett. 92, 220404
(2004).

[154] S.Yong, S. Barbosa, J. Koch, F. Lang, A. Pelster, and A. Widera, Unravelling Inter-

action and Temperature Contributions in Unpolarized Trapped Fermionic Atoms
in the BCS Regime, 2023.

[155] A. L. Gaunt, T. F. Schmidutz, I. Gotlibovych, R. P. Smith, and Z. Hadzibabic,
“Bose-Einstein Condensation of Atoms in a Uniform Potential”, Phys. Rev. Lett.
110, 200406 (2013).

[156] B. Mukherjee, Z. Yan, P. B. Patel, Z. Hadzibabic, T. Yefsah, et al., “Homogeneous
Atomic Fermi Gases”, Phys. Rev. Lett. 118, 123401 (2017).

[157] N. Navon, R. P. Smith, and Z. Hadzibabic, “Quantum gases in optical boxes”, Nat.
Phys. 17, 1334-1341 (2021).

[158] K.Hueck, N. Luick, L. Sobirey, J. Siegl, T. Lompe, and H. Moritz, “Two-Dimensional
Homogeneous Fermi Gases”, Phys. Rev. Lett. 120, 060402 (2018).

[159] X.Li,S. Wang, X. Luo, Y.-Y. Zhou, K. Xie, et al., “Observation and quantification
of the pseudogap in unitary Fermi gases”, Nature 626, 288-293 (2024).

221


https://doi.org/10.1103/PhysRevLett.93.050401
https://doi.org/10.1103/PhysRevLett.93.050401
https://doi.org/10.1103/PhysRevLett.92.120403
https://doi.org/10.1103/PhysRevLett.92.150402
https://doi.org/10.1103/PhysRevLett.92.150402
https://doi.org/10.1126/science.1109220
https://doi.org/10.1038/nature03858
https://doi.org/10.1038/nature03858
https://doi.org/10.1103/PhysRevLett.95.020404
https://doi.org/10.1103/PhysRevLett.95.020404
https://doi.org/10.1103/PhysRevLett.94.110401
https://doi.org/10.1103/PhysRevLett.94.110401
https://doi.org/10.1063/1.5045827
https://doi.org/10.1063/1.5045827
https://doi.org/10.1093/nsr/nwab226
https://doi.org/10.1093/nsr/nwab226
https://doi.org/10.1103/PhysRevLett.92.220404
https://doi.org/10.1103/PhysRevLett.92.220404
https://doi.org/10.1103/PhysRevLett.110.200406
https://doi.org/10.1103/PhysRevLett.110.200406
https://doi.org/10.1103/PhysRevLett.118.123401
https://doi.org/10.1038/s41567-021-01403-z
https://doi.org/10.1038/s41567-021-01403-z
https://doi.org/10.1103/PhysRevLett.120.060402
https://doi.org/10.1038/s41586-023-06964-y

[160]

[161]

[162]

[163]

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

[172]

[173]

[174]

[175]

[176]

L. Luo and J. E. Thomas, “Thermodynamic Measurements indadStrongly Interact-
ing FermiaGas”, J. Low Temp. Phys. 154, 1-29 (2009).

K. Loida, A. Sheikhan, and C. Kollath, “Thermometry of ultracold fermions by
(super)lattice modulation spectroscopy”, Phys. Rev. A 92, 043624 (2015).

M. T. Mitchison, T. Fogarty, G. Guarnieri, S. Campbell, T. Busch, and J. Goold,
“In Situ Thermometry of a Cold Fermi Gas via Dephasing Impurities”, Phys. Rev.
Lett. 125, 080402 (2020).

Z. Yan, P. B. Patel, B. Mukherjee, C. J. Vale, R. J. Fletcher, and M. W. Zwierlein,
“Thermography of the superfluid transition in a strongly interacting Fermi gas”,
Science 383, 629-633 (2024).

M. Link, K. Gao, A. Kell, M. Breyer, D. Eberz, et al., “Machine Learning the
Phase Diagram of a Strongly Interacting Fermi Gas”, Phys. Rev. Lett. 130, 203401
(2023).

D. Eberz, M. Link, A. Kell, M. Breyer, K. Gao, and M. Kohl, “Detecting the phase
transition in a strongly interacting Fermi gas by unsupervised machine learning”,
Phys. Rev. A 108, 063303 (2023).

C. Chin, M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, et al., “Observation
of the Pairing Gap in a Strongly Interacting Fermi Gas”, Science 305, 1128—1130
(2004).

Q. Chen, C. A. Regal, M. Greiner, D. S. Jin, and K. Levin, “Understanding the
superfluid phase diagram in trapped Fermi gases”, Phys. Rev. A 73, 041601 (2006).

J. Koch, K. Menon, E. Cuestas, S. Barbosa, E. Lutz, et al., “A quantum engine in
the BEC-BCS crossover”, Nature 621, 723727 (2023).

C. Berthod, I. Maggio-Aprile, J. Bruér, A. Erb, and C. Renner, “Observation of
Caroli—de Gennes—Matricon Vortex States in YBayCuzO7_s”, Phys. Rev. Lett. 119,
237001 (2017).

M. Heyl, K. Adachi, Y. M. Itahashi, Y. Nakagawa, Y. Kasahara, et al., “Vortex
dynamics in the two-dimensional BCS-BEC crossover”, Nat. Commun. 13, 6986
(2022).

S. Simonucci, P. Pieri, and G. C. Strinati, “Vortex arrays in neutral trapped Fermi
gases through the BCS—BEC crossover”, Nat. Phys. 11, 941-945 (2015).

M. Tylutki and G. Wlazowski, “Universal aspects of vortex reconnections across
the BCS-BEC crossover”, Phys. Rev. A 103, L0O51302 (2021).

C. Lobo, I. Carusotto, S. Giorgini, A. Recati, and S. Stringari, “Pair Correlations
of an Expanding Superfluid Fermi Gas”, Phys. Rev. Lett. 97, 100405 (2006).

J. C. Obeso-Jureidini and V. Romero-Rochin, “Spatial structure of the pair wave
function and the density correlation functions throughout the BEC-BCS crossover”,
Phys. Rev. A 101, 033619 (2020).

M. Pini, P. Pieri, M. Jéger, J. H. Denschlag, and G. C. Strinati, “Pair correlations
in the normal phase of an attractive Fermi gas”, New J. Phys. 22, 083008 (2020).

J. Kim, G. Pescia, B. Fore, J. Nys, G. Carleo, et al., “Neural-network quantum
states for ultra-cold Fermi gases”, Commun. Phys. 7, 148 (2024).

222


https://doi.org/10.1007/s10909-008-9850-2
https://doi.org/10.1103/PhysRevA.92.043624
https://doi.org/10.1103/PhysRevLett.125.080402
https://doi.org/10.1103/PhysRevLett.125.080402
https://doi.org/10.1126/science.adg3430
https://doi.org/10.1103/PhysRevLett.130.203401
https://doi.org/10.1103/PhysRevLett.130.203401
https://doi.org/10.1103/PhysRevA.108.063303
https://doi.org/10.1126/science.1100818
https://doi.org/10.1126/science.1100818
https://doi.org/10.1103/PhysRevA.73.041601
https://doi.org/10.1038/s41586-023-06469-8
https://doi.org/10.1103/PhysRevLett.119.237001
https://doi.org/10.1103/PhysRevLett.119.237001
https://doi.org/10.1038/s41467-022-34756-x
https://doi.org/10.1038/s41467-022-34756-x
https://doi.org/10.1038/nphys3449
https://doi.org/10.1103/PhysRevA.103.L051302
https://doi.org/10.1103/PhysRevLett.97.100405
https://doi.org/10.1103/PhysRevA.101.033619
https://doi.org/10.1088/1367-2630/ab9ee3
https://doi.org/10.1038/s42005-024-01613-w

[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

[187]

[188]

[189]

[190]

[191]

[192]

[193]

G. E. Astrakharchik, J. Boronat, J. Casulleras, and S. Giorgini, “Equation of State
of a Fermi Gas in the BEC-BCS Crossover: A Quantum Monte Carlo Study”, Phys.
Rev. Lett. 93, 200404 (2004).

A. Bulgac, J. E. Drut, and P. Magierski, “Quantum Monte Carlo simulations of the
BCS-BEC crossover at finite temperature”, Phys. Rev. A 78, 023625 (2008).

S. Gandolfi, K. E. Schmidt, and J. Carlson, “BEC-BCS crossover and universal
relations in unitary Fermi gases”, Phys. Rev. A 83, 041601 (2011).

Z. Hadzibabic, S. Gupta, C. A. Stan, C. H. Schunck, M. W. Zwierlein, et al., “Fifty-
fold Improvement in the Number of Quantum Degenerate Fermionic Atoms”, Phys.
Rev. Lett. 91, 160401 (2003).

M. Greiner, C. A. Regal, C. Ticknor, J. L. Bohn, and D. S. Jin, “Detection of Spatial
Correlations in an Ultracold Gas of Fermions”, Phys. Rev. Lett. 92, 150405 (2004).

T. Schweigler, V. Kasper, S. Erne, 1. Mazets, B. Rauer, et al., “Experimental charac-
terization of a quantum many-body system via higher-order correlations”, Nature
545, 323-326 (2017).

J. Verstraten, K. Dai, M. Dixmerias, B. Peaudecerf, T. de Jongh, and T. Yefsah,
“In Situ Imaging of a Single-Atom Wave Packet in Continuous Space”, Phys. Rev.
Lett. 134, 083403 (2025).

J. Xiang, E. Cruz-Colén, C. C. Chua, W. R. Milner, J. de Hond, et al., “In Situ
Imaging of the Thermal de Broglie Wavelength in an Ultracold Bose Gas”, Phys.
Rev. Lett. 134, 183401 (2025).

R. Yao, S. Chi, M. Wang, R. J. Fletcher, and M. Zwierlein, ‘“Measuring Pair Corre-
lations in Bose and Fermi Gases via Atom-Resolved Microscopy”, Phys. Rev. Lett.
134, 183402 (2025).

T. de Jongh, J. Verstraten, M. Dixmerias, C. Daix, B. Peaudecerf, and T. Yefsah,
“Quantum Gas Microscopy of Fermions in the Continuum”, Phys. Rev. Lett. 134,
183403 (2025).

C. Daix, M. Dixmerias, Y.-Y. He, J. Verstraten, T. de Jongh, et al., “Observing
Spatial Charge and Spin Correlations in a Strongly Interacting Fermi Gas”, Phys.
Rev. Lett. 136, 153402 (2026).

C. Daix, P. M. Tam, M. Dixmerias, J. Verstraten, T. de Jongh, et al., Probing the
Fermi Sea Topology in a Quantum Gas, 2025.

I. Bloch, J. Dalibard, and S. Nascimbene, “Quantum simulations with ultracold
quantum gases”, Nat. Phys. 8, 267-276 (2012).

C. Gross and 1. Bloch, “Quantum simulations with ultracold atoms in optical lat-
tices”, Science 357, 995-1001 (2017).

P. van Wyk, H. Tajima, D. Inotani, A. Ohnishi, and Y. Ohashi, “Superfluid Fermi
atomic gas as a quantum simulator for the study of the neutron-star equation of
state in the low-density region”, Phys. Rev. A 97, 013601 (2018).

A.J. Daley, L. Bloch, C. Kokail, S. Flannigan, N. Pearson, et al., “Practical quantum
advantage in quantum simulation”, Nature 607, 667-676 (2022).

R. P. Feynman, “Simulating physics with computers”, Int. J. Theor. Phys. 21, 467—
488 (1982).

223


https://doi.org/10.1103/PhysRevLett.93.200404
https://doi.org/10.1103/PhysRevLett.93.200404
https://doi.org/10.1103/PhysRevA.78.023625
https://doi.org/10.1103/PhysRevA.83.041601
https://doi.org/10.1103/PhysRevLett.91.160401
https://doi.org/10.1103/PhysRevLett.91.160401
https://doi.org/10.1103/PhysRevLett.92.150405
https://doi.org/10.1038/nature22310
https://doi.org/10.1038/nature22310
https://doi.org/10.1103/PhysRevLett.134.083403
https://doi.org/10.1103/PhysRevLett.134.083403
https://doi.org/10.1103/PhysRevLett.134.183401
https://doi.org/10.1103/PhysRevLett.134.183401
https://doi.org/10.1103/PhysRevLett.134.183402
https://doi.org/10.1103/PhysRevLett.134.183402
https://doi.org/10.1103/PhysRevLett.134.183403
https://doi.org/10.1103/PhysRevLett.134.183403
https://doi.org/10.1103/2t2k-3ftx
https://doi.org/10.1103/2t2k-3ftx
https://doi.org/10.1038/nphys2259
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1103/PhysRevA.97.013601
https://doi.org/10.1038/s41586-022-04940-6
https://doi.org/10.1007/BF02650179
https://doi.org/10.1007/BF02650179

[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]
[202]
[203]

[204]

[205]

[206]

[207]

[208]

[209]

[210]

[211]

[212]

[213]

[214]

D. Bailin and A. Love, “Superfluidity and superconductivity in relativistic fermion
systems”, Phys. Rep. 107, 325-385 (1984).

V. Soloviev, “On the superfluid state of the atomic nucleus”, Nucl. Phys. 9, 655—
664 (1958).

C. Howell, Q. Chen, T. Carman, A. Hussein, W. Gibbs, et al., “Toward a resolution
of the neutron-neutron scattering-length issue”, Phys. Lett. B 444, 252-259 (1998).

D. E. Gonzalez Trotter, F. Salinas, Q. Chen, A. S. Crowell, W. Glockle, et al., “New
Measurement of the 'Sy Neutron-Neutron Scattering Length Using the Neutron-
Proton Scattering Length as a Standard”, Phys. Rev. Lett. 83, 3788-3791 (1999).

S. Gandolfi, A. Gezerlis, and J. Carlson, “Neutron Matter from Low to High Den-
sity”, Annu. Rev. Nucl. Part. Sci. 65, 303-328 (2015).

M. G. Alford, A. Schmitt, K. Rajagopal, and T. Schifer, “Color superconductivity
in dense quark matter”, Rev. Mod. Phys. 80, 1455-1515 (2008).

I. Sagert, M. Hempel, G. Pagliara, J. Schaffner-Bielich, T. Fischer, et al., “The
strange prospects for astrophysics”, J. Phys. G: Nucl. Part. Phys. 36, 064009 (2009).

D. T. Son, “Finding the critical point in quark-gluon plasma”, Physics 2, 5 (2009).
M. Alford, “Cool Quarks”, Physics 3, 44 (2010).

C. Drischler, J. Holt, and C. Wellenhofer, “Chiral Effective Field Theory and the
High-Density Nuclear Equation of State”, Annu. Rev. Nucl. Part. Sci. 71, 403-432
(2021).

N. Chamel, “A stellar superfluid”, Physics 4, 14 (2011).

N. Yunes, M. C. Miller, and K. Yagi, “Gravitational-wave and X-ray probes of the
neutron star equation of state”, Nat. Rev. Phys. 4, 237-246 (2022).

A. D. Woodbury, “The Density Profile of a Neutron Star”, Entropy 27, 10.3390/
e27020194 (2025).

L. G. Cao, U. Lombardo, and P. Schuck, “Screening effects in superfluid nuclear
and neutron matter within Brueckner theory”, Phys. Rev. C 74, 064301 (2006).

A. L. Goodman, “Finite-temperature Hartree-Fock-Bogoliubov calculations in rare
earth nuclei”, Phys. Rev. C 34, 1942—-1949 (1986).

A. L. Goodman, “Proton-neutron pairing in Z = N nuclei with A = 76 — -96”,
Phys. Rev. C 60, 014311 (1999).

K. D. Duan, H. B. Zhang, and X. L. Shang, “Phase diagrams of neutron-proton
superfluid in asymmetric nuclear matter”, Phys. Rev. C 111, 014320 (2025).

D. Suenaga, “Chiral Effective Model of Cold and Dense Two-Color QCD: The
Linear Sigma Model Approach”, Symmetry 17, 10.3390/sym17010124 (2025).

Y. Yu and A. Bulgac, “Spatial Structure of a Vortex in Low Density Neutron Mat-
ter”, Phys. Rev. Lett. 90, 161101 (2003).

L. Madeira, S. Gandolfi, K. E. Schmidt, and V. S. Bagnato, “Vortices in low-density
neutron matter and cold Fermi gases”, Phys. Rev. C 100, 014001 (2019).

D. P cak, N. Chamel, P. Magierski, and G. Wlazowski, “Properties of a quantum
vortex in neutron matter at finite temperatures”, Phys. Rev. C 104, 055801 (2021).

224


https://doi.org/https://doi.org/10.1016/0370-1573(84)90145-5
https://doi.org/https://doi.org/10.1016/0029-5582(58)90350-X
https://doi.org/https://doi.org/10.1016/0029-5582(58)90350-X
https://doi.org/https://doi.org/10.1016/S0370-2693(98)01386-0
https://doi.org/10.1103/PhysRevLett.83.3788
https://doi.org/https://doi.org/10.1146/annurev-nucl-102014-021957
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1088/0954-3899/36/6/064009
https://physics.aps.org/articles/v2/5
https://physics.aps.org/articles/v3/44
https://doi.org/https://doi.org/10.1146/annurev-nucl-102419-041903
https://doi.org/https://doi.org/10.1146/annurev-nucl-102419-041903
https://physics.aps.org/articles/v4/14
https://doi.org/10.1038/s42254-022-00420-y
https://doi.org/10.3390/e27020194
https://doi.org/10.3390/e27020194
https://doi.org/10.3390/e27020194
https://doi.org/10.3390/e27020194
https://doi.org/10.1103/PhysRevC.74.064301
https://doi.org/10.1103/PhysRevC.34.1942
https://doi.org/10.1103/PhysRevC.60.014311
https://doi.org/10.1103/PhysRevC.111.014320
https://doi.org/10.3390/sym17010124
https://doi.org/10.3390/sym17010124
https://doi.org/10.1103/PhysRevLett.90.161101
https://doi.org/10.1103/PhysRevC.100.014001
https://doi.org/10.1103/PhysRevC.104.055801

[215]

[216]

[217]

[218]

[219]

[220]

[221]

[222]

[223]

[224]

[225]

[226]

[227]

[228]

[229]

[230]

[231]
[232]

[233]

T. Schifer and F. Wilczek, “Quark description of hadronic phases”, Phys. Rev. D
60, 074014 (1999).

M. Sadzikowski, “Coexistence of pion condensation and color superconductivity
in two flavor quark matter”, Phys. Lett. B 553, 45-50 (2003).

H. Abuki, M. Kitazawa, and T. Kunihiro, “How do chiral condensates affect color
superconducting quark matter under charge neutrality constraints?”, Phys. Lett. B
615, 102-110 (2005).

H. Abuki and T. Kunihiro, “Extensive study of phase diagram for charge-neutral
homogeneous quark matter affected by dynamical chiral condensation: unified pic-
ture for thermal unpairing transitions from weak to strong coupling”, Nucl. Phys.
A 768, 118-159 (2006).

D. Nickel, R. Alkofer, and J. Wambach, “Unlocking of color and flavor in color-
superconducting quark matter”, Phys. Rev. D 74, 114015 (2006).

P.-p. Wu, D.-f. Hou, and H.-c. Ren, “Mass effect in single flavor color supercon-
ductivity”, Phys. Rev. D 84, 125031 (2011).

M. Alford, K. Rajagopal, and F. Wilczek, “Color-flavor locking and chiral symme-
try breaking in high density QCD”, Nucl. Phys. B 537, 443-458 (1999).

P.-C. Chu, H. Liu, M. Ju, X.-H. Wu, H.-M. Liu, et al., “Quark star matter in color-
flavor-locked phase at finite temperature”, Phys. Rev. D 110, 043032 (2024).

A. Migdal, “Superfluidity and the moments of inertia of nuclei”, Nucl. Phys. 13,
655-674 (1959).

E. Litvinova and P. Schuck, “Nuclear superfluidity at finite temperature”, Phys.
Rev. C 104, 044330 (2021).

A. Drago, A. Lavagno, and G. Pagliara, “Effects of color superconductivity on the
structure and formation of compact stars”, Phys. Rev. D 69, 057505 (2004).

D. Blaschke, E.-O. Hanu, and S. Liebing, “Neutron stars with crossover to color
superconducting quark matter”, Phys. Rev. C 105, 035804 (2022).

A. GeiSSel, T. Gorda, and J. Braun, “Color Superconductivity under Neutron-Star
Conditions at Next-to-Leading Order”, Phys. Rev. Lett. 135, 211901 (2025).

D. Yakovlev, O. Gnedin, A. Kaminker, K. Levenfish, and A. Potekhin, ‘“Neutron
star cooling: theoretical aspects and observational constraints”, Adv. Space Res.
33, 523-530 (2004).

D. Yakovlev, O. Gnedin, M. Gusakov, A. Kaminker, K. Levenfish, and A. Potekhin,
“Neutron star cooling”, Nucl. Phys. A 752, 590-599 (2005).

H.-F. Zhu, G.-Z. Liu, J.-R. Wang, and X. Wu, “Superfluid quantum criticality and
the thermal evolution of neutron stars”, Phys. Rev. D 112, 043014 (2025).

J. M. Lattimer, “Introduction to neutron stars”, AIP Conf. Proc. 1645, 61-78 (2015).

B. Gordoon, C. Pethick, and D. Pines, “Superfluidity in Neutron Stars”, Nature
224, 673-674 (1969).

D. Pines and M. A. Alpar, “Superfluidity in neutron stars”, Nature 316, 27-32
(1985).

225


https://doi.org/10.1103/PhysRevD.60.074014
https://doi.org/10.1103/PhysRevD.60.074014
https://doi.org/https://doi.org/10.1016/S0370-2693(02)03188-X
https://doi.org/https://doi.org/10.1016/j.physletb.2005.04.017
https://doi.org/https://doi.org/10.1016/j.physletb.2005.04.017
https://doi.org/https://doi.org/10.1016/j.nuclphysa.2005.12.019
https://doi.org/https://doi.org/10.1016/j.nuclphysa.2005.12.019
https://doi.org/10.1103/PhysRevD.74.114015
https://doi.org/10.1103/PhysRevD.84.125031
https://doi.org/https://doi.org/10.1016/S0550-3213(98)00668-3
https://doi.org/10.1103/PhysRevD.110.043032
https://doi.org/https://doi.org/10.1016/0029-5582(59)90264-0
https://doi.org/https://doi.org/10.1016/0029-5582(59)90264-0
https://doi.org/10.1103/PhysRevC.104.044330
https://doi.org/10.1103/PhysRevC.104.044330
https://doi.org/10.1103/PhysRevD.69.057505
https://doi.org/10.1103/PhysRevC.105.035804
https://doi.org/10.1103/54g5-43nk
https://doi.org/https://doi.org/10.1016/j.asr.2003.07.020
https://doi.org/https://doi.org/10.1016/j.asr.2003.07.020
https://doi.org/https://doi.org/10.1016/j.nuclphysa.2005.02.061
https://doi.org/10.1103/zyvv-jv7z
https://doi.org/10.1063/1.4909560
https://doi.org/10.1038/224673a0
https://doi.org/10.1038/224673a0
https://doi.org/10.1038/316027a0
https://doi.org/10.1038/316027a0

[234]

[235]

[236]

[237]

[238]

[239]

[240]

[241]

[242]

[243]

[244]

[245]

[246]

[247]

[248]

[249]

[250]

[251]

[252]

[253]

F. De Blasio, G. Lazzari, P. M. Pizzochero, and R. A. Broglia, “Superfluidity and
thermal response of neutron star crusts”, Phys. Rev. D 53, 42264231 (1996).

M. Borumand, R. Joynt, and W. Klu niak, “Superfluid densities in neutron-star
matter”’, Phys. Rev. C 54, 2745-2750 (1996).

N. Andersson, G. L. Comer, and D. Langlois, “Oscillations of general relativistic
superfluid neutron stars”, Phys. Rev. D 66, 104002 (2002).

N. Andersson, “A Superfluid Perspective on Neutron Star Dynamics”, Universe 7,
10.3390/universe7010017 (2021).

N. Martin and M. Urban, “Superfluid hydrodynamics in the inner crust of neutron
stars”, Phys. Rev. C 94, 065801 (2016).

N. Chamel, “Superfluidity and Superconductivity in Neutron Stars”, J. Astrophys.
Astron. 38, 43 (2017).

N. Chamel, “Superfluid fraction in the crystalline crust of a neutron star: Role of
BCS pairing”, Phys. Rev. C 111, 045803 (2025).

P. M. Pizzochero, L. Viverit, and R. A. Broglia, “Vortex-Nucleus Interaction and
Pinning Forces in Neutron Stars”, Phys. Rev. Lett. 79, 3347-3350 (1997).

P. Donati and P. M. Pizzochero, “Is there Nuclear Pinning of Vortices in Superfluid
Pulsars?”, Phys. Rev. Lett. 90, 211101 (2003).

B. Link, “Constraining Hadronic Superfluidity with Neutron Star Precession”, Phys.
Rev. Lett. 91, 101101 (2003).

J. A. G. Granados, A. M. Mateo, and X. Viiias, “Half-vortex states in the rotating
outer core of neutron stars”, Phys. Rev. C 111, 065802 (2025).

P. E. Reichley and G. S. Downs, “Observed Decrease in the Periods of Pulsar PSR
0833-45”, Nature 222, 229-230 (1969).

V. Radhakrishnan and R. N. Manchester, “Detection of a Change of State in the
Pulsar PSR 0833-45", Nature 222, 228-229 (1969).

S. Arumugam and S. Desai, “Classification of pulsar glitch amplitudes using ex-
treme deconvolution”, J. High Energy Astrophys. 37, 46-50 (2023).

P. W. Anderson and N. Itoh, “Pulsar glitches and restlessness as a hard superfluidity
phenomenon”, Nature 256, 25-27 (1975).

N. Andersson, G. L. Comer, and R. Prix, “Are Pulsar Glitches Triggered by a Su-
perfluid Two-Stream Instability?”, Phys. Rev. Lett. 90, 091101 (2003).

B. Haskell and A. Melatos, “Models of pulsar glitches”, Int. J. Mod. Phys. D 24,
1530008 (2015).

M. Das, A. Sedrakian, and B. Mukhopadhyay, “Superconductivity in magnetars:
Exploring type-I and type-II states in toroidal magnetic fields”, Phys. Rev. D 111,
L0O81307 (2025).

B. Layek, B. K. Saini, and D. Godaba Venkata, “Large-scale unpinning and pul-
sar glitches due to the forced oscillation of vortices”, Phys. Rev. D 112, L081305
(2025).

G. Almirante and M. Urban, “Superfluid Density in Linear Response Theory: Pul-
sar Glitches from the Inner Crust of Neutron Stars”, Phys. Rev. Lett. 135, 132701
(2025).

226


https://doi.org/10.1103/PhysRevD.53.4226
https://doi.org/10.1103/PhysRevC.54.2745
https://doi.org/10.1103/PhysRevD.66.104002
https://doi.org/10.3390/universe7010017
https://doi.org/10.3390/universe7010017
https://doi.org/10.3390/universe7010017
https://doi.org/10.1103/PhysRevC.94.065801
https://doi.org/10.1007/s12036-017-9470-9
https://doi.org/10.1007/s12036-017-9470-9
https://doi.org/10.1103/PhysRevC.111.045803
https://doi.org/10.1103/PhysRevLett.79.3347
https://doi.org/10.1103/PhysRevLett.90.211101
https://doi.org/10.1103/PhysRevLett.91.101101
https://doi.org/10.1103/PhysRevLett.91.101101
https://doi.org/10.1103/PhysRevC.111.065802
https://doi.org/10.1038/222229a0
https://doi.org/10.1038/222228a0
https://doi.org/https://doi.org/10.1016/j.jheap.2022.12.003
https://doi.org/10.1038/256025a0
https://doi.org/10.1103/PhysRevLett.90.091101
https://doi.org/10.1142/S0218271815300086
https://doi.org/10.1142/S0218271815300086
https://doi.org/10.1103/PhysRevD.111.L081307
https://doi.org/10.1103/PhysRevD.111.L081307
https://doi.org/10.1103/bwrd-v7b4
https://doi.org/10.1103/bwrd-v7b4
https://doi.org/10.1103/mg61-gw93
https://doi.org/10.1103/mg61-gw93

[254]

[255]

[256]

[257]

[258]

[259]

[260]

[261]

[262]

[263]

[264]

[265]

[266]

[267]

[268]

[269]

[270]

[271]

[272]
[273]

S. Alexander and S. Cormack, “Gravitationally bound BCS state as dark matter”,
J. Cosmol. Astropart. Phys. 2017, 005 (2017).

N. Okada and O. Seto, “Superheavy WIMP dark matter from incomplete thermal-
ization”, Phys. Lett. B 820, 136528 (2021).

M. Carena, N. M. Coyle, Y.-Y. Li, S. D. McDermott, and Y. Tsai, “Cosmologically
degenerate fermions”, Phys. Rev. D 106, 083016 (2022).

R. Garani, M. H. G. Tytgat, and J. Vandecasteele, “Condensed dark matter with a
Yukawa interaction”, Phys. Rev. D 106, 116003 (2022).

M. M. Flores, Y. Lu, and A. Kusenko, “Structure formation after reheating: Su-
permassive primordial black holes and Fermi ball dark matter”, Phys. Rev. D 108,
123511 (2023).

G. Domeénech, D. Inman, A. Kusenko, and M. Sasaki, ‘“Halo formation from Yukawa
forces in the very early Universe”, Phys. Rev. D 108, 103543 (2023).

C.E. Yaguna and O. Zapata, “Minimal model of fermion FIMP dark matter”, Phys.
Rev. D 109, 015002 (2024).

S. Robles, D. Vatsyayan, and G. Busoni, “From capture to collapse: Revisiting
black hole formation by fermionic asymmetric dark matter in neutron stars”, Phys.
Rev. D 112, 123011 (2025).

G. Liang and R. R. Caldwell, “Cold Dark Matter Based on an Analogy with Su-
perconductivity”, Phys. Rev. Lett. 134, 191004 (2025).

L.-H. Sui, D. Li, J.-Z. Sun, and X.-B. Li, “Signals from Fermionic inflationary
cosmology with Yukawa interaction”, Phys. Lett. B 870, 139937 (2025).

Y. Margalit, Y.-K. Lu, F. C. Top, and W. Ketterle, “Pauli blocking of light scattering
in degenerate fermions”, Science 374, 976-979 (2021).

P. J. Ray, “Structural investigation of La(2-x)Sr(x)CuO(4+y) - Following staging
as a function of temperature”, MA thesis (University of Copenhagen, Feb. 2016).

W. J. Swiatecki, “The Density Distribution inside Nuclei and Nuclear Shell Struc-
ture”, Proc. Phys. Soc. Sec. A 63, 1208 (1950).

C. J. Pethick and H. Smith, BoseEinstein Condensation in Dilute Gases, 2nd ed.
(Cambridge University Press, 2008).

P. R. Zilsel, “Liquid Helium II: The Hydrodynamics of the Two-Fluid Model”,
Phys. Rev. 79, 309-313 (1950).

P. C. Hohenberg and P. C. Martin, “Superfluid Dynamics in the Hydrodynamic
(wt «< 1) and Collisionless (wr > 1) Domains”, Phys. Rev. Lett. 12, 69-71 (1964).

A. Miller, D. Pines, and P. Nozieres, “Elementary Excitations in Liquid Helium”,
Phys. Rev. 127, 1452-1464 (1962).

R. P. Feynman, “Atomic Theory of the Two-Fluid Model of Liquid Helium”, Phys.
Rev. 94, 262-277 (1954).

“Microscopic theory of superfluid helium”, Ann. Phys. (N. Y.) 34, 291-359 (1965).

The Nobel Foundation, The Nobel Prize in Physics 1962. Prize Announcement,
Nobel Prize Outreach AB, (1962) https://www.nobelprize .org/prizes/
physics/1962/summary (visited on 12/02/2025).

227


https://doi.org/10.1088/1475-7516/2017/04/005
https://doi.org/https://doi.org/10.1016/j.physletb.2021.136528
https://doi.org/10.1103/PhysRevD.106.083016
https://doi.org/10.1103/PhysRevD.106.116003
https://doi.org/10.1103/PhysRevD.108.123511
https://doi.org/10.1103/PhysRevD.108.123511
https://doi.org/10.1103/PhysRevD.108.103543
https://doi.org/10.1103/PhysRevD.109.015002
https://doi.org/10.1103/PhysRevD.109.015002
https://doi.org/10.1103/d19k-zfjf
https://doi.org/10.1103/d19k-zfjf
https://doi.org/10.1103/PhysRevLett.134.191004
https://doi.org/https://doi.org/10.1016/j.physletb.2025.139937
https://doi.org/10.1126/science.abi6153
https://doi.org/10.1088/0370-1298/63/11/304
https://doi.org/10.1103/PhysRev.79.309
https://doi.org/10.1103/PhysRevLett.12.69
https://doi.org/10.1103/PhysRev.127.1452
https://doi.org/10.1103/PhysRev.94.262
https://doi.org/10.1103/PhysRev.94.262
https://doi.org/https://doi.org/10.1016/0003-4916(65)90280-0
https://www.nobelprize.org/prizes/physics/1962/summary
https://www.nobelprize.org/prizes/physics/1962/summary

[274]

[275]

[276]

[277]

[278]
[279]

[280]

[281]

[282]
[283]

[284]

[285]

[286]

[287]

[288]

[289]

[290]

[291]

[292]

[293]

[294]

H. Stoof, D. Dickerscheid, and K. Gubbels, Ultracold Quantum Fields, Theoretical
and Mathematical Physics (Springer Netherlands, 2008).

A. Altland and B. D. Simons, Condensed Matter Field Theory, 2nd ed. (Cambridge
University Press, 2010).

P. Coleman, Introduction to Many-Body Physics (Cambridge University Press,
2015).

N. Goldenfeld, Lectures on phase transitions and the renormalization group, eng,
5. print., Frontiers in physics 85 (CRC Press, Boca Raton, 2018).

C. Timm, Theory of Superconductivity, 2020.

S. Elitzur, “Impossibility of spontaneously breaking local symmetries”, Phys. Rev.
D 12, 3978-3982 (1975).

L. N. Cooper, “Bound Electron Pairs in a Degenerate Fermi Gas”, Phys. Rev. 104,
1189-1190 (1956).

M. Tinkham, Introduction to superconductivity, eng, 2. ed., unabridged republ. of
the 1996 2. ed. (Dover Publ., Mineola, NY, 2004).

H. Simon, Lecture Notes for Quantum Matter, 2022.

B.J. C. van der Hoeven and P. H. Keesom, ‘“Specific Heat of Mercury and Thallium
between 0.35 and 4.2fK”, Phys. Rev. 135, A631-A637 (1964).

H. A. Boorse, D. B. Cook, and M. W. Zemansky, “Superconductivity of Lead”,
Phys. Rev. 78, 635-636 (1950).

W. B. Pearson and I. M. Templeton, “Superconducting Transition of Lead”, Phys.
Rev. 109, 1094-1094 (1958).

B.J. C. van der Hoeven and P. H. Keesom, “Specific Heat of Lead and Lead Alloys
Between 0.4 and 4.2fK”, Phys. Rev. 137, A103—-A107 (1965).

R. Weber, “Ultrasonic Measurements in Normal and Superconducting Niobium”,
Phys. Rev. 133, A1487-A1492 (1964).

S. Yong, “BCS-BEC Crossover of interacting Fermions”, MA thesis (University
of Kaiserslautern-Landau, 2023).

H. Kleinert, Hubbard-Stratonovich Transformation: Successes, Failure, and Cure,
2011.

S.Zhang and A. J. Leggett, “Universal properties of the ultracold Fermi gas”, Phys.
Rev. A 79, 023601 (2009).

J. Tempere and J. P. Devreese, ‘“Path-Integral Description of Cooper Pairing”, in
Superconductors, edited by A. Gabovich (IntechOpen, Rijeka, 2012) Chap. 16.

P. Nozieres and D. Pines, The theory of quantum liquids (Perseus Books, Cam-
bridge, Mass., 1999).

S. S. Botelho and C. A. R. S4 de Melo, “Lifshitz transition in d-wave supercon-
ductors”, Phys. Rev. B 71, 134507 (2005).

S. S. Botelho and C. A. R. Sa de Melo, “Quantum Phase Transition in the BCS-to-
BEC Evolution of p-wave Fermi Gases”, J. Low Temp. Phys. 140, 409-428 (2005).

228


https://doi.org/10.1103/PhysRevD.12.3978
https://doi.org/10.1103/PhysRevD.12.3978
https://doi.org/10.1103/PhysRev.104.1189
https://doi.org/10.1103/PhysRev.104.1189
https://doi.org/10.1103/PhysRev.135.A631
https://doi.org/10.1103/PhysRev.78.635
https://doi.org/10.1103/PhysRev.109.1094
https://doi.org/10.1103/PhysRev.109.1094
https://doi.org/10.1103/PhysRev.137.A103
https://doi.org/10.1103/PhysRev.133.A1487
https://doi.org/10.1103/PhysRevA.79.023601
https://doi.org/10.1103/PhysRevA.79.023601
https://doi.org/10.5772/48458
https://doi.org/10.1103/PhysRevB.71.134507
https://doi.org/10.1007/s10909-005-7324-3

[295] M. Marini, F. Pistolesi, and G. C. Strinati, “Evolution from BCS superconductivity
to Bose condensation: analytic results for the crossover in three dimensions”, Eur.
Phys. J. B 1, 151-159 (1998).

[296] B. Mihaila, J. F. Dawson, F. Cooper, C.-C. Chien, and E. Timmermans, “Auxiliary
field formalism for dilute fermionic atom gases with tunable interactions”, Phys.
Rev. A 83, 053637 (2011).

[297] J.J. Kinnunen, “Hartree shift in unitary Fermi gases”, Phys. Rev. A 85, 012701
(2012).

[298] R. P. Feynman, “The principle of least action in quantum mechanics”, PhD thesis
(Princeton U., 1942).

[299] R.P. Feynman, “Space-Time Approach to Non-Relativistic Quantum Mechanics”,
Rev. Mod. Phys. 20, 367-387 (1948).

[300] T. Weber, J. Herbig, M. Mark, H.-C. Nigerl, and R. Grimm, “Three-Body Recom-
bination at Large Scattering Lengths in an Ultracold Atomic Gas”, Phys. Rev. Lett.
91, 123201 (2003).

[301] Y.E.KimandA.L. Zubarev, “Three-body losses in trapped Bose-Einstein-condensed
gases”, Phys. Rev. A 69, 023602 (2004).

[302] J. H. Huckans, J. R. Williams, E. L. Hazlett, R. W. Stites, and K. M. O’Hara,
“Three-Body Recombination in a Three-State Fermi Gas with Widely Tunable In-
teractions”, Phys. Rev. Lett. 102, 165302 (2009).

[303] G. J. Conduit and E. Altman, “Effect of three-body loss on itinerant ferromag-
netism in an atomic Fermi gas”, Phys. Rev. A 83, 043618 (2011).

[304] S. Zhang and T.-L. Ho, “Atom loss maximum in ultra-cold Fermi gases”, New J.
Phys. 13, 055003 (2011).

[305] P.Makotyn, C. E. Klauss, D. L. Goldberger, E. A. Cornell, and D. S. Jin, “Universal
dynamics of a degenerate unitary Bose gas”, Nat. Phys. 10, 116-119 (2014).

[306] X.-Y. Chen, M. Duda, A. Schindewolf, R. Bause, I. Bloch, and X.-Y. Luo, “Sup-
pression of Unitary Three-Body Loss in a Degenerate Bose-Fermi Mixture”, Phys.
Rev. Lett. 128, 153401 (2022).

[307] S. Haze, J.-L. Li, D. Dorer, J. P. D’Incao, P. S. Julienne, et al., “Controlling few-
body reaction pathways using a Feshbach resonance”, Nat. Phys. 21, 228-232
(2025).

[308] R. L. Stratonovich, “On a Method of Calculating Quantum Distribution Func-
tions”, Sov. Phys. Dokl. 2 (1957).

[309] J. Hubbard, “Calculation of Partition Functions”, Phys. Rev. Lett. 3, 77-78 (1959).

[310] P. Ring and P. Schuck, The Nuclear Many-Body Problem, Physics and astronomy
online library (Springer, 2004).

[311] G. Czycholl, Solid State Theory, Volume 1: Basics: Phonons and Electrons in Crys-
tals (Springer, 2023).

[312] V. Apinyan and T. K. Kope, “Probing Phase Coherence Via Density of States for
Strongly Correlated Excitons”, J. Low Temp. Phys. 178, 295-330 (2015).

[313] E. Vermeyen, C. A.R. Sa de Melo, and J. Tempere, “Exchange interactions and itin-
erant ferromagnetism in ultracold Fermi gases”, Phys. Rev. A 98, 023635 (2018).

229


https://doi.org/10.1007/s100510050165
https://doi.org/10.1007/s100510050165
https://doi.org/10.1103/PhysRevA.83.053637
https://doi.org/10.1103/PhysRevA.83.053637
https://doi.org/10.1103/PhysRevA.85.012701
https://doi.org/10.1103/PhysRevA.85.012701
https://doi.org/10.1103/RevModPhys.20.367
https://doi.org/10.1103/PhysRevLett.91.123201
https://doi.org/10.1103/PhysRevLett.91.123201
https://doi.org/10.1103/PhysRevA.69.023602
https://doi.org/10.1103/PhysRevLett.102.165302
https://doi.org/10.1103/PhysRevA.83.043618
https://doi.org/10.1088/1367-2630/13/5/055003
https://doi.org/10.1088/1367-2630/13/5/055003
https://doi.org/10.1038/nphys2850
https://doi.org/10.1103/PhysRevLett.128.153401
https://doi.org/10.1103/PhysRevLett.128.153401
https://doi.org/10.1038/s41567-024-02726-3
https://doi.org/10.1038/s41567-024-02726-3
https://api.semanticscholar.org/CorpusID:116766197
https://doi.org/10.1103/PhysRevLett.3.77
https://doi.org/10.1007/s10909-014-1264-8
https://doi.org/10.1103/PhysRevA.98.023635

[314]

[315]

[316]

[317]

[318]

[319]

[320]

[321]

[322]

[323]

[324]

[325]

[326]

[327]

[328]

[329]

[330]

K. Seki and S. Sorella, “Benchmark study of an auxiliary-field quantum Monte
Carlo technique for the Hubbard model with shifted-discrete Hubbard-Stratonovich
transformations”, Phys. Rev. B 99, 144407 (2019).

I. Boettcher, L. Bayha, D. Kedar, P. A. Murthy, M. Neidig, et al., “Equation of
State of Ultracold Fermions in the 2D BEC-BCS Crossover Region”, Phys. Rev.
Lett. 116, 045303 (2016).

A. Behrle, T. Harrison, J. Kombe, K. Gao, M. Link, et al., “Higgs mode in a strongly
interacting fermionic superfluid”, Nat. Phys. 14, 781-785 (2018).

M. M. Parish, B. Mihaila, B. D. Simons, and P. B. Littlewood, “Fermion-Mediated
BCS-BEC Crossover in Ultracold “°K Gases”, Phys. Rev. Lett. 94, 240402 (2005).

M. H. Szyma ska, K. Géral, T. Kohler, and K. Burnett, “Conventional character
of the BCS-BEC crossover in ultracold gases of “°K”, Phys. Rev. A 72, 013610
(2005).

M. Grasso and M. Urban, “Hartree-Fock-Bogoliubov theory versus local-density
approximation for superfluid trapped fermionic atoms”, Phys. Rev. A 68, 033610
(2003).

M. Urban and S. Ramanan, “Low-momentum interactions for ultracold Fermi gases”,
Phys. Rev. A 103, 063306 (2021).

E. Neri, S. F. Caballero-Benitez, V. Romero-Rochin, and R. Paredes, “Pairing and
molecule formation along the BCS-BEC crossover for finite range potentials”,
Phys. Scr. 95, 034013 (2020).

A. Sedrakian and J. W. Clark, “Superfluidity in nuclear systems and neutron stars”,
Eur. Phys. J. A 55, 1-56 (2019).

E. Noether, “Invariante Variationsprobleme”, ger, Nachr. Ges. Wiss. Gottingen,
Math.-phys. Kl. 1918, 235-257 (1918).

B. A. Bernevig, J. Orenstein, and S.-C. Zhang, “Exact SU(2) Symmetry and Per-
sistent Spin Helix in a Spin-Orbit Coupled System”, Phys. Rev. Lett. 97, 236601
(20006).

J. D. Koralek, C. P. Weber, J. Orenstein, B. A. Bernevig, S.-C. Zhang, et al., “Emer-
gence of the persistent spin helix in semiconductor quantum wells”, Nature 458,
610-613 (2009).

S. Giorgini, L. P. Pitaevskii, and S. Stringari, “Theory of ultracold atomic Fermi
gases”, Rev. Mod. Phys. 80, 1215-1274 (2008).

J. J. Kinnunen, J. E. Baarsma, J.-P. Martikainen, and P. Tormai, ‘““The Fulde Ferrell
Larkin Ovchinnikov state for ultracold fermions in lattice and harmonic potentials:
areview”, Rep. Prog. Phys. 81, 046401 (2018).

Y. Nambu, “Quasi-Particles and Gauge Invariance in the Theory of Superconduc-
tivity”, Phys. Rev. 117, 648—663 (1960).

H. Kleinert, Collective Classical And Quantum Fields: In Plasmas, Superconduc-
tors, Superfluid 3He, And Liquid Crystals, First (World Scientific Publishing Co.
Pte. Ltd., 2017).

H. Kleinert, “Quark pairs inside hadrons”, Phys. Lett. B 59, 163—-167 (1975).

230


https://doi.org/10.1103/PhysRevB.99.144407
https://doi.org/10.1103/PhysRevLett.116.045303
https://doi.org/10.1103/PhysRevLett.116.045303
https://doi.org/10.1038/s41567-018-0128-6
https://doi.org/10.1103/PhysRevLett.94.240402
https://doi.org/10.1103/PhysRevA.72.013610
https://doi.org/10.1103/PhysRevA.72.013610
https://doi.org/10.1103/PhysRevA.68.033610
https://doi.org/10.1103/PhysRevA.68.033610
https://doi.org/10.1103/PhysRevA.103.063306
https://doi.org/10.1088/1402-4896/ab56bb
http://eudml.org/doc/59024
http://eudml.org/doc/59024
https://doi.org/10.1103/PhysRevLett.97.236601
https://doi.org/10.1103/PhysRevLett.97.236601
https://doi.org/10.1038/nature07871
https://doi.org/10.1038/nature07871
https://doi.org/10.1103/RevModPhys.80.1215
https://doi.org/10.1088/1361-6633/aaa4ad
https://doi.org/10.1103/PhysRev.117.648
https://doi.org/https://doi.org/10.1016/0370-2693(75)90693-0

[331]

[332]

[333]

[334]

[335]

[336]
[337]

[338]

[339]

[340]

[341]

[342]

[343]

[344]
[345]

[346]

[347]

[348]

[349]
[350]

H. Kleinert, “Hadronization of quark theories and a bilocal form of QED”, Phys.
Lett. B 62, 429-432 (1976).

A. Dalal, J. Ruhman, and V. Kozii, “Field theory of a superconductor with repul-
sion”, Phys. Rev. B 108, 214521 (2023).

W. Weimer, K. Morgener, V. P. Singh, J. Siegl, K. Hueck, et al., “Critical Velocity
in the BEC-BCS Crossover”, Phys. Rev. Lett. 114, 095301 (2015).

H. Biss, L. Sobirey, N. Luick, M. Bohlen, J. J. Kinnunen, et al., “Excitation Spec-
trum and Superfluid Gap of an Ultracold Fermi Gas”, Phys. Rev. Lett. 128, 100401
(2022).

H. A. Bethe, “Theory of the Effective Range in Nuclear Scattering”, Phys. Rev. 76,
38-50 (1949).
L. B. Madsen, “Effective range theory”, Am. J. Phys. 70, 811-814 (2002).

M. Macédo-Lima and L. Madeira, “Scattering length and effective range of micro-
scopic two-body potentials”, Rev. Bras. Ensino Fis. 45, €20230079 (2023).

A. Banerjee, J. Autschbach, and A. Chakrabarti, “Time-dependent density-functional-
theory calculation of the van der Waals coefficient C of alkali-metal atoms Li, Na,
K; alkali-metal dimers Lis, Nay, Ky; sodium clusters Na,,; and fullerene Cgy”, Phys.
Rev. A 78, 032704 (2008).

C. A. Regal, M. Greiner, and D. S. Jin, “Lifetime of Molecule-Atom Mixtures near
a Feshbach Resonance in 4°K”, Phys. Rev. Lett. 92, 083201 (2004).

A. Perali, P. Pieri, G. C. Strinati, and C. Castellani, “Pseudogap and spectral func-
tion from superconducting fluctuations to the bosonic limit”’, Phys. Rev. B 66,
024510 (2002).

T. Enss, R. Haussmann, and W. Zwerger, “Viscosity and scale invariance in the
unitary Fermi gas”, Ann. Phys. (N. Y.) 326, 770-796 (2011).

J. Pera and J. Boronat, “Low-energy scattering parameters: A theoretical derivation
of the effective range and scattering length for arbitrary angular momentum”, Am.
J. Phys. 91, 90-101 (2023).

S. Mal and B. Deb, “A model study on superfluidity of a unitary Fermi gas of atoms
interacting with a finite-ranged potential”, J. Phys. B 55, 035301 (2022).

A. Das, Finite Temperature Field Theory, 2nd (WORLD SCIENTIFIC, 2023).

S. Tan, “Energetics of a strongly correlated Fermi gas”, Ann. Phys. (N. Y.) 323,
2952-2970 (2008).

S. Tan, “Large momentum part of a strongly correlated Fermi gas”, Ann. Phys. (N.
Y.) 323, 2971-2986 (2008).

S. Tan, “Generalized virial theorem and pressure relation for a strongly correlated
Fermi gas”, Ann. Phys. (N. Y.) 323, 2987-2990 (2008).

F. Pistolesi and G. C. Strinati, “Evolution from BCS superconductivity to Bose
condensation: Role of the parameter k£, Phys. Rev. B 49, 63566359 (1994).

J. Stalker, Complex Analysis, Modern Birkhauser Classics (Birkhduser, 1998).

N. Pillet, N. Sandulescu, and P. Schuck, “Generic strong coupling behavior of
Cooper pairs on the surface of superfluid nuclei”, Phys. Rev. C 76, 024310 (2007).

231


https://doi.org/https://doi.org/10.1016/0370-2693(76)90676-6
https://doi.org/https://doi.org/10.1016/0370-2693(76)90676-6
https://doi.org/10.1103/PhysRevB.108.214521
https://doi.org/10.1103/PhysRevLett.114.095301
https://doi.org/10.1103/PhysRevLett.128.100401
https://doi.org/10.1103/PhysRevLett.128.100401
https://doi.org/10.1103/PhysRev.76.38
https://doi.org/10.1103/PhysRev.76.38
https://doi.org/10.1119/1.1473644
https://doi.org/https://doi.org/10.1590/1806-9126-RBEF-2023-0079
https://doi.org/10.1103/PhysRevA.78.032704
https://doi.org/10.1103/PhysRevA.78.032704
https://doi.org/10.1103/PhysRevLett.92.083201
https://doi.org/10.1103/PhysRevB.66.024510
https://doi.org/10.1103/PhysRevB.66.024510
https://doi.org/https://doi.org/10.1016/j.aop.2010.10.002
https://doi.org/10.1119/5.0079744
https://doi.org/10.1119/5.0079744
https://doi.org/10.1088/1361-6455/ac34df
https://doi.org/https://doi.org/10.1016/j.aop.2008.03.004
https://doi.org/https://doi.org/10.1016/j.aop.2008.03.004
https://doi.org/https://doi.org/10.1016/j.aop.2008.03.005
https://doi.org/https://doi.org/10.1016/j.aop.2008.03.005
https://doi.org/https://doi.org/10.1016/j.aop.2008.03.003
https://doi.org/10.1103/PhysRevB.49.6356
https://doi.org/10.1103/PhysRevC.76.024310

[351]

[352]

[353]

[354]

[355]

[356]

[357]

[358]

[359]

[360]

[361]

[362]

[363]

[364]

[365]

[366]

[367]

A. A. Isayev, “Correlation functions for a di-neutron condensate in asymmetric
nuclear matter”, Phys. Rev. C 78, 014306 (2008).

N. Pillet, N. Sandulescu, P. Schuck, and J.-F. Berger, “Two-particle spatial corre-
lations in superfluid nuclei”, Phys. Rev. C 81, 034307 (2010).

E. B. Balbutsev, L. A. Malov, and P. Schuck, “Spatial dependence of pairing in
deformed nuclei”, Phys. At. Nucl. 74, 1651-1654 (2011).

R.-D. Lasseri, J.-P. Ebran, E. Khan, and N. Sandulescu, “Localization of pair-
ing correlations in nuclei within relativistic mean field models”, Phys. Rev. C 98,
014310 (2018).

E. Litvinova and P. Schuck, “Many-body correlations in nuclear superfluidity”,
Phys. Rev. C 102, 034310 (2020).

E. Altman, E. Demler, and M. D. Lukin, “Probing many-body states of ultracold
atoms via noise correlations”, Phys. Rev. A 70, 013603 (2004).

F. Werner and Y. Castin, “General relations for quantum gases in two and three
dimensions: Two-component fermions”, Phys. Rev. A 86, 013626 (2012).

J. C. Obeso-Jureidini, G. A. Dominguez-Castro, E. Neri, R. Paredes, and V. Romero-
Rochin, “Universal correlations along the BEC-BCS crossover”, New J. Phys. 25,
113019 (2023).

T. Hanaguri, S. Kasahara, J. Boker, I. Eremin, T. Shibauchi, and Y. Matsuda, “Quan-
tum Vortex Core and Missing Pseudogap in the Multiband BCS-BEC Crossover
Superconductor FeSe”, Phys. Rev. Lett. 122, 077001 (2019).

C. P. Moca, I. Weymann, M. A. Werner, and G. Zarand, “Kondo Cloud in a Super-
conductor”, Phys. Rev. Lett. 127, 186804 (2021).

Y. Nakagawa, Y. Kasahara, T. Nomoto, R. Arita, T. Nojima, and Y. Iwasa, “Gate-
controlled BCS-BEC crossover in a two-dimensional superconductor”, Science
372, 190-195 (2021).

Y. Mizukami, M. Haze, O. Tanaka, K. Matsuura, D. Sano, et al., “Unusual crossover
from Bardeen-Cooper-Schrieffer to Bose-Einstein-condensate superconductivity
in iron chalcogenides”, Commun. Phys. 6, 183 (2023).

T. Kaneko, H. Sakakibara, M. Ochi, and K. Kuroki, “Pair correlations in the two-
orbital Hubbard ladder: Implications for superconductivity in the bilayer nickelate
La3NiyO;”, Phys. Rev. B 109, 045154 (2024).

J. C. Estrada Saldafia, A. Vekris, L. Pavei, R. itko, K. Grove-Rasmussen, and J.
Nygard, “Correlation between two distant quasiparticles in separate superconduct-
ing islands mediated by a single spin”, Nat. Commun. 15, 3465 (2024).

C.-H. Huang, A. Skurativska, F. S. Bergeret, and M. A. Cazalilla, “Probing mag-
netic and triplet correlations in spin-split superconductors with magnetic impuri-
ties”, Phys. Rev. Res. 6, 033022 (2024).

M. Thumin and G. Bouzerar, “Correlation functions and characteristic lengthscales
in flat band superconductors”, SciPost Phys. 18, 025 (2025).

D. K. Mark, H.-Y. Hu, J. Kwan, C. Kokail, S. Choi, and S. F. Yelin, “Efficiently
Measuring d-Wave Pairing and Beyond in Quantum Gas Microscopes”, Phys. Rev.
Lett. 135, 123402 (2025).

232


https://doi.org/10.1103/PhysRevC.78.014306
https://doi.org/10.1103/PhysRevC.81.034307
https://doi.org/10.1134/S1063778811110020
https://doi.org/10.1103/PhysRevC.98.014310
https://doi.org/10.1103/PhysRevC.98.014310
https://doi.org/10.1103/PhysRevC.102.034310
https://doi.org/10.1103/PhysRevA.70.013603
https://doi.org/10.1103/PhysRevA.86.013626
https://doi.org/10.1088/1367-2630/ad0854
https://doi.org/10.1088/1367-2630/ad0854
https://doi.org/10.1103/PhysRevLett.122.077001
https://doi.org/10.1103/PhysRevLett.127.186804
https://doi.org/10.1126/science.abb9860
https://doi.org/10.1126/science.abb9860
https://doi.org/10.1038/s42005-023-01289-8
https://doi.org/10.1103/PhysRevB.109.045154
https://doi.org/10.1038/s41467-024-47694-7
https://doi.org/10.1103/PhysRevResearch.6.033022
https://doi.org/10.21468/SciPostPhys.18.1.025
https://doi.org/10.1103/dqyf-kl8x
https://doi.org/10.1103/dqyf-kl8x

[368]

[369]

[370]

[371]

[372]

[373]

[374]

[375]

[376]

[377]

[378]

[379]

[380]

[381]

[382]

[383]

[384]

T. Alm, G. Ropke, A. Schnell, and H. Stein, “Two-nucleon correlations and the nu-
cleon spectral function in nuclear matter at finite temperature: low-density region”,
Phys. Lett. B 346, 233-239 (1995).

T. Frick, H. Miither, A. Rios, A. Polls, and A. Ramos, “Correlations in hot asym-
metric nuclear matter”, Phys. Rev. C 71, 014313 (2005).

J.-B. Wei, F. Burgio, and H.-J. Schulze, “Nuclear Pairing Gaps and Neutron Star
Cooling”, Universe 6, 10.3390/universe6080115 (2020).

D. Durel and M. Urban, “BCS-BEC Crossover Effects and Pseudogap in Neutron
Matter”, Universe 6, 10.3390/universe6110208 (2020).

T. S. Wood and V. Graber, “Superconducting Phases in Neutron Star Cores”, Uni-
verse 8, 10.3390/universe8040228 (2022).

Y. Minami and G. Watanabe, “Effects of pairing gap and band gap on superfluid
density in the inner crust of neutron stars”, Phys. Rev. Res. 4, 033141 (2022).

H.-F. Zhu, X. Wu, and G.-Z. Liu, “Nonperturbative study of quantum many-body
correlation effects in neutron stars: Equation of state”, Phys. Rev. C 110, 035810
(2024).

A. Sedrakian, “Short-Range Correlations and Urca Process in Neutron Stars”, Phys.
Rev. Lett. 133, 171401 (2024).

J. Hofmann and W. Zwerger, “Deep Inelastic Scattering on Ultracold Gases”, Phys.
Rev. X 7,011022 (2017).

B. Mukherjee, P. B. Patel, Z. Yan, R. J. Fletcher, J. Struck, and M. W. Zwierlein,
“Spectral Response and Contact of the Unitary Fermi Gas”, Phys. Rev. Lett. 122,
203402 (2019).

H. Deng, C. Li, Y. Wu, L. Sun, and Q. Chen, “Flat band effects on the ground-
state BCS-BEC crossover in atomic Fermi gases in a quasi-two-dimensional Lieb
lattice”, Ann. Phys. (N. Y.) 463, 169639 (2024).

E. Dizer, J. Horak, and J. M. Pawlowski, “Spectral properties and observables in
ultracold Fermi gases”, Phys. Rev. A 109, 063311 (2024).

S. N. Klimin, J. Tempere, and H. Kurkjian, “Phononic collective excitations in
superfluid Fermi gases at nonzero temperatures”, Phys. Rev. A 100, 063634 (2019).

S. Van Loon, J. Tempere, and H. Kurkjian, “Beyond Mean-Field Corrections to the
Quasiparticle Spectrum of Superfluid Fermi Gases”, Phys. Rev. Lett. 124, 073404
(2020).

M. Bohlen, L. Sobirey, N. Luick, H. Biss, T. Enss, et al., “Sound Propagation and
Quantum-Limited Damping in a Two-Dimensional Fermi Gas”, Phys. Rev. Lett.
124, 240403 (2020).

C. R. Cabrera, R. Henke, L. Broers, J. Skulte, H. P. O. Collado, et al., “Hybridiza-
tion of the amplitude mode in a confined fermionic superfluid”, Phys. Rev. Res. 7,
L032018 (2025).

W. S. Bakr, J. I. Gillen, A. Peng, S. Folling, and M. Greiner, “A quantum gas
microscope for detecting single atoms in a Hubbard-regime optical lattice”, Nature
462, 74-77 (2009).

233


https://doi.org/https://doi.org/10.1016/0370-2693(94)01698-C
https://doi.org/10.1103/PhysRevC.71.014313
https://doi.org/10.3390/universe6080115
https://doi.org/10.3390/universe6080115
https://doi.org/10.3390/universe6110208
https://doi.org/10.3390/universe6110208
https://doi.org/10.3390/universe8040228
https://doi.org/10.3390/universe8040228
https://doi.org/10.3390/universe8040228
https://doi.org/10.1103/PhysRevResearch.4.033141
https://doi.org/10.1103/PhysRevC.110.035810
https://doi.org/10.1103/PhysRevC.110.035810
https://doi.org/10.1103/PhysRevLett.133.171401
https://doi.org/10.1103/PhysRevLett.133.171401
https://doi.org/10.1103/PhysRevX.7.011022
https://doi.org/10.1103/PhysRevX.7.011022
https://doi.org/10.1103/PhysRevLett.122.203402
https://doi.org/10.1103/PhysRevLett.122.203402
https://doi.org/https://doi.org/10.1016/j.aop.2024.169639
https://doi.org/10.1103/PhysRevA.109.063311
https://doi.org/10.1103/PhysRevA.100.063634
https://doi.org/10.1103/PhysRevLett.124.073404
https://doi.org/10.1103/PhysRevLett.124.073404
https://doi.org/10.1103/PhysRevLett.124.240403
https://doi.org/10.1103/PhysRevLett.124.240403
https://doi.org/10.1103/5cv2-f4ng
https://doi.org/10.1103/5cv2-f4ng
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature08482

[385] J. G. Danzl, M. J. Mark, E. Haller, M. Gustavsson, R. Hart, et al., “An ultracold
high-density sample of rovibronic ground-state molecules in an optical lattice”,
Nat. Phys. 6, 265-270 (2010).

[386] L.W. Cheuk, M. A. Nichols, M. Okan, T. Gersdorf, V. V. Ramasesh, et al., “Quantum-
Gas Microscope for Fermionic Atoms”, Phys. Rev. Lett. 114, 193001 (2015).

[387] L. W. Cheuk, M. A. Nichols, K. R. Lawrence, M. Okan, H. Zhang, et al., “Obser-
vation of spatial charge and spin correlations in the 2D Fermi-Hubbard model”,
Science 353, 1260-1264 (2016).

[388] S. Hollerith, J. Zeiher, J. Rui, A. Rubio-Abadal, V. Walther, et al., “Quantum gas
microscopy of Rydberg macrodimers”, Science 364, 664-667 (2019).

[389] C. Gross and W. S. Bakr, “Quantum gas microscopy for single atom and spin de-
tection”, Nat. Phys. 17, 1316-1323 (2021).

[390] A. M. Kaufman and K.-K. Ni, “Quantum science with optical tweezer arrays of
ultracold atoms and molecules”, Nat. Phys. 17, 13241333 (2021).

[391] I O. Kulik, O. Entin-Wohlman, and R. Orbach, “Pair susceptibility and mode prop-
agation in superconductors: A microscopic approach”, J. Low Temp. Phys. 43,
591-620 (1981).

[392] H. Guo, C.-C. Chien, Y. He, and K. Levin, “FUNDAMENTAL CONSTRAINTS
ON LINEAR RESPONSE THEORIES OF FERMI SUPERFLUIDS ABOVE AND
BELOW Tc”, Int. J. Mod. Phys. B 27, 1330010 (2013).

[393] H. Guo, Y. He, C.-C. Chien, and K. Levin, “Compressibility in strongly correlated
superconductors and superfluids: From the BCS regime to Bose-Einstein conden-
sates”, Phys. Rev. A 88, 043644 (2013).

[394] H. Guo, C.-C. Chien, and Y. He, “Theories of Linear Response in BCS Superfluids
and How They Meet Fundamental Constraints”, J. Low Temp. Phys. 172, 5-46
(2013).

[395] H. Guo, Y. Li, Y. He, and C.-C. Chien, “Density and spin linear response of atomic
Fermi superfluids with population imbalance in the BCSBEC crossover”, J. Phys.
B 47, 085302 (2014).

[396] H. Guo and Y. He, “Theoretical Approach to the Gauge Invariant Linear Response
Theories for Ultracold Fermi Gases with Pseudogap”, Adv. Cond. Mat. Phys. 2015,
582734 (2015).

[397] B. M. Anderson, R. Boyack, C.-T. Wu, and K. Levin, “Going beyond the BCS
level in the superfluid path integral: A consistent treatment of electrodynamics and
thermodynamics”, Phys. Rev. B 93, 180504 (2016).

[398] R. Boyack, B. M. Anderson, C.-T. Wu, and K. Levin, “Gauge-invariant theories of
linear response for strongly correlated superconductors”, Phys. Rev. B 94, 094508
(2016).

[399] H. Guo, Y. He, and L. He, “Dynamic density structure factor of a unitary Fermi
gas at finite temperature”, J. Phys. Comm. 2, 045008 (2018).

[400] G. Baym and L. P. Kadanoff, “Conservation Laws and Correlation Functions”,
Phys. Rev. 124, 287-299 (1961).

234


https://doi.org/10.1038/nphys1533
https://doi.org/10.1103/PhysRevLett.114.193001
https://doi.org/10.1126/science.aag3349
https://doi.org/10.1126/science.aaw4150
https://doi.org/10.1038/s41567-021-01370-5
https://doi.org/10.1038/s41567-021-01357-2
https://doi.org/10.1007/BF00115617
https://doi.org/10.1007/BF00115617
https://doi.org/10.1142/S0217979213300107
https://doi.org/10.1103/PhysRevA.88.043644
https://doi.org/10.1007/s10909-012-0853-7
https://doi.org/10.1007/s10909-012-0853-7
https://doi.org/10.1088/0953-4075/47/8/085302
https://doi.org/10.1088/0953-4075/47/8/085302
https://doi.org/https://doi.org/10.1155/2015/582734
https://doi.org/https://doi.org/10.1155/2015/582734
https://doi.org/10.1103/PhysRevB.93.180504
https://doi.org/10.1103/PhysRevB.94.094508
https://doi.org/10.1103/PhysRevB.94.094508
https://doi.org/10.1088/2399-6528/aab7e2
https://doi.org/10.1103/PhysRev.124.287

[401]

[402]

[403]

[404]

[405]

[406]

[407]

[408]

[409]
[410]

[411]

[412]

[413]

[414]

[415]

[416]

[417]

[418]

[419]

M. Revzen, T. Toyoda, Y. Takahashi, and F. C. Khanna, “Baym-Kadanoff criteria
and the Ward-Takahashi relations in many-body theory”, Phys. Rev. B 40, 769-771
(1989).

M. P. von Friesen, C. Verdozzi, and C.-O. Almbladh, “Successes and Failures
of Kadanoff-Baym Dynamics in Hubbard Nanoclusters”, Phys. Rev. Lett. 103,
176404 (2009).

F. Krien, A. Kauch, and K. Held, “Tiling with triangles: parquet and GV~ methods
unified”, Phys. Rev. Res. 3, 013149 (2021).

F. Green and T. L. Ainsworth, “Hamiltonian perspective on parquet theory”, Phys.
Rev. A 106, 052208 (2022).

A. A. Katanin, “Fulfillment of Ward identities in the functional renormalization
group approach”, Phys. Rev. B 70, 115109 (2004).

J. F. Rentrop, V. Meden, and S. G. Jakobs, “Renormalization group flow of the
Luttinger-Ward functional: Conserving approximations and application to the An-
derson impurity model”, Phys. Rev. B 93, 195160 (2016).

Y. He, Y.-X. Wang, and H. Guo, “Establishing gauge invariant linear response
of fermionic superfluids with pair fluctuations: A diagrammatic approach”, Phys.
Lett. A 381, 1603-1610 (2017).

J. C. Ward, “An Identity in Quantum Electrodynamics”, Phys. Rev. 78, 182-182
(1950).

Y. Takahashi, “On the generalized Ward identity”, Nuovo Cim. 6, 371-375 (1957).

S. Allen, A. .-M. S. Tremblay, and Y. M. Vilk, “Conserving Approximations vs.
Two-Particle Self-Consistent Approach”, in Theoretical Methods for Strongly Cor-
related Electrons, edited by D. Sénéchal, A.-M. Tremblay, and C. Bourbonnais
(Springer New York, 2004), pp. 341-355.

H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics,
and Financial Markets, Fifth, EBL-Schweitzer (World Scientific, 2009).

G. C. Wick, “The Evaluation of the Collision Matrix”, Phys. Rev. 80, 268-272
(1950).

S. Kangjun and C. A. R. S4 de Melo, Compressibility and spin susceptibility in the
evolution from BCS to BEC superfluids, 2011.

D. S. Petrov and G. V. Shlyapnikov, “Interatomic collisions in a tightly confined
Bose gas”, Phys. Rev. A 64, 012706 (2001).

S. S. Botelho and C. A. R. Sa de Melo, “Vortex-Antivortex Lattice in Ultracold
Fermionic Gases”, Phys. Rev. Lett. 96, 040404 (2006).

K. Viebahn, “Superconductor Theory Under Cold-Atom Scrutiny”, Physics 19, 54
(2026).

J. R. Engelbrecht, M. Randeria, and L. Zhang, “Landau f function for the dilute
Fermi gas in two dimensions”, Phys. Rev. B 45, 10135-10138 (1992).

L. Salasnich, “Goldstone and Higgs Hydrodynamics in the BCSBEC Crossover”,
Condens. Matter 2, 10.3390/condmat2020022 (2017).

C.Zhao, L. Jiang, X. Liu, W. M. Liu, X. Zou, and H. Pu, “Hartree-Fock-Bogoliubov
theory of dipolar Fermi gases”, Phys. Rev. A 81, 063642 (2010).

235


https://doi.org/10.1103/PhysRevB.40.769
https://doi.org/10.1103/PhysRevB.40.769
https://doi.org/10.1103/PhysRevLett.103.176404
https://doi.org/10.1103/PhysRevLett.103.176404
https://doi.org/10.1103/PhysRevResearch.3.013149
https://doi.org/10.1103/PhysRevA.106.052208
https://doi.org/10.1103/PhysRevA.106.052208
https://doi.org/10.1103/PhysRevB.70.115109
https://doi.org/10.1103/PhysRevB.93.195160
https://doi.org/https://doi.org/10.1016/j.physleta.2017.03.010
https://doi.org/https://doi.org/10.1016/j.physleta.2017.03.010
https://doi.org/10.1103/PhysRev.78.182
https://doi.org/10.1103/PhysRev.78.182
https://doi.org/10.1007/BF02832514
https://doi.org/10.1007/0-387-21717-7_8
https://doi.org/10.1007/0-387-21717-7_8
https://doi.org/10.1103/PhysRev.80.268
https://doi.org/10.1103/PhysRev.80.268
https://doi.org/10.1103/PhysRevA.64.012706
https://doi.org/10.1103/PhysRevLett.96.040404
https://physics.aps.org/articles/v19/54
https://physics.aps.org/articles/v19/54
https://doi.org/10.1103/PhysRevB.45.10135
https://doi.org/10.3390/condmat2020022
https://doi.org/10.3390/condmat2020022
https://doi.org/10.1103/PhysRevA.81.063642

[420]

[421]

[422]

[423]

[424]

[425]

[426]

[427]

[428]

[429]

[430]

[431]

S. S. Botelho, BCS-to-BEC quantum phase transition in high-Tc superconductors
and fermionic atomic gases: A functional integral approach (Georgia Institute of
Technology, 2005).

L. Radzihovsky and D. E. Sheehy, “Imbalanced Feshbach-resonant Fermi gases”,
Rep. Prog. Phys. 73, 076501 (2010).

G. Sarma, “On the influence of a uniform exchange field acting on the spins of
the conduction electrons in a superconductor”, J. Phys. Chem. Sol. 24, 1029-1032
(1963).

E. Lipparini, Modern Many-particle Physics: Atomic Gases, Nanostructures and
Quantum Liquids (World Scientific, 2008).

H. Schneider, “Lecture Notes: Theoretical Solid State Physics 1 + 27, Technische
Universitat Kaiserslautern, SS19 (2019).

D. J. Candlin, “On sums over trajectories for systems with Fermi statistics”, Nuovo
Cim. 4, 231-239 (1956).

H. Kleinert, “How to do the time sliced path integral of the H atom”, Phys. Lett. A
120, 361-366 (1987).

H. Kleinert, “Path collapse in Feynman formula. Stable path integral formula from
local time reparametrization invariant amplitude”, Phys. Lett. B 224, 313-318
(1989).

M. Laine and A. Vuorinen, Basics of Thermal Field Theory, Vol. 925 (Springer,
2016).

M. G. Mustafa, “An introduction to thermal field theory and some of its applica-
tion”, Eur. Phys. J. Spec. Top 232, 1369-1457 (2023).

A. Zee, Quantum field theory in a nutshell, second edition (Princeton University
Press, 2010).

A. A. Abrikosov, L. P. Gorkov, and 1. Dzyaloshinskii, Methods of quantum field
theory in statistical physics (Dover, 1975).

236


https://doi.org/10.1088/0034-4885/73/7/076501
https://doi.org/https://doi.org/10.1016/0022-3697(63)90007-6
https://doi.org/https://doi.org/10.1016/0022-3697(63)90007-6
https://doi.org/10.1007/BF02745446
https://doi.org/10.1007/BF02745446
https://doi.org/https://doi.org/10.1016/0375-9601(87)90678-5
https://doi.org/https://doi.org/10.1016/0375-9601(87)90678-5
https://doi.org/https://doi.org/10.1016/0370-2693(89)91237-9
https://doi.org/https://doi.org/10.1016/0370-2693(89)91237-9
https://doi.org/10.1140/epjs/s11734-023-00868-8




Fachbereich Physik

Rheinland-Pfélzische Technische
Universitat Kaiserslautern Landau

Postfach 3049
67653 Kaiserslautern, Germany

www.physik.rptu.de/

Tl Rheinland-Pfalzische
Technische Universitat

P Kaiserslautern
Landau



	Abstract
	Kurzzusammenfassung
	Contents
	List of Publications
	List of Figures
	List of Tables
	List of Abbreviations
	Introduction
	Superconductivity
	Discovery of superconductivity
	Bardeen-Cooper-Schrieffer theory

	Superfluidity
	Discovery of superfluidity in liquid Helium
	Properties of conventional superfluids
	Superfluid 3He: A fermionic superfluid?

	Fano-Feshbach resonances
	Atomic scattering
	Broad and narrow resonances

	BEC-BCS crossover
	Fermi superfluids in extreme environments
	Superfluids of subatomic particles
	Astrophysical superfluids

	Summary of superfluid systems
	Outline of thesis

	Theory of superfluids
	Phenomenological theories for superfluids
	Landau's two-fluid model
	Ginzburg-Landau theory

	BCS and Leggett BEC-BCS crossover theories
	Bardeen-Cooper-Schrieffer theory of superconductivity
	Leggett's BEC-BCS crossover

	Functional integral approach to BEC-BCS crossover
	Gaussian Pair Fluctuations
	Collective modes
	Critical temperature

	Diagrammatic approach to BEC-BCS crossover
	Pair fluctuations from diagrammatic theories
	Particle-hole screening

	Arbitrariness of approaches

	Weighted Hartree-Fock-Bogoliubov theory
	Introduction
	Decomposing interactions
	Action of interacting fermions
	Contact interaction
	Ambiguous interaction decomposition and its cure
	Momentum space
	Effective action

	Saddle-point analysis of WHFB action
	Saddle-point approximation
	Establishing self-consistency
	Equation of state
	Hartree self-energy as order parameter

	More general Hubbard-Stratonovich transformations
	Hartree channel
	Fock channel
	Bogoliubov channel
	Hartree-Fock-Bogoliubov self-energy


	Three-dimensional Fermi spin-mixtures
	Introduction
	Scattering Renormalization in three dimensions
	Effective range scattering theory
	Effective pairing channel scattering regularisation
	Screened interactions and non-analytic couplings

	Ground state properties
	Scattering properties and phase diagram
	Order parameters and chemical potential
	Weakly interacting limit
	Unitary gas
	Strong interactions

	Thermodynamics of WHFB ground state
	Free energy
	Isothermal compressibility
	Tan's contact
	Cooper pair size

	Impact of Thermal fluctuations
	Effective range at finite temperatures
	Fixed temperature
	Fixed effective range
	Normal fluid gas

	Calculating the Cooper pair size
	Normalization factor
	Expectation value of relative position

	Asymptotic expansions for weak and strong interactions
	Weakly interacting expansions
	Strong coupling expansion


	Two-point correlation functions
	Introduction
	Field theory of correlation functions
	Basic constraints for two-point correlation functions
	Generating functional and expectation values

	Linear response theory with gauge fixing
	Response theory up to Gaussian approximation
	Incorporating collective modes
	Diagrammatic interpretation
	Equation of state and gauge symmetry
	2D BEC-BCS crossover with improved equation of state

	Real-space correlation functions
	Equal-spin density-density correlations
	Opposite-spin density-density correlations
	Charge density-density correlations
	Influence of irreducible terms

	Anti-bunching of fermions in the continuum
	Comparison with experiment
	Correlation hole

	Explicit expressions for D-dimensional loop functions
	General expressions in D dimensions
	Simplifications for 2D, infinite rotationally symmetric systems

	Gauge invariance and ladder summation
	Diagrammatic representation of Gaussian equation of state
	Diagrams of irreducible contribution


	Summary
	Outlook
	WHFB approach in 2D
	Collective modes of WHFB approach
	Correlation functions from WHFB theory
	Systems with non-singular interactions
	Further directions

	Field theoretical considerations
	Second quantization
	Single particle quantum mechanics
	Fock space
	Fermionic coherent states

	Quantum (statistical) field theory
	Feynman path integration
	Euclidean path integral
	Functional integration
	Gaussian functional integrals


	Matsubara summations
	Matsubara frequencies
	Complex integration contours
	Convergent Matsubara sums
	Divergent Matsubara sums

	Extension: Discrete Matsubara sums
	Free Fermi spin-mixture
	Partition function of interacting Fermi gas

	Numerical strategy at T=0

	Acknowledgement
	Selected Schools, Conferences and Stays
	Curriculum Vitae
	Bibliography

