Rate equation description
of a photon gas in a box

Kelvin Kuster

RPTU Kaiserslautern

26th of October 2026

Rheinland-Pfélzische
iversité




Contents

Klars, Schmitt,
Vewinger, and
100pm 0  100um Weitz, Nature 468,
545 (2010)

1.
2. Closed system

3. Open-dissipative system
4. Outlook

——
-100pm 0 100um

RPTU



1. Experiment

Pump beam Mirror
= Dye
L3
- A
V
Camera/
" Spectro-
meter

Klaers, Vewinger, and Weitz, Nature Phys. 6,512 (2010)
Klaers, Schmitt, Vewinger, and Weitz, Nature 468, 545 (2010)

RPTU



1.1 Set up

Pump beam Mirror

> Optical microcavity filled with dye solution (e.g.
Rhodamine 6G)

V(x.y)

Camera/
9 Spectro-
meter

RPTU



1.1 Set up

Pump beam Mirror

> Optical microcavity filled with dye solution (e.g.

Rhodamine 6G)
> Mirrors create trapping potential Al

Camera/
x Spectro-
meter

V(x.y)

RPTU



1.1 Set up

Pump beam Mirror

> Optical microcavity filled with dye solution (e.g.
Rhodamine 6G)

> Mirrors create trapping potential
> Dye molecules act as photon bath

V(x.y)

<=

Camera/
x Spectro-
meter

RPTU



1.1 Set up

vV

Optical microcavity filled with dye solution (e.g.
Rhodamine 6G)

Mirrors create trapping potential
Dye molecules act as photon bath

Photons leaving the cavity are observed with camera
or spectrometer
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Pump beam Mirror
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1.1 Set up

> Relativistic photon dispersion: E = hkc
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1.1 Set up

> Relativistic photon dispersion: £ = fikc
> Paraxial approximation:

2 2
k= k2 4 k2 + k2 = ko 14+ S0 + Bethy

™
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1.1 Set up
> Relativistic photon dispersion: E = hkc
> Paraxial approximation:
k2+k2

k= \JR2 k2 k2 = k14 5 ke
R (k2 +K2)

> Cavity introduces quadratic dispersion: £} = M +—5 =t
—Em

— Mog ~ 7.8-1073% kg =~ 107° M,

photon
in cavity f|xed

k.
photon A ke
in cavity H k, (fixed)

PAmS free photon

(transversal) wavevector M. Weitz 2018) RPTU



1.2 Conditions for photon BEC

> Multiple cycles of absorption and re-emission
(~ 100)
— thermalization
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1.2 Conditions for photon BEC

TN exchange N
A f i > { \
AR ( . }_.-' - ||\ F|
photon N RN
> Multiple cycles of absorption and re-emission molecule in molecule in
ground state electronically
(N 100) excited state
— thermalization
> Trapping potential Thermal deBroglie wavelength:

> An/d =1 N 2mh?
=N MEkpT

Inter particle distance: d = (N/V)~1/3
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2.1 Statistical mechanics

> Periodic boundary conditions: k; = 27", n; € Z
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2.1 Statistical mechanics

> Periodic boundary conditions: k; = 27", n; € Z

> Dirichlet boundary conditions: k; = 7r"Li, n; € N

> Bose-Einstein distribution: NV = Z: W = ; W B = m07)
n
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2.2 Rate equations: closed system

> Rate equation for closed system in steady state:
Ny =0 = Bo1(Ez)MyN(E5) + Ao (Ez) My — Bio(Eq) M N (Ex)

2—1 1—2
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2.2 Rate equations: closed system

> Rate equation for closed system in steady state:
Ny = 0= Bo1(Ez)MaN (Eg) + A2 (Ez) M — Bia(Ez) My N (Ex)
2—1 1—2
> Einstein relation: Boy (E5) = A21(Er)
= N(Ex) = smmamm—

Bo1(Eg) M2 L
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2.2 Rate equations: closed system

> Rate equation for closed system in steady state:
N =0= Bo1(Ez)MaN(Eg) + A1 (Er)Ms — B12(Eq) M1 N(ER)

2—1

1—2

> Einstein relation: B (E7) = A21(Ex)

> Kennard-Stepanov: By, (E;) = e

degeneracy

relative strength

J.Klaers, J. Schmitt, T. Damm, F. Vewinger, M. Weitz. Applied Physics B, 105:17-33,2011.

:N(Eﬁ) = B (Bp) 1
Ba1(Ep) My
Eg—

_ EzpL
5T Bio(Ey)

TEMgas TEM7,5 TEMgas
| i cavity
‘HH J ‘ ‘ spectrum
Jl N Al
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Bo1 v\ Bi2

emission ff . \ absorption

/

dye spectrum
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frequency (THz)

RPTU



2.2 Rate equations: closed system

= N(Ez) = W — Rate equations lead to same distribution!

0 . . .
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2.2 Rate equations: closed system

= N(E5) = Mﬁ — Rate equations lead to same distribution!

> Chemical potential has to be defined as u(Mj, M) = Ezp1, — %ln (%)
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2.3 Thermodynamic limit

> Dispersion:
h2 g 2_2
By = gy |k[* = Ffr (nf +nj)

1 . ..
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2.3 Thermodynamic limit

> Dispersion:
2 - 2_2
Eg = gy K2 = 2077 (n2 + n2)

ML?
> Thermal particles
1
Nin= > P E7 =) _1
A

with /:l = U — Ecut
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2.3 Thermodynamic limit

> Dispersion:
_ R% 72 _ 2m*m% .2 2 . . . .
By = okl = Sz (n +my)
> Thermal particles
—_ 1
Now= 3, Fmrm

A#£f g

with ﬂ = U — Ecut

1N
-

> Cut out disc in phase space due to ground state
— infra-red cut-off y y * *
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2.3 Thermodynamic limit

> Euler-Maclaurin: > f(ng,ny) = [ [ f(ng, ny)dngdn,

Tz Ny
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2.3 Thermodynamic limit

> Euler-Maclaurin: > f(ng,ny) = [ [ f(ng, ny)dngdn,

Tz Ny

> Shift to polar coordinates (k, ¢) for cutout
= N~ &5 [77do [ dk
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2.3 Thermodynamic limit

> Euler-Maclaurin: > f(ng,ny) = [ [ f(ng, ny)dngdn,

Tz Ny

> Shift to polar coordinates (k, ¢) for cutout
= N~ &5 [77do [ dk

> Substitute z = h?k?/(2M kpT) and integrate
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2.3 Thermodynamic limit

> Euler-Maclaurin: > f(ng,ny) = [ [ f(ng, ny)dngdn,

Tz Ny

V

Shift to polar coordinates (k, ¢) for cutout
= N~ &5 [77do [ dk

k
h2k2 4
eZMET ~ kT _q

V

Substitute x = h?k%/(2MkgT) and integrate
Result:

\%

L? i *&C
EaT 72 €0
N, = VA In{1—eFBT 12
th

KZL2
—cp =2

A 2 0
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2.4 Photon occupation (periodic boundary conditions)

o0
> Equation of state: N = > —
Ng Ny =—00 e”fﬂfl("%‘*"%)_kBLT_l
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RPTU



2.4 Photon occupation (periodic boundary conditions)

o
> Equation of state: N = Y — L
N, My =—00 eﬂf‘%(n?ﬁrng)*k}a%il
> Calculate N and Ny = —+—— numerically
e_ kBT _1
— Nth =N — N())[]
6 x10%
N

IS

Photon Number
w

24
N Nao)
— Nu¥)
S E Neantral (V)
0 T —= T T
0.0 0.2 0.4 0.6 0.8 1.0
N x10*
L =40pum
RPTU
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2.5 Convergence of periodic numerics

> How many modes need to be considered for convergence?

— deduce via critical particle number!

4.5 4
4.4 4
4.3 4
4.2 4
4.1

4.04

14 . ..

x103

T
20

!
40

Nmax

T
60

L =40pum

RPTU



2.6 Unified description for ¢

_ 2
A—Eg Ay

. 2
> Reminder: N = _){/Tln (1 e RBT 1 CO)
th
> Determine N2

L? _
Ne= lim Nj¥=—-—FIn(l—-e 27
fi—Eg10 )\th

2 A
L in(1—e 22N
th

> Determine N, numerically to calculate ¢y, then compare graphs

5 . ..
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> Dirichlet boundary conditions

2.7 Dirichlet compared to periodic numerics

x10%
1.0 A
, ca=2.38
0.8+ , ca=261
%2
5
g L co=2T72
2 06 o
(=9
% , co=2.82
5 0.4
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E L co=291
0.2 1
, ca=3.01
0.0 1
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N x10%
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x10%
1.2
eo=1.39
1.0
, co=1.39
2 081
= , co=141
=
B 0.6
% o= 143
[}
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£ \ co= 146
0-21  co=1.50
0.0
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N x10%

> Periodic boundary conditions
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3.1 Rate equations

B
Molecules Photons
stim. Emission
//’\
Pump\A N
4
A Ns
N(; ;\
/ Absorption Loss
Decay B12

N =

T Ny

3. M = M; + M,

> New parameters: cavity losses I, non-radiative losses I';,;, external pumping rate p.

> Reminder: By1(En, n,) = A21(En, n,)

P.Kirton and J. Keeling, PRA 91, 033826 (2015); M. Radonijic¢ et alii, NJP 20,055014 (2018); E. Stein, PhD thesis (2022); J.

Krauf, E. Stein, A. Pelster, EPJ, 235:4311 (2026)

8 . . .

- Nuony = [Bar(Eny ny )Mz — Bio(Ep, i, )My = Te(En, n,)INn, n, + Bo1(En, n,)Ma
. My =pMy —TruMy — Y {[Baa(En,n,) M2 — Bi2(En, n,)Mi]Np, 5, + Bo1(En, n,) M}



3.1.1 Rate equations in steady state

> N =0=[Bo1(En,.n,) Mz — Bi2(En,n,)Mi — Te(En,n,)]Nown, + Bo1(En, )Mo
=N= Y L

B(Eng — )
Ny e ( N,y TH 71+B

21(Eng,ny) Mo
with /1,(M1, Mg) = EZPL — %ln (%)

Fc(Enz,ny)

9 . ..
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> N =0=[Bo1(En,.n,) Mz — Bi2(En,n,)Mi — Te(En,n,)]Nown, + Bo1(En, )Mo
=N= Y L

B(Eng — )
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21(Eng,ny) Mo
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> M2:M1:O
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9 . ..

3.1.1 Rate equations in steady state

> N =0=[Bo1(En,.n,) Mz — Bi2(En,n,)Mi — Te(En,n,)]Nown, + Bo1(En, )Mo
=N= Y L

B(Eng,n,y —H)
e s,y & MRy
Mg, Ny +Bz1(Enm,ny)M2

with /1,(M1, Mg) = EZPL — %ln (%)

Tc(Eng,ny)
Y

> M2 = Ml =0
> |ssue: Einstein coefficients and cavity losses are energy dependent! — Fit experimental data!
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3.2 Experimental values

0.04

Frequency [MHz]

_(B-9,)?

> Fit emission: By (E) = > Ae 7%
i=1

— Kennard-Stepanov yields absorption
zenodo.org/records/10852936, ). Schmitt, M. Weitz, J. Klaers
20 ...

I. [GHz]
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. . 2
Fit cavity losses: T'o(E) = e®(F—b)"+¢
J. KrauB, E. Stein, A. Pelster, EPJ, 235:4311 (2026)
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3.3 Convergence: Dirichlet boundary conditions

> Solve for starting values p =0, M = M1, M5 =0

x10%
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o
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=
S

Ll
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> L =40pm, Ty = 0,T. = 4GHz

21 ...
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3.3 Convergence: Dirichlet boundary conditions

3
6 x10

Photon number

N x10*

> L=40pm,I',, =0, = 4GHz

22 ...

0 * T T
0.0 0.2 04 0.6 0.8 1.0

Neontrol =N — N,
Asymptote at N,
N for nli* =5

N for n* =10
Ny, for n}#* =50
N for a3 =100
Ny for ni* =250
Ny for nli* =500
Ny, for n =750
Ny for nl* =950
Ny, for nif* = 1000

—— Ny for ™= 1100

Ny for alii* =5
Ny, for nl =10
Ny for nli* =350
Ny for nff* =100
N1 for alf* =250
Ny for nlf* =500
Ny for alf* =750
Ny for =950
Ny for a = 1000
Ny for afy*=1100
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3.3 Convergence: Dirichlet boundary conditions

x103 w103
A5 T A e 1o
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4.0 o S SR grerree g PR .
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> L=40pm,I',, =0,T'. = 4GHz > L=20um,I',, =0,T. = 4GHz
23 ...
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3.4 Sensitivity to losses

x10°
’..
1.104 e
1.051 el
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s 1.004 2 x10?
= “2.0
Lo »
IJ
0.95 - s 18 e
0.90 1 1.6 ,o’}
. .«
o’ 5 10 15 20
0.85 T . . . T T
10 12 14 16 18 20
I. [GHz]

> L =40pm (inset: L = 20um),I',, =0
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3.4 Sensitivity to losses

x10%
=001 MHz
1.04 r %103
—— [=0.00 MHz 2.00
Ny for I, =0.00 MHz
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> L =20pm,T, = 5GHz
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1. Experiment

2. Closed system

3. Open-dissipative system
4,
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4.1 Outlook I.

Closed system
> Analytical derivation of ¢y?

Open-dissipative system
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4.1 Outlook I.

Closed system
> Analytical derivation of ¢y?

> More accurate description of box
— Slope
— Trap depth

Open-dissipative system

> Extension of analytical treatment to open-dissipative system?

1.4 kyT

27 ...
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4.2 Outlook Il.: Experiment?

> Experimental verification analogue to harmonic trap?

=== 1.0 mmol/1 fit -I;l
10 —-= 1.5 mmol/1 fit i
¥+ Experimental data for 1.0 mmol/1 /_7
H+  Experimental data for 1.5 mmol/1 /,’//'/
i
% i’ !
< = i’—‘
= o
0.8 .
S ¥
~ ey
3)
ISH

0.6 54‘
505 510 515 520
Went/2m [THZ]
J.Krauf3, S. Enns

(private communication)
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