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1. Bose-Hubbard-Modell

Second-quantized Hamiltonian for bosons [1]:

Ĥ =
∫

d3x ψ̂†(x)



− ~
2

2mB
∇2 +

3
∑

j=1

V0 sin(kLxj)



 ψ̂(x)

+
2πaBB~

2

mB

∫

d3x ψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)

Decomposition in Wannier-states:

ψ̂(x) =
∑

i

âiwB(x − xi)

Derivation of the Bose-Hubbard-Hamiltonian [1–5]:

ĤBHM = −JB

∑

<i,j>

â†i âj +
U

2

∑

i

â†i â
†
i âiâi − µB

∑

i

â†i âi

Coefficients [6–8]:

JB = −
∫

d3xw∗
B(x − xi)


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2mB
∇2 +

3
∑

j=1

V0 sin(kLxj)



 wB(x − xj)

U =
4πaBB~

2

mB

∫

d3x |wB(x − xi)|4

Harmonic approximation:

wB(x) = 4

√

π
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8πER
aBB
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)3/4

JB =

(

π2

4
− 1

)

V0 exp
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−π
2

4

√

V0
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Recoil energy: X̃ =
X

ER
, ER =

~
2k2
L

2mB
, kL =

π

a

Experimental data [9]: aBB = 99a0, a = 515 · 10−9 m, ER = 5.65 · 10−29 J
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2. Mean-Field Theory

Mean-field ansatz [4,10]:

â†i âj ≈ 〈â†i〉âj + 〈âj〉â†i − 〈â†i〉〈âj〉 with ψ = 〈â†i〉 = 〈âj〉

Mean-field Hamiltonian:

ĤMF =
∑

i

−JBz[ψ(âi + â†i) − ψ2] +
U

2
n̂i(n̂i − 1) − µBn̂i

Solution [4,5,10,11]:

F(ψ∗, ψ) = −kBT ln Tr
{

e−ĤMF/kBT
}

= a0 + a2|ψ|2 + a4|ψ|4 + . . .

T = 0: a0 = En

a2 = JBz + J2
Bz

2 U + µB

(µB − Un)[U(n− 1) − µB]

T > 0: a0 = −kBT ln
∞
∑

n=0

e−En/kBT

a2 = JBz +
J2

Bz
2

Z
∞
∑

n=0

U + µB

(µB − Un)[U(n− 1) − µB]
e−En/kBT

Z =
∞
∑

n=0

e−En/kBT

En =
U

2
n(n− 1) − µBn
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Phase transition [4,6]:

∂F
∂ψ

= ψ(2a2 + 4a4ψ
2) = 0

∂2F
∂ψ2

= 2a2 + 12a4ψ
2 > 0


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










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⇒















ψ = 0 if a2 > 0 Mott insulator

ψ =

√

− a2

2a4
if a2 < 0 superfluid
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3. Bose-Fermi-Hubbard

Add fermions [7,12]:

ĤF =
∫

d3x φ̂†(x)



− ~
2

2mF
∇2 +

3
∑

j=1

V0 sin(kxj)



 φ̂(x)

+
2πaBF~

2(mF +mB)

mFmB

∫

d3x ψ̂†(x)φ̂†(x)ψ̂(x)φ̂(x)

Bose-Fermi-Hubbard Hamiltonian:

ĤBFH = −
∑

<i,j>

(JBâ
†
i âj + JFb̂

†
i b̂j) +

U

2

∑

i

â†i â
†
i âiâi

+ UBF

∑

i

â†i âib̂
†
i b̂i − µB

∑

i

â†i âi − µF

∑

i

b̂†i b̂i

UBF =
2πaBF~

2(mF +mB)

mFmB

∫

d3x |wB(x − xi)|2|wF (x − xi)|2

Harmonic approximation [13]:

ŨBF = 4
√
π
aBF

a

(

1 +
mB

mF

)(

1 +

√

mB

mF

)−3/2

Ṽ
3/4

0

Experimental data [9]:

aBF = −205a0

mB/mF = 87/40
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Solution of Bose-Fermi-Hubbard for T = 0:

E(ψ∗, ψ) = a0 + a2|ψ|2 + a4|ψ|4 + . . .

a0 =
U

2
nB(nB − 1) − µBnB − µFnF + UBFnBnF +O(JF)

a2 = JBz + J2
Bz

2 U + µB − UBFnF
(µB − UBFnF − UnB)[U(nB − 1) − µB + UBFnF ]

For JF = JB = 0 and nF = 1:
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