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Feshbach Resonance: Motivation
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[1] C.A.R. Sá de Melo, Physics Today 61, 45 (2008)

• Hamiltonian:

Ĥ(λ) = Ĥ(0) + ̂V(λ)

: control knob of interaction (e.g., )λ B

• Example:

- Crossover between BCS- and BEC-superfluid 
phases along interaction parameter 1/kFas



Two-Channel Feshbach Resonance

5

[1] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev. Mod. Phys. 82, 1225 (2010)

Vo(R)

Vc(R)
energy  in open channel resonantly couples to 
binding energy  of closed channel

E
Ec

• Resonance condition:

• Principle:
coupling between open and closed channel



Elimination of Closed Channel
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• Notation:

Ĥ |ψ⟩ = E |ψ⟩ : open channel projection operator 

: closed channel projection operator

̂Po
̂Pc = 1̂ − ̂Po

 |ψo⟩ = ̂Po |ψ⟩
|ψc⟩ = ̂Pc |ψ⟩

[Ĥoo Ĥoc

Ĥco Ĥcc] [ |ψo⟩
|ψc⟩] = E [ |ψo⟩

|ψc⟩]

Feshbach 
projection

 

 

 

Ĥoo = ̂PoĤ ̂Po

Ĥoc = ̂PoĤ ̂Pc

Ĥco = ̂PcĤ ̂Po

Ĥcc = ̂PcĤ ̂Pc

ĤF(E) |ψo⟩ = E |ψo⟩

• Solving  for  yields effective Schrödinger equation for |ψc⟩ |ψo⟩ |ψo⟩

ĤF(E) = Ĥoo + Ĥoc[E − Ĥcc]−1Ĥco

• Feshbach Hamiltonian nonlinear equation for E



Effective Interaction and Feshbach Resonance
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ĤF(E) = Ĥoo + Ĥoc[E − Ĥcc]−1Ĥco

coupling between channels

-matrix (scattering amplitude)T

1
T(E)

∼
1
as

−
1
2

rsk2 + …

̂T(E ) = ̂Veff(E ) + ̂Veff(E )[E − Ĥ (0)
oo ]−1 ̂T(E )

• Energy detuning  controlsE − (Ec + δEc)
- resonance of scattering length  
- closed-open channel coupling characterised by effective range 

as
rs

• Effective interaction as scattering potential

= Ĥ(0)
oo + ̂Veff(E)

effective scattering potential

open channel kinetic energy

 Ĥ (0)
oo = Ĥoo − ̂Voo
̂Veff(E ) = ̂Voo + Ĥoc[E − Ĥcc]−1Ĥco

Feshbach resonance at E − (Ec + δEc) = 0
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Broad- and Narrow-Feshbach Resonance
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,    as(B) ≈ a(bg)
s (1 −

Δ
B − B0 ) rs(B) ≈ − 2R*(1 −

B − B0

B − B0 − Δ )
2

broad FR:  
 

, 

|a (bg)
s /R* | ≫ 1

B0 = 843 G
a (bg)

s = − 1593 a0 R* = 1.1 a0

as(B)

rs(B)

as(B)

rs(B)

narrow FR:  
 

,  

|a (bg)
s /R* | ≪ 1

B0 = 543 G
a (bg)

s = 59 a0 R* = 3.6 ⋅ 104 a0

r s
/a

0

 (u
ni

ts
 o

f b
oh

r)
a s

: Bohr radiusa0

Magnetic Feshbach resonance (FR) of  from coupled-channel calculations [1]6Li
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: Zeeman detuning 
: magn. moment difference

δEc := Δμ(B − B0)
Δμ = μc − μo



Observation of Resonances in Driven Systems
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6 ms
25 ms
38 ms

driving pulse 
duration

-atom-molecule conversion resonance as function of 
driving frequency [1]
85Rb

atom molecule

pulse t

B

-atom-molecule conversion simulation as function of driving 
frequency [2]
85Rb

driving pulse 
duration

atom molecule

pulse t

B



Applications of Floquet–Feshbach Resonance
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[1] A. Guthmann, F. Lang, L.M. Kienesberger, S.Barbosa, and A. Widera, Sci. Adv. 11, 10 (2025)

• Advanced experimental techniques allow precise and versatile control

 over Floquet–Feshbach resonance

above: measured -atomic loss measurement from two-color driving 
below: numerical simulation shows suppression of imaginary part(brown) of , while keeping real part(dark green) resonant.[1]

6Li
as(B0)

/B(0) G

two-color driving: B(t) = B(0) + B(a)
rf cos ωt + B(b)

rf cos(2ωt + ϕ)

 B(a)
rf = 8.9 G

ω = 2.1 MHz
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Time-Periodic Hamiltonian
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• Hamiltonian with time-periodic two-body scattering ̂V(t) = ̂V(t + T )

Ĥ(t) = Ĥ(t + T )
  has the solution 

,   .

Ĥ(t) |ψ (t)⟩ = iℏ
∂
∂t

|ψ (t)⟩

|ψ (t)⟩ = ∑
α

cαe−iϵαt/ℏ |uα(t)⟩ |uα(t)⟩ = |uα(t + T )⟩
⟹

Ĥ(t) =
ℏ2 ̂ ⃗k2

2Mr
+ ̂V(t)

unperturbed Hamiltonian 
(scattering energy)

: 2-body relative momentum 
: reduced mass

⃗k
Mr

time-periodic perturbative 
scattering potential

• Floquet theorem
  has solution 

,     

Ĥ(t) |ψ (t)⟩ = iℏ
∂
∂t

|ψ (t)⟩

|ψ (t)⟩ = ∑
α

cαe−iϵαt/ℏ |uα(t)⟩ |uα(t)⟩ = |uα(t + T )⟩
⟹

: quasi-energy 
: Floquet mode

ϵα
|uα(t)⟩

(Ĥ(t) − iℏ
∂
∂t ) |uα(t)⟩ = ϵα |uα(t)⟩

• Instead of Schrödinger equation, consider quasi-energy eigenvalue problem



∑
n′￼∈ℤ

(Ĥ(n−n′￼) − nℏωδn,n′￼) |u(n′￼)
α ⟩ = ϵα |u(n)

α ⟩

Floquet Steady State
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• Fourier transform of quasi-energy equation

∑
n

e−inωt ∑
n′￼

Ĥ(n−n′￼) |u(n′￼)
α ⟩ − ∑

n

nℏωe−inωt |u(n)
α ⟩ = ϵα ∑

n

e−inωt |u(n)
α ⟩

component

(Ĥ(t) − iℏ
∂
∂t ) |uα(t)⟩ = ϵα |uα(t)⟩

 Ĥ(t) = ∑
n∈ℤ

e−inωt Ĥ (n)

|uα(t)⟩ = ∑
n∈ℤ

e−inωt |u(n)
α ⟩

Fourier 
transform

modulo ℏωconvolution



Quasi-Energy Operator
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ℋ̂ =

⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋱
⋱ Ĥ(0) + 2ℏω Ĥ(−1) Ĥ(−2) Ĥ(−3) Ĥ(−4) ⋱
⋱ Ĥ(1) Ĥ(0) + ℏω Ĥ(−1) Ĥ(−2) Ĥ(−3) ⋱
⋱ Ĥ(2) Ĥ(1) Ĥ(0) Ĥ(−1) Ĥ(−2) ⋱
⋱ Ĥ(3) Ĥ(2) Ĥ(1) Ĥ(0) − ℏω Ĥ(−1) ⋱
⋱ Ĥ(4) Ĥ(3) Ĥ(2) Ĥ(1) Ĥ(0) − 2ℏω ⋱
⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋱ Ĥ (0) − 2ℏω

Ĥ (0) − ℏω

Ĥ (0)

Ĥ (0) + ℏω

Ĥ (0) + 2ℏω
Ĥ (±1)

Ĥ (±1)

Ĥ (±1)

Ĥ (±1)

Ĥ (±2)

Ĥ (±2)

ℋ̂(t) = Ĥ(t) − iℏ
∂
∂t ℋ̂n,n′￼= Ĥ(n−n′￼) − nℏωδn,n′￼Fourier transform



Floquet Scattering Problem

15

• Quasi-energy eigenvalue problem for scattering state

∑
n′￼∈ℤ

[{−
ℏ2Δ ⃗r

2Mr
− nℏω}δn,n′￼+ V (n−n′￼)( ⃗r )]ϕ ⃗k,n′￼( ⃗r ) = Eϕ ⃗k,n( ⃗r )

ϕ ⃗k,n( ⃗r ) =
ei ⃗k⋅ ⃗r

(2π)3/2
δn,0 + ∫ d3r′￼G(0)( ⃗r, ⃗r′￼; E + nℏω) ∑

n′￼∈ℤ

V (n−n′￼)( ⃗r′￼)ϕ ⃗k,n′￼( ⃗r′￼)

asymptotic free state in scattering channel n = 0

• Scattering channel  leads to Floquet scattering wave functionn = 0

ℋ(0)
n,n′￼( ⃗r ) ∫

T

0

dt
T

ei(n−n′￼)ωtV( ⃗r, t)



Floquet Scattering Problem with Driven Contact Potential

• Specialisation:

V (n−n′￼)( ⃗r′￼) → g(n−n′￼)δ( ⃗r′￼)

ϕ ⃗k,n( ⃗r ) =
ei ⃗k⋅ ⃗r

(2π)3/2
δn,0 + G(0)( ⃗r, 0⃗; E + nℏω) ∑

n′￼∈ℤ

g(n−n′￼) [
δn′￼,0

(2π)3/2
+ G(0)(0⃗, 0⃗; E + n′￼ℏω) ∑

n′￼′￼∈ℤ

g(n′￼−n′￼′￼)ϕ ⃗k,n′￼′￼(0⃗)]
ϕ(±)

⃗k,n
( ⃗r ) = …

16

ϕ ⃗k,n( ⃗r ) =
ei ⃗k⋅ ⃗r

(2π)3/2
δn,0 + G(0)( ⃗r, 0⃗; E + nℏω) ∑

n′￼∈ℤ

g(n−n′￼)ϕ ⃗k,n′￼(0⃗)

• The scattering wave function becomes

G(0)(E + n′￼ℏω) = lim
⃗r→ ⃗r′￼∫| ⃗q|≤Λ

d3q
(2π)3

ei ⃗q⋅( ⃗r− ⃗r′￼)

E + n′￼ℏω + i0+ − ℏ2

2Mr
q2

UV-cutoff renormalisation: done



Iteration
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g =

⋱ ⋱ ⋱ ⋱ ⋱
⋱ g(0) g(−1) g(−2) ⋱
⋱ g(1) g(0) g(−1) ⋱
⋱ g(2) g(1) g(0) ⋱
⋱ ⋱ ⋱ ⋱ ⋱

G(0)(E ) =

⋱ ⋱ ⋱ ⋱ ⋱
⋱ G(0)(E − ℏω) 0 0 ⋱
⋱ 0 G(0)(E ) 0 ⋱
⋱ 0 0 G(0)(E + ℏω) ⋱
⋱ ⋱ ⋱ ⋱ ⋱

• Notation:

⃗ϕ ⃗k = […, ϕ ⃗k,−1(0⃗), ϕ ⃗k,0(0⃗), ϕ ⃗k,1(0⃗), …]
⊤

⃗ϕ ⃗k =
1

(2π)3/2 [I − G(0)(E)g]−1 ⃗e0⟺⃗ϕ ⃗k =
1

(2π)3/2
⃗e0 + G(0)(E)g ⃗ϕ ⃗k

• Matrix equation:



Floquet -MatrixT
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• The Floquet -matrix for a driven contact potentialT

T(E) = g[I − G(0)(E)g]−1

• Result:

ϕ ⃗k,n( ⃗r ) ∼
ei ⃗k⋅ ⃗rδn,0 + fn(E) eikn(E)r

r , E + nℏω ≥ 0

fn(E) e−|kn(E)|r

r , E + nℏω < 0

kn =
2Mr

ℏ2 (E + nℏω)

• Floquet scattering wave function

ϕ ⃗k,n( ⃗r ) =
1

(2π)3/2 [ei ⃗k⋅ ⃗rδn,0 + G(0)( ⃗r, 0⃗; E + nℏω)Tn0(E)]

[1] C. Dauer, Diploma thesis, RPTU Kaiserslautern (2018)

n=2

n=1

n=0

n=-1

n=-2

Floquet wave functions in channels  
coupled via potential Fourier components  [1]

n ∈ ℤ
Vν



Floquet Scattering Amplitude
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T00 =
1

1
g(0) + ∑ν≠0 g(ν)Π(−ν)

− G(0)
0

G(0)
n (E ) := G(0)(E + nℏω)

recursion term at vertex  
and channel  

ν
n

γ(ν)
n =

1
L (ν)

n

G(0)
n Tn,0

G(0)
n−νTn−ν,0

• Scattering channel :n = 0

Π(ν) =
L(ν)

ν

1 − ∑μ≠0,ν L (μ)
ν L (−μ)

ν−μ γ(−μ)
ν−μ

• Resummed Floquet propagator

• Low-energy expansion of scattering amplitude (in limit )Λ → ∞

1
T00

=
1

{g(0) + ∑ν≠0 g(ν)Π(−ν)}E=0
−

∑ν≠0 g(ν) ∂Π(−ν)

∂k2 E=0

{g(0) + ∑ν≠0 g(ν)Π(−ν)}2
E=0

k2 + 𝒪(k4)

scattering length as(ω) effective range rs(ω)

. vertex-propagator pair 
at channel  
ν

n

L (ν)
n :=

G(0)
n g(ν)

1 − G(0)
n g(0)
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Floquet Scattering Length
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• Monochromatically driven contact potential

as(t) = a(0)
s + a(1)

s cos ωt           , ,  elsewhere⟹ g(0) =
2πℏ2

Mr
a(0)

s g(±1) =
πℏ2

Mr
a(1)

s g(ν) = 0

• Low-energy 0.term in : Floquet scattering Length1/T00

as(ω) = a(0)
s +

1
2

a(1)
s lim

E→0+ [Π(−1)(E, ω) + Π(+1)(E, ω)]

Π(±1) =
L(1)

±1

1 − L(1)
±1L(1)

±2γ(±1)
±2

• Floquet coupling leads to continued fraction:

=
L(1)

±1

1 −
L(1)

±1L(1)
±2

1 −
L(1)

±2L(1)
±3

1 − ⋱

 

 for 

L (±1)
n =

G(0)
n g(±1)

1 − G(0)
n g(0)

γ(±1)
n =

1
1 − L (1)

n L (1)
n±1γ

(±1)
n±1

|n | > 1



Numerical result 1
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ℏω/Edimℏω/Edim

: dimer energyEdim =
ℏ2

2Mr[a (0)
s ]2



Numerical result 2
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ℏω
/E

di
m

a(1)
s /a(0)

s

[1] C. Dauer, A. Pelster, and S. Eggert, Phys. Rev. Lett. 135, 033402 (2025)

Floquet–Feshbach resonance of  [1]Re as(ω, a(1)
s )

: dimer energyEdim =
ℏ2

2Mr[a (0)
s ]2



Floquet–Feshbach Resonance
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T00(E)

binding energy poles 
1

T00(Eb)
=

1
g(0) + ∑ν≠0 g(−ν)Π(ν)(Eb)

− G(0)
0 (Eb) = 0

binding energy 
E → Eb < 0

scattering amplitude

T00(E ⃗k) ∝
1

1/as(ω) − rs(ω)k2 /2 + …

scattering energy 

E → E ⃗k =
ℏ2 ⃗k2

2Mr
≥ 0

resonance condition 
Eb(ωn) = nℏωn

,     as(ω) ≈ a(bg)
s (1 − ∑

n

Δn

δωn ) rs(ω) ≈ − ∑
n

2R*n (1 −
δωn

δωn − Δn )
2

near-resonance 
approximation 
ω = ωn + δωn



Floquet Binding Energy
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• -matrix pole for  with truncation :T E = Eb < 0 n = 0, − 1

G(0)
n (E ) =

Mr

2πℏ2
−

2Mr

ℏ2
(E + nℏω)

1
T00(Eb)

=
1

g(0) + g(1) G(0)
−1(Eb)

1 − G(0)
−1(Eb)g(0)

g(1)
− G(0)

0 (Eb) = 0

E−1 = − Edim 1 +
1 + 2

2 ( a(1)
s

a(0)
s )

2

+ 𝒪 ( a(1)
s

a(0)
s )

4

• Floquet binding energy in n = − 1

: dimer energyEdim =
ℏ2

2Mr[a (0)
s ]2

     ⟹ ω−1 ≈
Edim

ℏ
1 +

1 + 2

2 ( a(1)
s

a(0)
s )

2



Floquet–Feshbach Resonance Parameterisation
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a(bg)
s = a(0)

s 1 − ( a(1)
s

a (0)
s )

2

Δ−1 ≈
1
2

Edim

ℏ ( a(1)
s

a (0)
s )

2

ω−1 ≈
Edim

ℏ
1 +

1 + 2

2 ( a(1)
s

a (0)
s )

2

R*−1 ≈ 2 [a(0)
s ]3

[a (bg)
s ]2 ( a(0)

s

a (1)
s )

2

• Result for :n = − 1

R*−1

a (bg)
s

∼ ( a(0)
s

a (1)
s )

2

• Validity range:

,     as(ω) ≈ a(bg)
s (1 − ∑

n

Δn

ω − ωn ) rs(ω) ≈ − ∑
n

2R*n (1 −
ω − ωn

ω − ωn − Δn )
2

• General structure:

|a(1)
s | ≪ |a(0)

s |
narrow Feshbach resonance!



Floquet Scattering Length and Effective Range
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a(1)
s

a (0)
s

= 0.2

 }
}

ℏω/Edim

numerics

analytics



Outlook
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• Floquet engineering

• Periodically driven BCS-BEC crossover

- Breaking of universality of Fermi gas [1]: 
           

- Control of effective range:  

- Quantitative and qualitative changes in phase diagram?

(T/TF, kFas) → (T/TF, kFas, kFrs)

rs({a(ν)
s }, ω)

[1] N. Kaschewski, A. Pelster, and C.A.R. Sá de Melo, Phys. Rev. Res. 7, 033186 (2025)

- Multi-color driving: preventing particle loss 

- Control of resonance width: broad Floquet–Feshbach resonance?


